Lecture 03: Non-autonomous linear systems

1 Non homogeneous linear systems

Let A € End(RR™), consider the initial data problem

b, =Ad, + f,
$o = To (1.1)
Proposition 1.1. The unique solution of (1.1) is
¢
¢, =M, + / dset=9) (1.2)
0
Proof. The solution is obtained using the method of variation of constants:
b = M iy (13)
then
Mp=f = =S, (14)
thus
¢
¢, = el (mo+/ dse_Ast> (L.5)
0
O

Remark 1.1. The initial conditions are stored in the homogeneous part of the solution!!!

2 Linear non-autonomous dynamics

We consider the linear ordinary differential equation

bp =Ar- @, (2.1a)

¢, = (2.1b)
We suppose the vector field f(¢, ) = A; - @ driving (2.1a) to be smooth also in its time dependence
feC'(RxR"R") (2.2)
Hence we can express the solution of (2.1) in terms of the linear flow describing the fundamental solution of (2.1a)

¢t = Ft,to B (23)



Using “Picard”-iterations of (2.1a), the flow F is obtained as a time ordered exponential

t tn t3 to ft dsA
Fro =1+ dtn/ dtnl.../ dt / Aty Ay, Ar o Ay Ay = T{e t0 } 2.4)
to to to

n>0 Y to

If

ALA]=0  Vis = Fu =elo®h 2.5)
in particular, the time-order exponential reduces to the ordinary one if the matrix A is autonomous.
Remark 2.1.

Fio = Fit.Fio.0 = Fito = Ft,OF;’?o (2.6)
thus also in the non-autonomous case it is enough to know F} o in order to reconstruct the flow for other initial times.
Proposition 2.1. The solution of (2.1) is unique

Proof. Suppose there exist two solutions ¢,.; and ¢.-

t
(:bt;l = ¢t0;1 + / dS AS : ¢3;1 1= 1, 2 (27)
to
Then
t t
e A E e Ry A R 2.8)
to
where
a = sup|A;;(s)| (2.9a)
S7Z?J
whence the claim. O
2.1 Periodic case
Consider
Fiio = At Fiy, A = A (2.10a)
limFs =1 (2.10b)
tlto

Theorem 2.1 (Floquet). Let Ay = A¢1 for all t. Then the principal solution of (2.1a) can be written as

Fiio = Pt,toeB(t_t") (2.11)
where

Pirrt, = Pt vt

Pit, =1 (2.12)

and B is a constant matrix.



Proof. The proof proceed in three steps
1. We first prove that
Ferrito = Fito FtotTto (2.13)
To this goal let us define the auxiliary matrix
Gito = Feorto = FeaitorTFtoaT s (2.14)
We see that it satisfies
Gity = Firrty = Avrr Frors, = At Gig, (2.15)
which is the same as (2.10a), with boundary condition
Geoto = Fro4Tto (2.16)
Liouville theorem guarantees that
detFip, # 0 Vi (2.17)
hence F; ;, is invertible. We can therefore construct the flow
Fito = GraoFy rs, (2.18)

which now satisfies both (2.10a), and (2.10a) including the initial condition. Since the hypotheses of the theo-
rems of existence and uniqueness hold true, we must then have

-1 _
Gt Fto+T,to =Frto+7 = Fipo = Ferrto = Fito FtotTto (2.19)

2. We now claim that there exists a matrix B such that

Frori, = €7 (2.20)
To see this, let \; # 0 and m;, ¢ = 1,...,m be respectively the eigenvalues of F; 7, and their algebraic
multiplicities. Let
m
Frormt, = > _(AiPi+Nj) 2.21)
i=1

be the decomposition of F; i 7;, into its semi-simple and nilpotent parts. Here P; is the projector on the sub-
space spanned by the generalized eigenvectors associated to the eigenvalue A; and N; is the nilpotent component
of F acting on that subspace. We recall that

PiP; = P;P; = 0;;P; (2.22)
and
N;N; = N;N; = §;N? (2.23)
and that [N;, P;] = 0. It follows that
m i NI
B = % 2 In(\;) P; — J; ( J';\']) (2.24)



satisfies
T =Fy i1, (2.25)
Namely the chain of equality
In {Z(Ai P; + N,-)} =1In {Z AiP; <1 + A) } = Z {m(&) P; +1In (1 + A) } (2.26)
i=1 =1 =1
holds true owing to the

(2.22) and (2.23). The matrix B so determined is unique modulo a phase associated to the winding number of
the imaginary part of the logarithms.

3. The third step consists in verifying that
Py, = Ft,toe_B(t_to)~ (2.27)

defines a periodic matrix. Namely we see that for all Vi € R

Pirrt, = Frart, e BUAT—to) — Fie, e®? e BUAT—to) — P, (2.28)
Finally, it is straightforward to check that
Pioto = Fiote =1 (2.29)
which completes the proof.
O
Floquet’s theorem shows that the solution of (2.10) for ¢, = 0 can be written as
x; =PyeBla (2.30)

Since Py, is periodic, the long-time behavior depends only on B. The eigenvalues of B are called the characteristic
exponents of the equation.

Definition 2.1 (monodromy). The matrix
M =BT (2.31)
defined by Floquet’s theorem is called the monodromy matrix.

The eigenvalues of the monodromy matrix, called the characteristic multipliers, are exponentials of the charac-
teristic exponents times 7'. Computing the characteristic exponents is difficult in general, but the existence of the
representation (2.30) is already useful to classify the possible behaviors near a periodic orbit.

Example 2.1. Let us illustrate how formula (2.24) comes about in an elementary example

A1 1 4

B=In [0 )J =InA+1In [0 /1\] (2.32)

Since
()

ln(l—{—x)——; - (2.33)

then
S LI o N G DL (R ¥ K [V
n [0 f] == n [0 8] - [0 3} (2.34)

owing to nilpotence.



2.2 Linear perturbation theory

Consider a family of linear ODE’s

T = Appep
L0 = To (2.35)

where A € End(R") smoothly depends on p.. We want to study the solution in a neighborhood of some . Let

/ Pp—
Ty = Ol p=po

AL = Oyl p=puo (2.36)
The equation for the variation is
9'3/ = At5Mo . 33/75 + Agi,uoxt;ﬂ() (237)
the solution is
t
z'y = / ds Fro:po By, Ay * Teiio (2.38)
0
since
x'o=0 (2.39)



