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Chapter 1

Why stochastic integration is
needed ?

1.1 Introduction

Let x; and y; measurable functions R — R, where z; has finite variation and
y¢ is bounded on every compact interval.
A function of finite variation has a representation

xt:xo+x§9—x?,

where ¥, 2 are non-decreasing functions with 51389 = zoe = 0. We can always
choose a representation where the corresponding measures z®(dt), z°(dt) are
mutually singular. Then, the variation of the function x over the interval [0, ¢]
is defined as
v(x) i= 2P + 2P = sup Z | T, — 4, ]
t; €11

where in the left side the supremum is taken over all finite partitions of [0, ¢]

M=0=ty<t; <---<t, =t) with n € N. For example when z; has almost
everywhere a derivative &y,

t t t
2 = / (#,)*ds, a7 = / (#5)7ds and vi(z) = / &:]ds
0 0 0

where ¥ := max(+x,0).
We have learned from the Probability Theory or Real Analysis courses that
in such case the integral
t
I = / Ysdxs
0

is well defined as a Lebesgue Stieltjes integral. When the integrand y; is piece-
wise continuous or it has finite variation this is a Riemann Stieltjes integral
defined as limit of Riemann sums.

R IODLCNEED
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whereH:{O:t0§30§t1§51§t2§~~~§tn_1§sn§tn:t}isa
partition of [0,¢] and A(II) := max;<n(t; — ti—1)

This Riemann-Stieltjes integral does not depend on the sequence of parti-
tions and the choice of the middle point.

In 1900, Louis Bachelier | in his Ph.D. thesis Theorie de la speculation in-
vented a new probabilistic model to descibe the behaviour of the stock exchange
in Paris. This is a stochastic process (Bi(w));cr+, defined in continuous time
as follows:

Definition 1. 1. By =0, and the increments (By(w) — Bs(w)) are stochat-
ically independent over disjoint intervals, and have Gaussian distribution
with 0 mean and variance (t — s).

2. for (P-almost) all w the trajectory t — Bi(w) is continuous.

In 1905 Albert Einstein|introduced independently the very same mathemati-
cal model and results to explain the thermal motion of pollen particles suspended
in a liquid, which haad been observed by the botanist Brown.

Unfortunately, the importance of the work of Bachelier was not recognized
at his times, so that B; is called Brownian motion or Wiener process, after
Norbert Wiener | who started the theory of stochastic integration. In textbooks
it is also denoted by W;. In honour of Bachelier we like to use the B; notation.

In fact, although | A.N. Kolmogorov [(1933) showed that the paths B;(w) are
almosty surely Holder continuous that is the random quantity

B - B
sup{w 0<s,t,<T, s# t} < oo P — almost surely
—s
for all 0 < o < 1/2 in every compact [0.T], with probability 1 the paths are
nowhere differentiable and have infinite variation.
For integrand paths hg(w) of finite variation using the integration by parts
formula we define for every w

/ ha(@)dBy(w) 1= Bu(w)hy () — ho(w) Bo(w) — / Ba(w)dha(w)
0 0

This trick does not work for the integral

/ ' B (w)dB, ()

It was in 1944 that Kyoshi Ito extended Wiener integral to the class of non-
anticipative integrand processes. This was the beginning of modern stochastic
analysis.

For the history, in 1940 the german-french mathematician Wolfgang Doe-
blin fighting on the french side was surrounded by the nazis and, before com-
miting suicide, sent to the french academy of sciences a letter to be opened 60
years later. This letter, published in year 2000, contained many of the ideas on
stochastic differential equations that Ito was developing.


http://en.wikipedia.org/wiki/Louis_Bachelier
http://en.wikipedia.org/wiki/Albert_Einstein
http://en.wikipedia.org/wiki/Norbert_Wiener
http://en.wikipedia.org/wiki/Andrey_Kolmogorov
http://en.wikipedia.org/wiki/Kiyoshi_Ito
http://en.wikipedia.org/wiki/Wolfgang_Doeblin
http://en.wikipedia.org/wiki/Wolfgang_Doeblin
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1.1.1 Quadratic variation and Ito-Follmer calculus

In 1979 Hans Foéllmer published a short paper with title “Ito calculus without
probabilities”, where he showed how the stochastic calculus invented by Ito,
using convergence in of Riemann sums in L?(f2, P) sense, applies surprisingly
also pathwise for some non-random functions, using some special sequences of
finite partitions.

We choose to start our journey into stochastic analysis from the modern
pathwise result of Féllmer, which is rather minimalist.

Later in the following chapters we develop the classical Ito calculus based
on martingales.

Note that in the real world is often the case that a random process say
(By(w) : t € [0,1]) is realized only once, and convergence in mean square sense or
in probability remain rather abstract and unsatisfactory concepts, while almost
sure convergence results are the most meaningful, since we are mainly interested
in that single realized path.

This approach is also discussed by Dieter Sondermann in his book Introduc-
tion to stochastic calculus for finance .

Let (x;) be the integrator and (y;) integrand funktions

When () has finite variation , that is x; = (v — 2, ), jossa 2% are Borel-
measurable and non-decreasing, and (y;) is Borel measurable and bounded, the
Lebesgue-Stieltjes integral is well defined

t t t
/ ysdxs = / ysdx: - / ysdxs_
0 0 0

When y, is also piecewise continuous, the Lebesgue-Stieltjes and Riemann-
Stieltjes integrals coincide. The differential calculus is first order: for F(-) €

C'(R),

+

Hm=Fu@ﬁAE@¢m+§]n%wﬁuﬁy4u%4m—%q}

s<t

with correction terms appear at the discontinuities of x;.
What happens when the integrator is x; has infinite total variation 7 Can
we make sense of the limit of Riemann sums for some class of integrands ?

For a path x; of infinite total variation we can do the following:
by summing p-powers of small increments for some p > 1 and taking supre-
mum we define the p-power variation of a continuous path x; as

o (@) =sup 3 for,,, —
t;, €Il

p

Since the increments are small, there is a chance that U,Ep )(a:) < oo even in the

case were the total variation v (z) = vt(l)(x) = 00.

In Tto calculus we consider p = 2 but we use a weaker notion of p-variation,
where instead of taking a supremum over all finite partitions II, we take the
limit under a given sequence of partitions.
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Consider a sequence of partitions {II,, } where

I, ={t§,...,tin}, kn<oo, 0<t)<...tp. < o0,
A(Hn,t):tmaric(t?+1/\t—t?/\t)—>0 forn — oo .
S

t A s :=min{t, s}.

Definition 2. A continuous paths has z : [0,00) = R pathwise quadratic vari-
ation among the sequence {I1,,}, is the sequence of discrete measures

gn(dt) = Z (xti+1 - xti)Qéti (dt)
ti€ETn

converges weakly on compact intervals to a Radon measure £(dt). The function
t— [z, 2] :=£([0,t]) is continuous and defines the quadratic variation of xy.

Here weak convergence on compacts (also called vague convergence) of &, —
& means that for all continuous functions ys with compact support

[uetatas) > [ wsias)

Lemma 1. (Characterization): A continuous path x¢ has quadratic variation
among the sequence {I1,,} if and only if

; E 2
lim (xti+1/\t - xti/\t) = [l‘,x]t Vit < o
n—oo
t; €I,
pointwise.

Proof Consider a continuous integrand ys. Since y is uniformly continuous
on the compact [0,1], Ve > 0, there are k,m, 7, ..., T, such that the piecewise
constant function

m
Y(5) =Y Ur, (s, rypn)(s)  satisfies sup [y*(s) = y(s)| <
j=1 s<t

It follows
t
Z yti(‘rtﬁrl 756"‘?)2 7/ ysd[z7x]s <
t; Empit; <t 0
t
Z yfi(xt;mﬂ — 'J;t?)2 ,/ ysd[x,x]s + € Z (lEt?Jrl — xt?)Q
ti€mn it <t 0 ti€my

= +e Z (xt:zrl — l‘t?)Q

t, €Emn

m t
> v > (zey,, — @) —/ ysdlz, s
j=1 0

trEmn T <t} <Tjt1AL

—

+e[z,z]y asn—oo.

m t
S v (aleyani = [ovaloynn) = [ vedinal,
j=1 0

Since € was arbitrary, as € — 0 from the definition of Riemann-Stieltjes integral
it follows

t
nlgr;o Z Ye (e, —x,)? :/0 ysd[x, x5 0.

€Ty
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Lemma 2. When x; is continuous and has quadratic variation among {m,},
then t — [z, z]; is continuous.

Proof: By definition ¢ — [z, x]; is right-continuous, since it is the finite limit
of right-continuous functions.

Let r be a point of discontinuity: there is A[z, |, := [z, z],4+ — [z, z],— > 0.
For each partition, let (¢"#}] be the interval containing r.

Then (x4 — zm)? — Alx,z],. by definition. On the other hand (zn —

x4 )% — 0 since z; is uniformly continuous on compacts.

Remark 1. Note that for s <t < u,
|Tu — 5| < @y — 2| + |20 — 24
but
(g —5)? = (g — 2)* + (2t — 2)% 4+ 2(xy — 1) (T — 2)

which is not necessarily smaller than (z, — x¢)? + (x4 — x4)2.
The quadratic variation behaves differently than the first variation, by refin-
ing the partition the approrimating sum is not necessarily non-increasing.
That’s the reason while in the definition of first variation we can take the
supremum over all partitions, while with this definition of quadratic variation
we follow a given sequence of partitions.

