MARTINGALES AND HARMONIC ANALYSIS

SOLUTIONS TO EXERCISES

2. Discrete-time martingales and Doob’s inequality.

(1)

2.7 Real valued case: For all p € [1, 00],

lﬂpzsup{/fgwﬁﬂmufél}.

Proof. First step is to show that if f € LP, then (1) holds. We use Holder’s inequality to
see that for all g € L¥',

/mws/mmwswmmm
and thus,
m{/mmugys§swm

Note that this, in particular, shows that if f € LP then the right hand side of (1) is finite
and consequently, if the right hand side of (1) is infinite, then f ¢ LP.

For the reverse inequality, consider the three cases:

e Suppose 1 < p < co. We may assume that || f||, > 0 (since otherwise f = 0 a.e. and
the claimed equality holds in the form 0 = 0). Let go := sgn(f)|f[*~"/[| fI[5~" where
sgn(f)(x) ;== 11if f(x) > 0 and sgn(f) := —1 if f(z) < 0, is the sign of f(x). Then
llgoll,y =1, and we get

wﬁ/MWMMMS@z/mmW=mm

since £ - sen(f) = | f|
e Then consider p =1 and p’ = co. Let g := sgn(f). Then ||g||cc =1 and

wﬁ/mwwwws@z/mwz/mwzwm

e Finally, consider p = oo and p’ = 1. For every € > 0 there exists a set £ C Q with
u(E) > 0and |f| > ||fllcc —€ on E. Note that we might have u(FE) = co. However,
by o-finiteness, £ = U2 ,(E N E;) where u(E;) < oo for all ¢ and the sets E; are
disjoint. Thus, 0 < p(E) = >, u(E N E;), and it follows that 0 < u(E N E}) < oo
for some k. Denote ENEy, =: E, and let g. :=sgn(f)1g, /u(E:). Then ||g:|]| =1 and

1
sup{/fgdu: gl < 1} > /fgsdu= 7/ |fldp > [[flloc —€ forall e >0,
N(Es E.

)

so that
wp{/fgwulmlél}zlfmw

We have shown that (1) is true for every 1 <p < oo and f € L?.

The second and final step is to show that if the right hand side of (1) is finite, then
f € LP (in which case the two quantities are equal). To this end, suppose that f is
any measurable function. For each n € N, by o-finiteness, we may pick measurable sets
E, C Ey C...C E, = Q with u(E,) < co. Define F,, := E, N{|f] < n} — Q and
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fn:=1g f. Then f, € LP for each n (and all 1 < p < 00), and thus, for each f,, there
exists g, such that

anllp=/fngndu and  ||gnll, = 1.

This implies that

151 = s ully =50 { [ 7@m g ext < sup{ [ fadus ol <1}

Vector valued case: Use same ideas; for example, to show the estimate >, use Holder’s
inequality, first with respect to sequences, then with respect to integrals to see that

/ka w)gk(w) dp(w /H Fr(@))eller [1(gr(@))klleor div < 11(fi)ll Lo o) (g0l o (ot

For example, the vectors (gi) that give us the equality

Il (fi)ll o (eay Z/Zf/cgkdu
%

gre(w) = sgn(fr(@)) - [Fr@)| " I Cr@)IE 1l e

in the case 1 < p,g < oo and

ge() = sgu(fu(@)) - 1fa@DIF=" - 1)l freey

for k = ko with |fr,(w)| > (1 — &)||(fx(w))|lee and gx(w) = 0 for other k in the case
l<p<oo,g=00
(]

Facts: In the solutions, we will repeatedly use the duality provided by Exercise 1
together with the following facts about the conditional expectation:

Fact 1: The operator f — E[f|¢] is a contraction: |E[f|¥4]||, < ||f]|, foralll <p < cc.
Proof: Corollary 1.16

Fact 2: Elg - f|9] = g - E[f|¥] for g € L°(¥). Proof: Theorem 1.20
Fact 8: The operator f +— E[f|¥] is self-adjoint:
[ =) gan= [ 1-Elgl1du
Q Q
Proof: Use the definition of conditional expectation and Fact 2.
2.8 Let (Fk)kez be a filtration and f € LP(.%), and abbreviate Ey f := E[f].Z].