Remark 2. When x; is continuous with finite total variation in [0,t], it follows
that [z, x|, = 0:

Z (Iti«}»l - xtz‘,)Z < sup |xti+1 - xta‘,| Z |Itz:+1 - xti‘

ti€mpnit; <t ti€mniti <t ti€mnit; <t

< sup |xg,, — x| Var(z) = 0 kun n — oo,

tiEmpit; <t

141
since Vary(z) < oo. If for some sequence of partitions {Il,} exists strictly
positive quadratic variation [z, z]; > 0, necessarily Vary(x) = 0.

We show that for continuous paths with quadratic variation a second order
differential calculus holds.

Proposition 1. (Féllmer 1979): Let x; a continuous path with pathwise quadratic
variation among {I1,,}, and let F(x) € C*(R). Then Ito formula holds:

F(zy) = F(xo) —|—/0 Fp(zs)dxs + %/0 Fop(zs)d[z,x]s, t>0

where the pathwise Ito-Foéllmer integral with respect to x exists as the limit of
Riemann sums among the sequence {I1,,}.

¢
/ F,(zs)dxs :=lim Z Fo(wy, ) (g, — 4,)
0 n

tZti ETpn

This is also called forward integral and denoted as

/ Fy(a) 7,
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Proof: take telescopic sums

F(ay) = F(wo) = lim Y (F(we,) = Flay,))

t>t; €Ty

and use Taylor expansion

Z (F(xtwrl) - F(xtz)) =

t>t;Emp
1
Z F1(‘Ttt)(mti+1 - xti) + 5 Z Fzz(xti)(xti+1 - Iti)z + Z T(xtq‘,7xt7‘,+1)(xt7‘,+1

where by the middle-point theorem

P w) = (Fao(a?) me)

for some x} € (x¢,,2,,,]. Note that r(x,,2,,,) — 0 uniformly as A(I,) — 0
since the map t — F,,(x;) is uniformly continuous on compacts.

As n 1 oo, by definition of quadratic variation the second Riemann sums
converges towards

and the remainder term is dominated by

) Z (T4, —71,)* = 0+ [2,2], kunn — co.
tiEmn b <t

max o(|zy

— Ty,

i+1

where p(n) - 0asn — 0,
Therefore the limit of Riemann sums among {II,,} exists, and it is given by

t
/0 Fp(xg)dxs = liTan Z Fo(xe, ) (@, — x4,)

t>ti€mn,
1/t
— Pla) - F(xo) — 5/ Foo(z)dlz,a], O
0
Remark 3. 1. In general the existence and the value of such forward inte-

gral may depend on the particular sequence of partitions. However when
[z, 2] exists for all {m,}-sequences and its value does not depend on the
sequence then also the forward integral [ Fz(:vs)d7s is well defined inde-
pendently of the sequence.

2. The existence of quadratic variation in the sense of weak convergence on
compacts was the minimal assumption which we used to derive Ito formula.

oletus jolla johdetaan poluttainen Iton

- Iti)Q
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3. We have the following extension of Ito formula: if F(x,y) € C*' and y,
is continuous with finite variation, then

t
/ Fm(mm ys)dxs = hm Z Fz(wtiu yti)(mti+1 - xti)
0 n

t>t; €My

t 1 t
= Flonw) = Foo,w0) ~ [ Fyenddy— 5 [ Fuledoal. O
0 0

4. When F € CY(R) and x is continuous with pathwise quadratic variation
among {m,}, then the function w; := F(x;) has also quadratic variation
among {m,} given by

t
[waw]t = / Fm(xs)zd[wvx}s
0
Proof: by Taylor expansion

Z {F(xti+1) - F(mti)}2 = ZFI(wti)Q(‘rti+1 - xtz‘)z + ZT(xti’xti+l)(xti+l - xtz‘)z

Ly €mnit; <t

t
— / Fo(zs)%dz,z]s asn — oo
0

5. We have defined the forward integral

t
/ ysd @
0

for integrands y; = F(z¢,y;) with F € CY and y; of finite variation.
What about more general integrands ?

Let 7, a partition and y € C([0,¢],R). Note that

Ién(y) = Z yt,- ($t11+1 - xti)

t>t,€mp
is a linear operator. We show that when x; has infinite total variation the
t
integral operator I;(y) = [ ysdxs
0

(C([O’t]’R)v ‘ : |<X>)
THIS CAN BE SKIPPED

Proposition 2. (From Protter book) If for all y € C(R) exists
Ii(y) := lim I (y),
it follows that x; has finite first variation and therefore [x,x]; = 0.
Proof: Vn there is a continuos function y, (t) such that
yn(ts) = sign(wy,,, —xy,) YVt € mp,

and |yYn|oo = 1.
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For the operator norm
|| I’ﬂ ”Z |In(yn)‘ = Z Sign(xti+1 - mti)(xti+1 - xti) = Z |$ti+1 — T, s
t>t;, ey, t>t, €y
and

sup || I, ||> Var(zx),

IfVy € C(R) there exists I(y) = lim,, I,,(y) among {II,}, necessarily sup,, |I,,(y)| <
0o, and by the Banach Steinhaus theorem of functional analyis it follows that
sup,, || I, ||< oo, which means Var(z); < oo.

We recall Banach-Steinhaus theorem: Let (I, : v € J) a family of linear
continuous operators, where (X, |- |x,), ¢ = 1,2 are normed-spaces.
If

sup |1, (y)|x, < C(y)
vedJ

when we take supremum on both sides

I
sup || I, [[< oo, where || I, ||= supM
veJ Y | |X1

is the strong operator-norm.

1.1.2 Ito-Follmer calculus for random paths

Definition 3. Let (X;(w) : t > 0) a stochastic process with continuous paths de-
fined on the probability space (, F, P). We say that X has stochastic quadratic
variation process ([X, X]¢(w) : t > 0) when for all sequence of finite partitions
{I1,,} with A(IL,,t) =0

Z (Xti+1 - th)Q 4P> [Xv X]t
t>t; €ll,

with convergence in probability

It follows that for any sequence of finite partitions {II,,} with A(II,) — 0
there is a deterministic subsequence {Il,, () } such that (first for all # € QN[0, co)
and then by continuity of [X, X] for all ¢ > 0)

Z (Xt (W) = Xp, (w)?=[X, X];(w) P-almost surely w (1.1)

t>t; €11, (1m)

In other words when we start with a deterministic sequence of finite partitions
{I1,,} for P-almost all paths X.(w) the pathwise quadratic variation [X (w), X (w)].
among that subsquence {IL, )}, which coincides with the stochastic quadratic
variation [X, X].(w).

This implies that Ito formula applies when we define the Ito integral as limit
in probability of Riemann sums, which exists also P-almost surely when we take
limit among the subsequence {IL,,,)}-

Consider dyadic partitions

HnDn: {tZ :kj2_n: k:07...7n2n}
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Proposition 3. ( by Paul Lévy ) Brownian motion has P-almost surely quadratic
variation [B, Bl =t among the dyadic sequence {D,}.

Proof: the variance of the approximating sums is
2
n n n n n n 2
B({X Bu, - 7 - -} ) = X BBy, — B - (6 - D))
tr<t tyst

( since increments are independent the cross-product terms have zero expecta-
tion).

= > {E({ABy YY) + (AR)? —2(A)E({ABy )} =

tn<t
23 (tpy, —tp)? =2[12" )27 < 227"
tn<t
Let € > 0 and
A =H{wi b= ) (BR, (W) = B ()*| > ¢}

tn<t
by Chebychev inequality
P(AS) <2t27 e
Therefore

D P(A;) < et < o0

n

Applying Borel Cantelli lemma, Ve > 0
P(lim sup Afl) =0

Taking ¢ = 1/m, m € N and countable intersection of the complements
r(NUNam) =
m>0k>0n>k

which is the probability that exists [B, B]; = t by taking limits among the
dyadic sequence.

Remark 4. 1. FEssentially we used
S (T -w7) <o
n tp <t
which gives the rate of convergence of A(Il,) to zero in order to obtain

almost sure convergence from convergence in probability,

2. The set of measure zero where convergence fails may well depend on the
sequence of partitions. We cannot take supremum over partitions.

8. By a backward martingale argument his theorem extends to refining se-
quences of partitions with II,, C Il,,11, A(Il,,t) — 0 kun n — oo ( you
find in the book by Revuz and Yor, Continuous martingales and Brownian
motion, Proposition 2.12 ) .


http://en.wikipedia.org/wiki/Paul_Pierre_Levy

14 CHAPTER 1. WHY STOCHASTIC INTEGRATION IS NEEDED ?

1.1.3 Pathwise Stratonovich calculus

If in the approximating Riemann sums we evaluate the integrand at the mid-
point rather than in theleft point we obtain

Z Fw(B(t1:+1+ti)/2)(Bti+1 - Bti) =

t; €D, t; <t

= ZF$(Bt7')(BtH»1 By,) + Z e (Bt +ty2) — Fu(Bt,)) (Bt — Bt,)

= Fu(Bu)(Biy, — Bi) + > Fua(Bi)(Bit,yy 44072 — Bi)(Buyy, — By +
+ > 1(Bitsr+B0 /20 B) (Bt 2 — B)(Bio,, — Br,)

= Z Fo(By,)(By,,, — By,) + Z Foo(Bt,) (Bt 1 +B1)/2 — zy,)% +

+ ) Fuo(Bi)Btan 82 = 20) Briy = Blusyaenj2) +

+> 1(Bitipa+ti2 Bu) B, a4 /2 — Be)(Bry, — By,)

Lemma 3. For the Brownian path

1 1
> (Bityasty2 — Br)® — §[B,B]t =3t (1.2)
t,€Dy:t; <t
Z (B(ti+1+ti)/2 - Btz’,)(Bti+1 - B(ti+1+t¢)/2) —0, (13)
ti €D, :t; <t

Proof: exercise.
It follows that the Riemannin sums among the dyadics converge P-a.s. to
the pathwise Stratonovich integral

t t 1t
/ F.(xs) odxs := / Fp(xs)dxs + 7/ Foo(zs)d[z, )5
0 0 2 Jo

1

t 1 t
,/0 Fou(zs)d]z, ], + 5/0 Foo(s)d[z, 2]y = F(x;) — F(xo) .

= F(ae) = Flao)

We see that
The Stratonovich integral follows the ordinary first order calculus:

/ ) o dB, _/ F,(B,)dB, +2/OtFm(Bs)ds:F(Bt)—F(BO)

By evaluating in the Riemann sums the integrand at the right point we
obtain the pathwise backward integral

t
Fu(B)dB, = lim 3 Fu(Be,,)(Bu, nt - Bir)
0
1 t
:F(Bt)—F(Bo)+§/ Fo(Bods = [ Fu(BdE. +/ Fou(B
0
Proof: exercise.

References H. Follmer, {‘Calcul d Ito sans probabilites” (1980). Séminaire
de Probabilités XV, pp 143-149 Springer
D. Sondermann, “ Intoduction to stochastic calculus for finance ” Springer.


http://www.numdam.org/numdam-bin/item?id=SPS_1981__15__143_0
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1.1.4 Preliminaries on Gaussian random variables

Definition 4. A random vector X = (X1,...,X,) with values in R™ is jointly
Gaussian iff there is a p € R™ and a non-negative definite matriz K such that
the joint characteristic function is given by

6x(0) = E(exp(i6 - X)) = exp(ifj — %GKHT)

where y - x is the usual scalar product.

When the limit of a Gaussian random variable exists, it is necessarly Gaus-
sian:

Lemma 4. Let {£,} be a sequence of Gaussian r.v. with respective distributions
N (jtn,02), defined on the same probability space (2, F, P), together with a r.v.

£ If €, 4 & (convergence in distribution) then & is Gaussian N (u,o?) where

the limits p = lim,, u,, and o = lim,, 02 emist.

When o2 = 0, we agree that the constant random variable u is Gaussian
with zero variance.

Proof Since convergence in distribution is equivalent to the convergence of
characteristic functions, it follows that

¢, (0) = exp (iunﬂ - ;9203> — ¢e(0) VO

where V0
66, 0) = exp 3602 ) > [66(0)] = exp - 36%?)
Arg(oe, (0)) = pnt — Arg(ge(6)) = pb

therefore
1
¢e(8) = exp <i,u9 - 20202) O

In particular if {£,} are Gaussian random variables with &, it ¢ in proba-
bility, then ¢ is Gaussian and &, — £ in LP(2) Vp < .

Remark We can replace convergence in distribution the lemma [] with
stronger convergence in probability or in LP convergence,

Corollary 1. If X,, — 0 in probability and X,, ~ N (pun,02), then ji,, 02 — 0
and X,, — 0 in LP(2) for all p < oo.

Definition 5. A family of real valued random variables {& : t € T} is a Gaus-
sian process if ¥V n, t1,...,t, €T the law of (&,,...,&, ) is jointly Gaussian.

Lemma 5. (Gaussian integration by parts and tail probabilities)

o The standard Gaussian density

satisfies
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e For a standard Gaussian random variable G(w) with E(G) =0, E(G) =1
we have the Gaussian integration by parts formula:

Ep ( f’(G)h(G)) =Ep (f(G)(Gh(G) - h’(@))

In particular for h(xz) =1
£ (r@) = 2e 66
e For x > 0 we have the upper bound

PG>0 = [ owiy< [ Loty =~ "¢y =
{6(a) — d(o0)} = 2 ()

1.2 Paul Lévy’s construction of Brownian motion

We have defined Brownian motion but we haven’t yet shown that such stochastic
process exists.

We construct recursively the Brownian motion on the dyadics D,, C [0,1].

Given the values (B; : t € D,,), we obtain by linear interpolation a continuous
path (Bgn)(w) 1t €[0,1]).

Then we show that Bt(") (w) converges uniformly for ¢ € [0, 1].

More precisely, let (G4(w) : d € D) i.i.d. standard Gaussian random vari-
ables, where the dyadics D = | J,,cy D» are countable.

At level n =0, for Dy = {0,1} set

Bo(w) = 0, Bl(w) = Go(w),

and by linear interpolation Bt(o) (w) :==tBy(w), t €[0,1]

Define the increasing sequence of o-algebrae G,, = 0(Bg : d € D,,).

Let d € D, \ D1 and d~,d" € D, withd™ <d < d" and d* —d~ =
2"~1. d* are the nearest neighbours of d at the previous level (n — 1).

Since the increments of (B;) are independent,

P(Bd S dx|gn,1) = P(Bd € dfC‘Bd,Bd+)
which is a Gaussian law with mean (By- + Bg+)/2 and variance
(d—d7) "t (dF —d ) )t =270

( Exercise: check this by using Bayes’ formula).
We define inductively for d € D,, \ D,, and corresponding d* € D,,_;

By- (w) + By+ (w)
2

Ba(w) = + Gg(w)2~(m+1)/2 (1.4)
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Note that, for t € D

Biw) = Y Galwhma(t) = Gd(w)/ Hal(s)ds = (1.5)
deD deD 0
= Z Ga(w)ng(t) = Z Gd(w)/ Nq(s)ds, whente D, (1.6)
deD, deD,, 0

where 79(s) = 0, 71(s) := 1j0,1)(s) and for d € D, \ Dy,—1, n > 0,

na(s) = {1[d7d)(3) _ 1[d,d+)(3)}2(n1)/2

and d* are the nearest neighbours of d € D,, \ D,,_; at level (n — 1).

To visualize the function ¢ — By(w), is the infinite sums of sawtooth function
each with support on some dyadic interval k27", (k+1)27™) with independent
Gaussian weights.

Note that for d € Dy \ Dy_1 with neighbours d_,d; € Dy_1

0= /()177d(3)d3 = /(H 7a(s)ds

so that

/Ot na(s)ds =0

for all ¢t ¢ (d—,d4). Since Dy_1 N (d—,d+) = ) necessarily

/Ot na(s)ds =0

for d € Dy \ Dy—1 and t € Dy_;. This shows that every ¢ € D has a finite
series expansion.

Let’s show that for each ¢t € D the series expansion satisfies the recur-
sion step .

Note first that for ¢t € [0,1],Vn € N, there is one and only one d € D, \ D,,_1
such that ¢ € support(ng).

Assume that ¢t € Dy \ Dy_1 with neighbours t_,¢; € Dy_;.

Then

B;- (w) + B+ (w) + Gt(w)Zf(NH)ﬂ _

where for t € Dy \ Dy_1

t t
/ ne(s)ds = / n(s)ds = 2~ N2(N=1/2 — 9=(N+1)/2
0 to
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andVd € Dy_1,t € Dy \ Dyn_1

;(_/Ot_ Na(s)ds + /Ot+ ﬁd(s)dé’) = /Ot na(s)ds

since when d € Dy_1, 14(s) is constant in the interval (t—,¢+), and we have

obtained the series expansion (1.5 of B;(w).
We show that for P-almost surely the infinite series representation of By(w)

is converging uniformly on ¢ € [0, 1],
We use the Gaussian tail estimates: given ¢ > 0 for n large enough, G4 ~

N(0,1)

c2n
P(Ga| > evn) < exp(- ")

P(w:3d € D, \ Doy with [Ga(w)| > evn) < Y P(|Ga| > cv/n)

"eDn\Dn—l
2
< gn—1 exp(—%) < exp(—an)

when ¢ > a + 2log?2 > /2log?2, for some a > 0.
For such ¢, since

Zexp(—om) = (1 —exp(—a))™! < 0
n>0

by Borel Cantelli lemma
P(w : AN (w) with |Gg(w)| < eyv/n¥n > N(w),d € Dy, \ Dn1> =1

Therefore for P-almost all w and n > N(w)

Y Gaw) /0 7a(s)ds

deD,\Dy 1

< ey/m2- (/2

since for d € D,, \ D,_1, with neighbours d~,d* € D,,_4
t
/ Na(s)ds =0
0
when ¢ & (d~,d"), and for ¢t € (d—,d")
t d
0 g/ Na(s)ds §/ na(s)ds = 2~ (+1/2
0 0
so that P-almost surely the series

> Y Gl [ duleds = lim B ()

n>0deD,\Dp_1
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is absolutely convergent uniformly in [0,1]. This means that P-almost surely

{t — Bt(") (w) : n € N} is a Cauchy sequence on the space of continuous functions
C([0,1],R) equipped with the uniform norm. By completeness, for P-almost all
w a continuous limiting function ¢ — B;(w) exists.

The set (Bg(w) : d € D) is a Brownian motion on the dyadics, since by
construction at every dyadic level D,, the distribution of (By : d € D,,) coincides
with the finite dimensional distribution of the Brownian motion.