(¥) = Doob: Let f = (fi)icz be a nonnegative submartigale with sup;cz || fill, < oc.
We wish to bound the quantity

= H(fi)||LP(E°°) = SuP{/Zfigi dp: ||(gi)HLP’([1) < 1} .

For any such (g;), we have that

/Zfzgzdﬂ— lim /Zfz\gz\du

i<n

1£llp = || sup 1
3
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Here, for every n, since (f;) is a submartingale and by Fact 3 and Holder’s inequality,

/Zﬁ\gilduﬁ /ZEifn|gi|dN:/fnZEi|gi|dﬂ

i<n i<n i<n

< allp - || Bilail| , < -sup il | 3 o
i %

p/
=250 il -89y = - sp il

where we used () (in L?') in the last estimate, and the upper bound does not depend on
n. Doob’s Inequality follows by taking supremum over all relevant (g;).

To prove Doob = (x), we consider the following version of the Doob’s Inequality, which
is a version of the slightly more general case, Theorem 2.10 in the lecture notes:

Let f € L? (so, f is a function, not a sequence or a martingale). Let (%#); be a
filtration, and denote Ej f := E[f|.%k]. Set

(M) Mf = sup |Epf| = [|(Exf)llew-
kEZ

Then
[Mfll, <p"-|Ifll, forall1<p< oo

To convince oneself that this is in the regime of Theorem 2.10, note that (Ejf) is a
martingale for f € LP, and thus, (Eg|f|) is a nonnegative submartingale, and make use of
Fact 1.

Doob = (x): By duality in L?,

|2, = {f (32 bty <1}
k k

For any such g, we have that

[ Butgdn= [ figdu< [ M3 sdu< |32 g Ivagl <o | 5]
k k k k k

where we used Fact 3, Holder’s inequality and the version of Doob’s inequality. Taking
supremum over all relevant g, (%) follows.

2.9 We wish to bound the quantity

2
[Snl- [ (Sen) ae
k k

We estimate

/(ZEkfk) dﬂ/(Z(Ekfk)2+QZzEkfk'E€f€> duSQ/ZZEkfk'Eefzdﬂ

k ¢ k<t T r<t
:2ZZ/E€(EM’“'ff)dM:2ZZ/Ekfk'fedu
¢ k<t =

)

2

SQ/ZEkfk'Zfsz%QHZEkka HZfz’
k £ k 2 J4

where we used Fact 2 together with the summation condition £ < ¢, the definition of
conditional expectation and Cauchy-Schwarz. We obtained

| sl <2 e, S,
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To complete the proof, we wish to divide by H Yok Bt H and to do this, we must have a
2

finite quantity. Note that for a truncated summation we have, by Minkowski’s inequality
and fact 1, that

E < < :
H > kkaz_ > HEkkaz_ > fkll2 < o0
<N KN kI

Thus, (x) is true for any truncated sum with an upper bound does not depend on N, the
length of the summation. The monotone convergence theorem then completes the proof.

3. Martingale transforms and Burkholder’s inequality.
3.1 Recall from Section 1.9 in the lecture notes that for f € L?(Z, ), E[f|.Z1] € L*(Fk, p) is
-

the orthogonal projection of f onto the closed subspace L?(Zy, u) € L?*(%, 1), and hence,

(f —Elf|F) L L*(Fi, ).

Let (fx)?_, be an L?- martingale adapted to a filtration (F)7_, and let (vg)}?_, be a
bounded predictable sequence with ||vg||oc < 1. By martingale property,

dp = (fi — fe—1) = (fr — E[fel Zi-1]) L L*(Fo-1,p) 2 {do,d1,...,de—1} V1I<k<n.
Consequently, {dj}7_, C L?(.Z, u) is an orthogonal set (i.e. [d;-d;du =0 for all i # j).
It is easy to check that also {vidi}}_, is an orthogonal set. By applying Pythagorean
Theorem twice (or Minkowski’s inequality and Pythagorean Theorem), and by the facts
that [Jvgllss <1 and f, = > p_, dk, we obtain

I Dally = | Do vnda]| =D lowaulld < 37 Il = | 3 ael|, = 173
k=0 k=0 k=0 k=0

and hence ||(v* f)nll2 < || fnll2-