Let’'sfix k> 0and 0 =tg < t1 < -+ <ty <1.

We find a sequence (£, ..., t,(en)) C D, such that Jnax 1t — 4] < 2m,

For P-almost all w the path ¢t — B;(w) is continuous, and
(Bt(n) (w), ey Bt(n) (w)) — (Bt1 (w), - 7Btk (w))
1 k

Since (B, (W), ..., B, (w)) is a jointly Gaussian vector and almost sure con-
1 k

vergence implies convergence in distribution, by the multivariate version of
lemma [4 it follows that the limit is a Gaussian random vector.
Morever since the increments are bounded in L?(2)

(Sij (ti — tifl) = lim (Sij (tgn) — tiﬂ) =

n—o0

n— 00 j—1

lim E((Bt@) - Bt(z)l)(Bt(‘n) - Bt(.n) )) = E((Bn - Bti71)(Btj — Btj1)>

where since Gaussian variables have moments of all order, in the last equality
we can pass the limit inside the expectation by uniform integrability.

Therefore the increments of B;(w) over disjoint intervals are jointly Gaussian
and uncorrelated, with E((B; — Bs)?) = (t — s). We conclude that (B;(w) : t €
[0,1]) is a Brownian motion.

1.3  Wiener integral, isonormal Gaussian pro-
cesses, and white noise

Definition 6. Define the Cameron-Martin space of absolutely continuous func-
tions with square integrable derivative

H= {t — h(t) = /Ot h(s)ds : h e L*(|0, 1],dt)}

For h,f € H with h(t) = fg h(s)ds, f(t) = fg f(s)ds we define the scalar
product

. . 1 . .
(he )z = (s P2y = /0 () f(s)ds

H equipped with the scalar product is an Hilbert space. || h || g:= +/(h,h)m is a

norm.
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The functions {n4(s) : d € D} used in Lévy construction form the Haar
system, which is a complete orthonormal basis of the Hilbert space L?([0, 1], dt),
meaning that

1
(Narsna<)mr = (Mars Mar ) L2(j0,1]) = / Nar (8)1ar (s)ds = Sar,ar
0

and every h € LQ([O7 1], dt) has expansion

Z Z na(t 77da L2([O,1})

n>0deD,,

where the series converges in L?(]0, 1], dt)-sense.
Equivalently the primitives

t
t—ng(t) = / Na(s)ds
0
form a complete orthonormal basis in H, so that every h € H has the expansion

=> > nal®)(na, h

n>0deD,
converging in || - ||z norm.

Definition 7. An isonormal Gaussian space {B(h) : h € H} is a collection of
zero mean jointly Gaussian random variables such that the covariance structure
matches the scalar product in H

E(B0)B(f)) = (h, )i = / (s) f(s)ds

forh,f € H.
In particular we have the isometry between the subspace {B(h) : h € H} of
L?(Q, F,P) and H

I B(h) 720, E(B(R)?) =/O h(s)*ds = h |5

Note that if (hy, : n € N) C H is a Cauchy sequence in H-norm, then by the
isometry the Gaussian variables (B(hy,) : n € N) C L*(Q, P) form a Cauchy se-
quence, and since L? is complete necessarily it has a limit in L? sense. Moreover
the limit must be Gaussian, since limits in distribution of Gaussian variables are
Gaussian, and L?-convergence is stronger than convergence in probability which
implies convergence in distribution.

In this way we define stochastic integrals of functions h(s) € L*([0,1],dt):

We approrimate h(s) by piecewise constant functions

Z yi'l t[l,t”] s)

trell,

in L2([0,1],dt), for some (y1 -..yn) and I1,, finite partition of [0, 1] Equivalently

¢ ¢
han(t) :/0 hn(s)ds approzimates h(t) :/0 h(s)ds
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in the Cameron Martin space H.
For such piecewise constant function we define the stochastic integral as the
Riemann sum

t
Blhn) = / h($)dBy = 3 g (Wie — Wi )
t?enn

we check that this satisfies the isometry, which then is used to define the stochas-
tic integral

B(h) = /O h(s)dB.

as the limit in L*(2, P) of the Cauchy sequence (B(hy,)).

This was historically the first construction of a stochastic integral with deter-
manistic integrands and it is due to Norbert Wiener. Using martingales, Kiyoshi
Ito extended the construction to a much wider class of random integrand pro-
cesses.

These Gaussian variables are identified with the Wiener integrals
1 .
B(h) :/ h(s)dBs, heH
0

Let {G4(w) : d € D} iid. standard Gaussian variables on the probability
space (2, F, P). We construct the isonormal Gaussian space indexed by h € H
as follows:

For the elements of the Haar basis, define

1
/ nd(s)dBS = Gd, deD
0

For h € H By using the Haar expansion,
1
B(h) :/ h(s)dBs := Z Z Ga(w)(h, 1) L2 ([0,1))
0 n>0deDy\Dp_1

where the infinite sum converges in L?(Q, F, P).
In particular for ¢ € [0,1] and h(s) = 1jg4(s)

B(h) Z/O 1j0,4(s)dBs = /0 dB, = B; =
Z Z Gd(w)/o na(s) 10,4 (s)ds

"LZO deDn\Dn—l

=Y ) Gaw) /0 na(s)ds

”ZO dEDn\Dn—l

where the convergence is in L?(Q2, F, P).
Note this is exactly the series expansion used in Paul Lévy construction
of Brownian motion, and it was shown that it converges P-almost surely in
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the Banach space of continuous functions equipped with uniform norm, which
implied that P-almost surely ¢ — B;(w) is continuous.

This construction works also by replacing the Haar system with any another
complete orthonormal system in L?([0, 1], dt).

Another insight is given by using white noise. Let {B,(w) : t € [0,1]} a
zero-mean Gaussian generalized process with the covariance defined formally as
the generalized function

E(Bt ) —(50(75—8)

where do(t — s) is the Dirac delta function of distribution theory, meaning that
for t # s B, and B, are uncorrelated while B; has infinite variance. Such object
does not exists pointwise since there are not Gaussian variables with infinite
variance.

Formally B; = @ is the derivative of Brownian motion (whose paths are

almost surely is nowhere differentiable as we will see ).
Define for h € H

B(h) = /0 h(s)dB, = /0 h(s )dds /O h(s)B(s)ds
= (h,B)p1(o)) = (h. B)n

Note that (h, B)g is not defined w-wise but it will be well define in L?(Q, P)
sense as the limit of the smooth truncated series

We see using Fubini that

B(BI)B(f)) = E( / h(s)dB, / 1 fas,) - E( / () B(s)s / 1 o) Bt

// (B(s)B dtds—// (t)do(t — s)dtds =
:/ h(s)</ f(t)50(t—s)dt>dsz

/h dS—(hf)L2 (0.1].dt) = (hs fm

Note that for the Haar system {7y :d € D}

=3 % Galwnals)

n>0d€eD,,

satisfies formally the definition of white noise, since

(ZGdnd > Gaia(t ) D> nals)ia (8 E(GaGa)

deD d'eD deD d'eD

= 3" 0a(s)ia () EG2) = 3~ a(s)ia(t)

deD deD
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and by the Plancharel identity

[ (Sl ([ somiow) ([ nomion)

deD

= Z Foia) 2o,y () 2oy = (fs 1) p2qo,))
deD

/Olf(t) t)dt = //f $)do(t — s)dtds

which shows that formally the covariance is the Dirac delta function

By) = ia(s)na(t) = do(t —s)

deD

Conclusion the white noise B, introduced formally as the derivative of
Brownian motion is a generalized random process which does not exist pointwise
but it makes sense to to integrate test function against it.



24 CHAPTER 1. WHY STOCHASTIC INTEGRATION IS NEEDED ?



Chapter 2

Stochastic process:
Kolmogorov’s construction

2.1 Kolmogorov’s extension

We skipped this section during the lectures since we have used Lévy’s
construction

We prove first Daniell-Kolmogorov extension theorem which tells when a
stochastic process (X;) indexed by a time parameter ¢ € T' exists as collection
of random variables.

Whether this collection of random variables can be combined together into
a random path with some continuity properties with respect to the parameter,
is the content of Kolmogorov’s continuity theorem.

Definition 8. Let (Q, F, P) be a probability triple. A stochastic process is a col-
lection of random variables (X;(w))ier with values in (R, B(R®) with parameter
set T.

In these lectures we will consider 7' = N, Z, R, R*, Q but some other index
sets may appear.

Definition 9. Let X = (X;(w))ter and X' = (X](w))ter R-valued stochastic
processes on the respective probability spaces (2, F, P) and (', F', P"). We say
that X and X' are versions the same process if their finite dimensional laws
coincide: Vk € N, ty....t,, € T By,... By € B(RY)

P(th GBl,...,th, 6Bk> :P/<X£1 EBl,...,Xt/k EBk>

Definition 10. Let X = (Xy(w))ier and Y = (Yi(w))ier R-valued stochastic
processes on the same probability space (2, F,P) We say that X and Y are
modifications of each other if Vt € T

P(X;=Y:) =1

25
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Definition 11. Let X = (X;(w))ter and Y = (Yi(w))ier R-valued stochastic
processes on the same probability space (2, F,P) We say that X and Y are
indistinguishable when

Plw: Xyw) =Y (w)VteT) =1

Exercise 1. When X and Y are indistinguishable, they are modification of each
other. When X andY are each others’ modifications, they share the same finite
dimensional laws. Show a simple example of a X,Y which are modfication of
each other but not indistinguishable.

Definition 12. We say that the family of finite dimensional distributions

Ptl,...,t B(Rn)—)[(),l], U}Zth’l’LEN,tl,,tneT

n

is consistent , when

..... tn (A X -+ X Ay) = Ptﬂ(1)7---tw(n> (Atwu) e X Atw(n))
VneN, Ay,... A, € B(R),t1,...,t, €T, V permutation 7

Ptl,..‘,t (A1 X - X An) = Pt1,m,tn,tn+1 (Al X - X An7R)

n

Theorem 1. (Daniell-Kolmogorov,1933) Let

(Pt:te GT")

n=1

a consistent family of finite dimensional probability distributions with arbitrary
index set T.

There exist a unique probability measure P on the product space = RT
equipped with the cylinder o-algebra generated by the product topology, such that
Vn € N,t1,...,t, € N, B, € B(R"),

P(w S RT : (wtl,. .. ,th> S Bn) = Ptl,...,tn(B'rL) (21)

Proof

The elements of 2 = RT are functions t — w;. o(C) coincides with the small-
est o-algebra on = RT which makes the canonical evalutions w — X;(w) = w;
measurable for all ¢t € T'.

We define the cylinders’ algebra C with typical elements

C = {w eRT : (wyy,...,wy,) € Bn}

where n € N, #1,...,t, € N, B, € B(R").

We take as a definition of the map P : C — [0,1].

By using the consistency assumption you can check that P(C) does not
depend on the particular representation of a cylinder C' € C.
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Since every finite number of cylinders can be represented on a common
index set, since the finite dimensional distributions are proabilities, it is also
not difficult to check that P is finitely additive on C.

The next step is to use Charatheodory’s theorem to extend P to a og-additive
probability measure defined on the o-algebra o(C).

All we need to show is that P is o-additive on the algebra C, that is

If {C), : n € N} CC is a sequence of cylinders such that

Cn 2 Cpri1Vn, and m C, =0,
neN

necessarily lim,, .., P(C,) = 0.

We proceed by contradiction, assuming P(C,,) > € > 0 Vn and showing that

N C, #0.
neN
By choosing the representations and eventually repeating the cylinders in

the sequence, we always find a sequence (¢,) C T and a sequence of cylinders
{D,, : n € N} with representations

Dn: {WERT : (wtl,...,wtn) EAn}

where A4,, € B(R"™), such that D,, O D,,+1Vn, and for all m € N there is some n
such that D,, = C,,.

It follows that P(D,,) > e >0 VYn and (),,cjy Cn = (yen Dn-

Now since P, ., is a probability measure on R", and A,, is Borel mea-
surable, there is a closed set F,, € A, with P, , (4, C F,) < ¢2™". By
o-additivity, intersecting F;, with a ball large enough centered around the ori-
gin we find also a compact K, C A,, with

Py (A \ Ky) <e277

Consider the cylinders

F, = {w eRT : (wyy,...,wp,) € Kn}

Since these are not necessarily included into each other we take the intersections
n
= m Fy = {wERT (Wi ey wyy,) EK;}
m=1
where K/ C K,, are compacts. We have

Piytn (IG,) = P(Fy) = P(Dy) = P(Dn \ ) =

Pryootn (An) = Pyt (U (An \ Ko )

> P (A~ Pa ( UJ (A Km)>

m=1

ZPD \ F) >57252 m

m=1
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Therefore for each n, EI(:U&") ce x%")) € K] #0.
Since the sequence F is non-increasing, necessarily the sequence (zﬁ”)) C

K. By compactness, there is a convergent subsequence x(f”) — a7 € KJ.

The subsequence (x§’”)7 xén’)) C K}, and there is a convergent subsequence
with limit (z},z3) € KJ.
By induction, we find a sequence (z}) with (z7,...,z}) € K] Vn. The set

D*—{wGRT:wtn—z; Vn}QF,’LQDn Vn eN

is nonempty, and D* C (), F}, contradicting the hypothesis [J

Definition 13. A Borel space (S,S) is a measurable space which can be mapped
by a one-to-one measurable map f with measurable inverse to a Borel subset of

the unit interval ([0, 1], B([0, 1])).
Lemma 6. In a Borel space, the o-algebra S is countably generated.

Corollary 2. Kolmogorov extensions theorem applies to processes (X¢(w))ier
taking vaues in a Borel space (S,S), (for example R?), without restrictions on
the parameter set T'.

Proof By using a measurable bijection f : S <> B € B([0, 1]), we define first
a stochastic process (V;(w)) with values in [0, 1] and obtain X;(w) = f~}(V;(w))
with values in S.

Exercise 2. A separable metric space (S,d) equipped with the Borel o-algebra
generated by the open sets is a Borel space.

Hint: there is countable set {x, }nen which is dense in S. Vo € S there is a
subsequence {x,, }ren such that d(zy,,z) — 0.
Solution: We construct such subsequence explicitely as follows: let

ny = arg 1§I§ni£2k{d(mm, z)}

where we use lexicographic order in case of ambiguity.
Since ny < 2* it has a binary expansion

k—1
ng = Z z®om ) ¢ 10,1}
m=0
so we can code ny by the word (xék), . ,x,(ck_)l) € {0,1}*, By concatenating

these words we obtain the binary expansion of some u € [0, 1]. This map is one-
to-one, from u we can recover the subsequence and (z,, ) and the limiting point
9. Although this map does not need to be continuous, it is measurable with
measurable inverse: you can check that the image of a ball centered around
some x, is a Borel set in [0,1], and the inverse image of (k27" (k + 1)27"]
0< k<2 "™isaBorelsetin S.

Warning: Working with random processes taking values in non-separable
spaces can be tricky, since Kolmogorov theorem does not apply directly. During
this lecture course we will stay on the safe side.
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2.2  Continuity

We skipped also this section during the lectures since we have used
Lévy’s construction

So far we have constructed the probability measure P on (2 = R”,o(C))
such that the canonical process X;(w) = w; follows the specified family of fi-
nite dimensional distribution. Suppose T is a topological space which is not
countable, for example T'= R. In such case, the set

A ={w:t— w is continuous at all t € T }

does not belong to ¢(C) simply because to check continuity in an uncountable
set we need uncountably many evaluations of the function ¢t +— w;. In other
words, 14(w) is not a random variable.

Theorem 2. (Kolmogorov’s continuity criterium)
We denote the dyadic subsets of [0,1]¢ by

D= U D,, where Dy, :={2""(k1,...,kq):0<k; <2™}, meN.
meN

Note that D is countable and dense in [0, 1].

On a probability space (Q, F, P), let (X; : t € T = [0,1]%) a stochastic process
with values in a normed vector space (E,| - ||g) (for example E = R™) When
forp,r >0

B(1% = X, 1) < le— st
for allt,s € T, then for all0 < a <r/p
| X¢(w) — Xs(w) | Ko(w)|t —s|* Vs,t €D

with Ko € LP(Q), in particular K, (w) < oo P-almost surely.

Proof

Let N,,, = {(s,t) € Dy, : |[s —t| =27™}, the set of nearest neighbors pairs
at level m.

Since #Np = £ 3, cp  #{neighbors of s} < 27124(m+1)2¢

E( sup || X¢ — X, |p> < >0 EB(I X - X |lP) < 4D d)(c2mm @) = 2927 (2.2)
(8,1)€Nm (5:)€Nm

For t € D let t,, the nearest element in D,,.

Either tp, 11 = tm O |ty — tm| = 27D that is (tm, tmi1) € Nyt
Define analogously (s,,) for s € D. Since t,s € D implies ¢, s € Dy, for some k
large enough, by using telescopic sums

0o 00
Xy — X = (Xy,, — Xs,,) + Z (th+1 - X)) — Z (X8k+1 - Xs,)
k=m k=m

where we sum over finitely many non-zero terms. Note that if t,s € D, t # s,
necessarily 27 ("1 < |t — 5| < 27™ for some m € N. In such case, (£, — sm) =
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2™ that is t,, and s,, are neighbors in D,,, By starting the telescoping sum from
such m,

|| X — X ”S” bm = Sm || + Z H th+1 - th ” + Z ” X5k+1 - Xsk H
k=m k=m
which gives
sup{|| X; — X, ||P: t,s € D, 27D <t — g <27} < 3 Z sup || Xy, — Xy [P
k=m (t,8)ENm
By the triangle inequality in LP (2, P, E) and (2.2)

1/p o0 1/p
E( sp [ X - X, |P> <3y Ep( swp || X, — X, ||”)
s,teD:|s—t|<2—™ P (t,s)EN}

o0
<c Z 2—7““/17 — 52—77”“/17

k=m

Fix a < (r/p). By taking union over disjoint sets

X — X, py\ 1/p x
FE sup M <e Z Qmeg=mr/p g
(s,t)ED:s#t It - s|o¢ m=0

which implies

Ko e wp 1 X =X |

- < oo P-almost surely (2.3)
(s,t)ED:s#t |t - S|

Note that w — K,(w) is measurable and K, € L?(2). By taking countable
intersections of these events with o, = £ (HLH)7 almost surely 1} holds simul-

P
taneously for all « < r/p O

Corollary 3. Under the assumptions of Theorem[%, when (E,|| - ||) is complete,
there is a modification X;(w) of the process Xi(w) with a-Hélder continuous
trajectories for all 0 < a < r/p.

Proof It follows outside a measurable set N' with P(N) = 0, the paths
t — X;(w) are uniformly continuous on the compact D.
Therefore for each ¢ € [0, 1]

Folw) = { lim X, (w) weN¢©

s—t,s€D
Zo weN

is well defined and measurable (zo € E is chosen arbitrarily).

This follows since, for w € N€, if s,,s), € D,, are dyadic sequences with
$p — t and s, — t, Ve > 0 In.(w) such that Vm,n > n.(w)

max{ | X () — Xog (@) ] 1| X (@) — Xy @) [ | Koy () — Xep (@) ||} <e
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Therefore for w € N¢ X, (w) and X, (w) are Cauchy sequences in the complete
space E with a common limit.

Note that X,(w) = X,(w) for s € D, and since (X (w))sep is a-Holder
continuous when w € N¢ 0 < o < 2/p by contruction (XS(W))SE[O,l]d is a-
Holder continuous Vw and all 0 < oo < 7/p.

From the hypothesis on increments’ moments, by Chebychev inequality we

get for fixed t € [0, 1]¢

XsiXtass—Hf,seT

in probability. By starting with a dyadic sequence, we find a subsequence (s;) C
D such that s — t and P-almost surely

lilgn X, (w) = X (w)

Since X, (w) = X,(w) Vs € D, it follows that V¢ € [0, 1]¢
P{w: Xy(w) = Xe(w)}) =1

that is X;(w) is a continuous modification of X;(w).
In particular X; and X; have the same finite dimensional distributions [

Note that this continuous modification is unique up to indistinguishability.
If X;(w) is another continuous modification of X;(w), necessarily

P(X,(w) = Xs(w) = Xs(w) VseD)=1
— P(X;(w) = Xy(w) Vte[0,1]9) =1

Corollary 4. On the probability space (Q = (R)®, o(C)), there is a probability
measure Py ( the Wiener measure) and a stochastic process By(w) which sat-
isfies definition[1, Morover there is a modification which has locally a-Hélder
continuous paths t — By(w) Yw € Q for any 0 < v < 1/2.

Locally means that a-Hélder continuity holds on compacts.

Note by taking images, the Wiener measure Py, is also defined on the spaces
C(RT;R),C*(R*;R) of continuous and locally a-Hélder continuous functions,
for 0 < a < 1/2. Under the Wiener measure, in these function spaces the
canonical process is a Brownian motion.

Proof We first take 7 = [0,1] © = RI%! Definition [1| determines consis-
tently the family of finite dimensional distributions of Brownian motion. By
Kolmogorov extension theorem, there a probability measure Py on (Q,0(C))
consistent with the finite dimensional distributions’ specification. In particular
the canonical process X;(w) = w; has Gaussian increments (X;(w) — Xs(w)) ~
N(0,t —s).

The Gaussian distribution has the following property: if G(w) is a Gaussian
random variable with F(G) = 0, then E(G?*"*!) = 0 Vn, and there are constants
(¢n) such that

B(G*) = e, {B(G)}"

By the continuity theorem with d =1 and p = 2n,n € N we get
E(|X; — X)) = calt — s|" = cnlt — s|'TY wneN
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from which it follows that (X;(w)) has a modification (B;(w)) which is a-Hélder
continuous for all a with

a < sup (r=1) =1/2
neN n

Let (Bfn))te[oﬂ a sequence of independent copies of the Brownian motion
defined on the canonical space of continuous function ,, = C([0, 1], R) equipped
with the Wiener measure. Note that since C([0, 1], R) is separable there is not
problem to apply Kolomogorov theorem to define the product measure on the
infinite product space.

By concatenating these independent copies into a single continuous path we
obtain a Brownian motion indexed by T' = [0, +00), or T' = R.



Chapter 3

Probability theory,
complements

3.1 Change of measure

For a random variable X (w) we say X € F, or X € L%(Q,F), when X is
F-measurable.

For X € F and X (w) > OVw denote X € F.

If X € Fand X(w) >0 P-as. denote X € LY (Q, F).

Let

X(w) = Z 2ila, (@)

for z; € R and A; € F, n € N. We say that X is a simple r.v. and denote
X € YF. Denote also YFt =YFNFT.

On the probability space (2, F, P), let Z(w) > 0 P-a.s. with 0 < Ep(Z) <
00, which implies P({w : Z(w) > 0}) >0 .
We introduce a new probability measure @ : F — [0, 1]

_ Ep(Z1,)

QU)i= =g 7~ VAET

Q is a probability: clearly it is additive and Q(Q2) = 1. It is also o-additive:
A, T Omega, ( which means 4,, C A, 41 jalJ A, =Q), also Z(w)1y, (w) T Z(w)

P-a.s. Using the monotone convergence the%rem, it follows
Q(An)Ep(Z) = Ep(Z14,) T Ep(Z2) = QQ)Ep(Z) = Q4,11

We can also use the normalized r.v.

with Ep(Z) = 1, and write Q(A) = EP(ZIA).

33
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Theorem 3. VA € F P(A) =0 = Q(A) = 0. We say that Q is absolutely
continuous with respect to P, and denote QQ < P.

Proof P(A) =0 = Z(w)1la(w) =0 P as.

Theorem 4. When X € F*, (which means X (w) > 0 P-a.s. and F-measurable)

7

Eq(X) = w

and X € LY(Q, F,Q) if and only if (XZ) € L' (2, F, P).

Proof: when X (w) is a simple random variable taking finitely many non-
negative values ( denote X € YFT), it follows straight from the definition
and linearity of the expectation. When X € F* there is monotone sequence
of simple random variables such that 0 < X, (w) 1T X(w) Vw. By applying
twice the monotonisen convergence theorem under () and under P, we see that
Eo(Xn) 1 Eq(X) and

_ Bp(X.2) | Ep(X2)

EolX)="5o " Erz) ©

Exercise 3. Elementary conditional probability
For B € F with P(B) > 0, we change the probabity measure using the r.v.
Z(w) = P(B)"'1p(w), obtaining

P(A|B) = Ep(Z1,) = Ep](%gg) _ P(]f(;f) . AerF

The map P( - |B): Ae F— P(A|B) € [0,1] is a probability measure on (2, F),
which is called the conditional probability given the event B.
The chain rule

P(AN B) = P(B)P(A|B) = P(A)P(B|A)

is very useful to evaluate the probabilities of complicated events.
The conditional expectatio of X € L*(P) conditionally on B with P(B) > 0

_ Bp(X1g) [ oo
=50 f/QX( )P(dw|B)

Ep(X|B)
Note that these elementary conditional probabilities are defined only when P(B) >
0 for the conditioning event. What about conditioning on P-null events ?

From an initial probability P on (2, F) We have built a probability measure
Q < P by using a random variable 0 > Z(w) € L'(P).

This works also in the opposite direction: when when Q < P are probability
measures on (£, F) there is a random variable 0 < Z(w) € L'(P) such that the
change of measure formula Q(A) = Ep(Z14) holds.

Theorem 5. (Radon-Nikodym) On a probability space (Q, F) let P, Q probabil-
ity measures (more in general P could be a o-finite measure), such that A € F
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and P(A) = 0 imply Q(A) = 0. (notation: Q <]; P). Then 30 < Z(w) €
LY(Q, F, P) with Ep(Z) = 1 such that
Q(A)=Ep(Z1,) VAeF
Z(w) is uniquely determined up to P-null sets. We denote
dQ
Tpw)

which is called likelihood ratio ( finnish:  uskottavuus-osamddrd ) or Radon-
Nikodym derivative

Z(w) =

The proof will be given later by using martingales.

We write the change of measure formula as

dQ
:/QX(W)Q(dw):/QX(W) op W) Pldw)

Definition 14. On a probability space (Q, F) the probabilities P and P’ are
singular (notation: P L1 P’), when there is A € F such that P(A) = 0 ja
P'(A)=P(Q) =1.

Exercise 4. On a probability space (2, F,P), let F = o(X) where X(w) is a
standard Gaussian r.v. with BE(X) =0, E(X?) =1, and

2

1 x
P(X = ——exp(——
(X €dzx) mexp( 5 )dx
Let P’ another probability such that
1 (z — p)?
P(X; €edx) = exp(— dz
( ) Nor p(——5)

We compute the likelihood ratio

dP’ dP 1
dP( w) and Z(w)= dP/(w): 7

From the R-N theorem it follows that Z'(w) is o(X)-measurable. There is a
Borel-measurable function z : R — RY such that Z'(w) = 2/ (X (w)).
For all Borel measurable f(x) >0

Z'(w) =

= [ s@resn(- e = Bp(r(X) = Br(5(02)

= Ep(f(X)2(X)) \/ﬁ/f exp(—%)daz

which implies

7'(w) = exp(uX (@) ~ 34?)

Since Ep(Z') =1, it follows

Ep(exp(uX)) = exp(%ur")
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3.1.1 Lebesgue decomposition

Let P, P’ probabilities on (2, F).

Then Q := %(P + P') is a probabilty measure which satisfies P < @Q and
P« QonF.

By the R-N theorem the likelihood-ratio processes

@) =W,

((w) = @
do exist, non-negative and F-measurable.
Note that Yw

24P 24P’ d(P + P')

Pt ar W T2 apr @ =2

(@) +¢) = -
Since ((w) > 0,¢'(w) > 0 it follows
((w) <2, (w) <2 Qas., and Q({w C(w)=0}N{w: {(w) = O}) =0.

We define Yw € Q

_dP (W)
Z(UJ)— dP/( ) C/(w)

where by convention 0/0 takes an arbitrary value, for example 0.
For X € F* we have the generalized change of measure formula

4P

ap )
ar T W) Z(Ww)

and 7' (w)

Ep/(X) =Ep(XZ') + Ep(X1(¢ = 0))
Proof
Ep(X)=Ep (X{1({ > 0)+1(¢ =0)}) = Eq(X¢{'1(¢ > 0)) + Ep/ (X1(¢ = 0))
= Eqg <X§§1(C > 0)) + Ep (X1(¢ =0)) = Eq(XZ'¢) + Ep/ (X1(( = 0))
=FEp(XZ')+ Ep/ (X1(¢=0)) = Ep(XZ') + Ep.(X)
where
P+ (dw) = 1(¢(w) = 0)P'(dw) ,
Therefore
P'(dw) = Z'(w)P(dw) + 1(¢(w) = 0)P'(dw) = Z'(w) P(dw) + P (dw)
P ja P+ are singular, since for A4 := {w: ((w) =0}
P(A) =0 and P+(A) = PH(Q)
Since PL(Q)+Ep(Z') = P'(¢ = 0)+ Ep(Z') = 1, P* is a probability measure if

and only if P L P’, (equivalently P+ = P’). Also Ep(Z') <1 and Ep(Z') =1
if and only if P’ < P, in such case P+ = 0.
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3.2 Conditional expectation

Let (2, F, P) a probability space and G C F a sub o-algebra. Let X (w) > 0 be
a random variable F > 0. A G-measurable random variable Y (w) is a version
of the conditional expectation Fp(X|G)(w) if VG € G

Ep(X1g) = Ep(Y1c)
More in general when X (w) = X+ (w) — X~ (w) with X*(w) > 0, we take define
Ep(X|9)(w) = Ep(X™|G)(w) — Ep(X~|G)(w)

the right hand side is well defined. Otherwise the conditional expectation does
not exists.

Altough in most of the textbooks it is assumed Ep(|X]) < oo, our extended
definition makes sense and could be useful.

For example, let Z(w) = | X (w)] € Z, the integer part of the random variable
X, and let G = o(2).

Then the random variable

[ xPx(dx)

Y(w) =3 Bt

- tez Px([Z’,Z + 1))

1(Z(w) = 2)

with the convention that 3 = 0, satisfies the definition of Ep(X|G)(w) even

when X in not integrable (in such case Y is also not integrable).
Lemma 7. X(w) >0 P a.s = Ep(X|G)(w) > 0.

Proof By contradiction, assume that Y (w) = Ep(X|G)(w) < 0 with positive
probability. Then In such that P(G) > 0, where

G={w:Y(w)<-1/n}

is G-measurable since Y is. Then by the definition of conditional expectation
1
0< Ep(X1lg)=Ep(Y1lg) < —EP(G) <0

which gives a contradiction since the last inequality is strict.

Proposition 4. These properties follow directly from the definition of condi-
tional expectation and positivity, when the conditional expectations do exist.

1. Linearity

2. Monotone convergence: if 0 < X, (w) T X(w) P a.s. = Ep(X,|G)(w) T
Ep(X|G)(w) P a.s.

3. Fatoulemma: 0 < X, (w) = Ep(liminf X,|G)(w) < liminf, Ep(X,|G)(w)
P a.s.

4. Dominated convergence: if | X, (w)| < Y(w) where Y(w) is G measurable
and X, (w) = X(w) P almost surely, then Ep(X,|G)(w) = Ep(X|G)(w)
P-almost surely.
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5. if Y is G measurable,
Ep(XY[G)(w) =Y (w)Ep(X|9)
6. when H C G C F are nested o-algebrae
Ep(X|H) = Ep(Ep(X|G)|H)
7. When H is independent from the o-algebra o(X) V G,
Ep(X|G Vv H) = Ep(X|H)

Hint: it is enough to use independence checking the definition of condi-
tional expectation for the sets {GNH : H € H,G € G} which generate the
o-algebra GV H.

8. Jensen inequality: if f(x) is a convex function (for example f(x) = |x|P
forp=>1),

F(Ep(X19)) < Ep(f(X)IG)
Theorem 6. When X € L*(Q,F,P) , then the conditional expectation Y =
Ep(X|G) exists as the orthogonal projection of X to the closed subspace L?(w, G, P).

Hint. By using completeness one shows the orthogonal projection is well
defined as the element of L?(w, G, P) minimizing

Ep((X - 2)*)
among all Z € L%(w, G, P). Since (Y +tZ) € L?*(w,G, P) for every t € R,
Ep((X —Y —t2)?) > Ep((X —Y)?) <= t*Ep(Z?) — 2tEp((X - Y)Z) > 0
for all ¢. Letting ¢ — 0 we see that necessarily Ep((X — Y)Z) = 0, so that
Y = Ep(X|G) according to the definition.

Corollary 5. When X € LY(Q, F, P) the conditional expectation Y = Ep(X|G)
exists in L*(Q, G, P)

Proof When X (w) > 0 take X(™(w) = (X(w) An) € L% By the pre-
vious theorem and positivity exists 0 < Y = Ep(X™|G) 1 Y (w), with G-
measurable limit. By using the monotone convergence theorem we then check
that Y (w) satisfies the definition of conditional expectation. More in general
by decomposAnng X (w) = (Xt (w) — X~ (w)) with X* = (£X,0) the result
follows from linearity.

3.3 Conditional expectation as Radon-Nykodim
derivative
Let X € L'(Q,F,P). We decompose X (w) = XT(w) — X~ (w) where 2% =

(£x) V0 > 0, and consider X*(w) separately. Without loss of generality, let
X(w)=XT(w) >0.
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We define a finite positive measure on (€2, F):

,th(A) = EP(X].A) VAe F

Note that pux(A4) = 0 when P(A) = 0, so that ux ;—<‘ P (ux is dominated by
P o-algebra F), and X (w) = dj—lf(w) is the corresponding Radon-Nikodymin
derivative. -

Let G C F a sub-c-algebra. Obviously ux G P, px is dominated by P on
the o-algebra G. u < P o-algebrassa G.

By the Radon-Nikodymin theorem a R-N derivative

V)= DXl )

exists and it is an element of L!(£2,G, P) which satisfies the change of measure
formula

EP(X].A) = Mx(A) = EP(Y1A) VAeg

by Kolmogorov’s definition of conditional expectation Y (w) = Ep(X|G)(w) P
a.s.

Remark 5. The existence of the conditional expectation of X € L*(P) follows
by RN-theorem. We have not proved yet RN-theorem but we will, using a mar-
tingale argument where we need conditional expectations. In order to avoid a
circular proof, we showed that the conditional expectations by using approximat-
ing L?(P)-projections.

3.4 What can we say when Ep(|X]|) =00 ?

Let 0 < X(w) € LY(Q,F,P) with Ep(X) = oo. Also in this case we can
truncate, take approximations in L?(P) and apply the monotone convergence
theorem (which does not require integrability), to show that the conditional
expectation

Y(w) = Ep(X|G)(w) € [0, +o]
which is G-measurable and satisfies VA € G.
Ep(XlA) = EP(Y].A) S [07—1—00]

Note that Y (w) could also take value 400, and in any case Ep(Y) = Ep(X) =
0.

Consider the case X (w) = (X (w)" — X(w)™) with Ep(]X]|) = oo. Then the
conditional expectation

Ep(X|G)(w) := Ep(X"|G)(w) — Ep(X™|G)(w) € [~o00, +0oc]
is well defined on the complement of
U:={w:Ep(XT|G)(w) = Ep(X~|G)(w) = +o0}

When P(U) = 0 the conditional expectation is well defined almost everywhere.
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3.5 Regular conditional probability and kernels

The conditional probability of the event A € F conditionally on the sub-o-
algebra G is defined P-almost surely as

P(A[G)(w) = Ep(14]G)(w)
Since the conditional expectation is a non-negative operator, it follows that

P(A|G)(w) €[0,1] P-as.

Can we say that for P-almost all w, the map A — P(A|G)(w) € [0,1] is a
probability measure on (2, F) ?

Let {A,} C F with A, | . By the monotone convergence theorem condi-
tional expectation that there is a set N with P(N) = 0 such that

P(A4,G)(w) L0 Vwe N° (3.1)

The event N may depend on the sequence {A,}, the set of such sequences
ios not countable, it is not guaranteed that outside a P-null set holds
simultaneously for all sequences of events with A,, | 0.

The conditional probabilities defined above are not always o-additive.

Definition 15. Let (0, F) and (S, F) probability spaces.
A map (A, @) — K(A,) € [0,1] is a probability kernel when

e For every fized & € Q2 the map A — K(A,&) is a probability measure on
(€, F)

o For fized A € F, the map @ — K(A,@) is F-measurable.
For the regular conditional probability consider Q=Qand F=GC F.

Definition 16. The conditional probability has reqular version when there is a
(Q,G) measurable kernel K(A,w) on (Q, F) such that for all A € F

P(A|G)(w) = K(A,w) P a.s
Remark 6. When the conditional probability P(A|G)(w) has a reqular version
K(A,w) we have
B(XI9)) = | X(/)K(d'}o)
Q

Definition 17. A probability space (Q, F) is Borel if there is an 1-1 (injective)
function f: (Q, F) — [0,1],B(]0,1]) such that on the image, the inverse f=! is
also measurable.

Here B([0,1]) is the Borel o-algebra generated by the open sets.

Theorem 7. Let (2, F, P) a probability space, G C F a sub-o-algebra And X (w)
a random variable taking values in a Borel space (¥, F'). Then the conditional
probabilities

P(X € A|Q)(w), A eF

have reqular version.
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For a proof, see Kallenberg 'Foundations of Modern Probability’, Thm 6.3,
6.4.

Remark 7. A separable topological space (which contains a dense countable set)
equipped with its Borel og-algebra is a Borel space. In particular the euclidean
space R? is separable, and also the space C([0,1],R?) of continous functions
where the Brownian motion lives, and we can always work with the regular
version of the conditional probability.

3.6 Computation of conditional expectation un-
der P-independence

Proposition 5. On a probability space (Q,F), let G C F a sub-c-algebra,

Y (w) G-measurable r.v. with values in the measurable space (S,S). Let also

X(w) € (8, S) -independent from G.

Let f - (S x 8) — RT a non-negative Borel-measurable function.
The conditional expectation has integral-representation

Ep(f(X,Y)|G)(w) = Ep(f(X,y))

_ /S f@,Y (@) Px(dz)  (32)

y=Y (w)
with Px(B) = P{w : X(w) € B}).
Proof: When f(z,y) = fi(z)f2(y), VG € G from P-independence follows

Ep(f1(X)f2(Y)1g) = Ep(f1(X))Ep(f2(Y)1s)

= Ee (M EAACONG ) = [ ([ AW RP@H ) Pas

= | Ep(f(X,y)) 1o (w)P(dw)
Q2 y=Y (w)

More in general by definition of jointly measurable functions we find a se-
quence

0< M (@y) =Y A" @) A" @)t fley), asn— oo

k=1

and the results follows by the monotone convergence theorem.

3.7 Computing conditional expectations by chang-
ing the measure: abstract Bayes’ formula

Lemma 8. The conditional expectation is a self-adjoint operator, meaning that

for X € LY, F,P) , and G C F is a sub-o-algebra, VA € F

Ep(X Ep(14]G)) = Ep(Ep(X|G) Ep(14]G)) = Ep(Ep(X|G) 14)
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Proof: straight from the definitions.

We have shown two cases where we are able to compute conditional expecta-
tions: when the o-algebra G is generated by a countable set of atoms, or under
independence using proposition ().

When independence does not hold under the original measure P, is often
possible to work with another simpler measure under which independence holds.

The next formula is a change of measure inside the conditional expectation.

Theorem 8. (Abstract Bayes’ formula ). On the probability space (0, F), let

‘F
G C F and P < Q probability measures Q(A) =0 = P(A) =0 kun A € F.
Radon-Nikodym it follwos that there is a R-N-derivative, which means a
random variable

dP
0<Z(w) = —=(w) € LY, F,Q)
dQ
for which the change of measure formula for the expectation holds:
Ep(X)=Eqo(XZ) VX eLY(Q,F,P)

Then the conditional expectation satisfies Bayes formula:

Eq(X2|9)(w)

Er(X19)) = 5 70 w)

LY(9,G,P)

Proof. Let G € G. From the change of measure formula and the deifinition
of conditional expctation it follows

Ep(XlG) = EQ(ZXlG) = EQ(EQ(ZXlG‘g)) = EQ(EQ(ZX‘Q)lG)

_ Eq(Z19) _ Eq(ZX1G) B EqQ(ZX|G)
EQ(EQ<Z|Q>EQ(ZX'Q”G) EQ<Z Eq(ZI0) 1G> EP( Eq(ZI0) 1G> -

Exercise 5. (Bayes formula for densities) On a probability space (0, F), let
and X (w) € R Y (w) € R™ random variables, let F = o(X,Y) and G = o(Y).
F Q
Let P < Q probability measures such that X 1LY with RN-derivative

dP

0<Z(w) =2(X(w),Y(w)) = aQ

(w) € LY(Q,F,Q)

where z(xz,y) > 0 is Borel measurable.
Let f(x,y) > 0 Borel-measurable. From the abstract Bayes formula

_ B/ 1)209))
Eq(2|9) ()
_ Jaf( Y(w) 2(X(@),Y(w))P(dw)
fQ X (@),Y (w))P(dw)
= [ f(X(@),Y(w))K(w,dw) where
(

Ep(f(X,Y)|g)( )

z(X
Jo 2(X(w

Q )
X@. V@) o

Kl ds) = Y (@) P(dr)
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is the regular version of the conditional probability. We can also integrate directly
on the space R where X (w) takes values:

B (f(X,Y)[9) ) = LTSI [ 0, k(v (o).
R4 ) d

where

z(z,y)
k'(y,dl‘) fRd 2/ Ly Px(dx )PX(daj)

When the distribution of the vector (X,Y") has density with repect to the (d+m)-
dimensional Lebesgue measure,

P(X €dz,Y € dy) = px,y(z,y)dzdy,

from Fubini’s theorem it follows that also the marginal distributions Px and Py
have densities

P(X €dx) =px(x)dx = /m px.y(z,y)dy
P(Y € dy) = py(y)dy = /Rd pxy(z,y)de

Taking as probability space Q = R? x R™ and consider the probability measures
Qxy(dz,dy) := (Px @ Py)(dx,dy) = px (z)py (y)dzdy, Pxy(dz,dy) = px,y(y)dzdy

From the assumption Pxy < (Px ® Py), it follows that the Radon-Nykodim
derivative is given by

dPxy dPxy

(z.y) = px,y(2,y)
dQxy d(Px ® Py)

(z,y) = 2(z,y) = ox @y (¥)

We write the reqular transition probability in terms of the densities

_ z(x,y) oy o Pxy(@y) ol)da
M) = T Py X = Ty S e

We have obtained the ’classical’ Bayes’ formula

px,y(z,y) _ px (7)py|x (y]z)
py (y) Py (y)

pX\Y($|y) =

3.8 Conditioning on P-null events : a warning

Let X (w), ( ) independent standard Gaussian, with Ep(X) = Ep(Y) = 0,
Ep(X?)=Ep(Y?)=1.
Let
W(w) = (X(w) =Y(w)), Zw)=1(Y(w)#0) ﬂ

Y (@)



44 CHAPTER 3. PROBABILITY THEORY, COMPLEMENTS

Clearly P(N) =0 and
Nen{w: X(w) =Y (w)}=NN{w: Ww) =0} =NNn{w: Z(w) =1}
Let f : R — R™ a non-negative Borel-measurable function.

[J f(z)d0(x — y)px (x)py (y)dxdy

. _ _]RXR
i) EpfORX =Y} = R% do(z — y)px ()py (y)dzdy
i) Ep(f(X)W=0)= / F(@)pxw ([0)de
R

i) Ep(f(X)Z=1)= / F@)pxz(e1)de

are not all equal !
Exercise 6. Show that i) = i) # 4ii).

A set of measure zero can be represented by using different random variables.
The corresponding pointwise values of the conditional expectation may differ.
This is not in contradiction with the theory, since we can always change the
value of the conditional expectation on a set of probability zero.



Chapter 4

Martingale theory

4.1 Martingales

Definition 18. Let (2, F) a probability space. A filtration is an increasing
collection of o-algebrae (F; : t € T) where T = N,RT Z, R such that for all
s<tFs CFCF

Definition 19. A stochastic process (X; : t € T) is adapted to the filtration
(Fr:teT), if Xy is Fr-meaasurable for allt € T.

Definition 20. A random variable 7(w) € T = R" N is a (F;)-stopping time
if
{w:T(w)<t}eF VteT

Equivalently the counting process Ny(w) := 1(7(w) < t) is adapted to the filta-
tion.

Definition 21. Let 7(w) an (F;)-stopping time, the stopped o-algebra is defined
as

Fri={AeF:An{r<tleF VteT}.
Exercise 7. o Check that F, is a o-algebra.
o If0 <o(w) < 7(w) Yw where 0,7 are (Fy)-stopping times then F5 C Fr

Proof of F, C F,:

AeF, <= An{o <t} e F, Vvt >0,

Also {7 <t} € F;, which implies

An{r<t}An{ec<t}n{r <t} e F
Definition 22. A (sub,super)-martingale with respect to the filtration (Ft)ter
is an adapted and integrable process (X; : t € T) C LY(P) which satisfies the
martingale property: for s <t
EP(Mt‘-Fs) = Ms

(respectively >, <)

45
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Note the martingale property depends both on the probability measure and
on the filtration.

Exercise 8. Let (X; : t € N) C LY(P) independent random variables with
E(X;) =0, and Fy = o(X1,Xo,...,Xs) Then My = (X1 + -+ X;) is a
(Fi)-martingale

Exercise 9. Let (X; : t € N) C LY(P) independent random variables with
EXy) =1, and Fy = o(X1,Xo,...,Xs) Then My = (X1 X -+ x X) is a
(Fi)-martingale

Exercise 10. Let (Bi(w) : t > 0) a Brownian motion. Consider the filtration
F = {FP :t >0} generated by B with Ff = o(Bs : 0 < s <t)
Then (By :t >0) and (B —t :t > 0) are F-martingales.

Exercise 11. Let X, (w) € R? a discrete time Markov chain with initial distri-
bution ™ and transition kernel K

Define the operator (K f)(z) = fRd fWK(y,dz) = E,(f(X1))
Check that this is a martingale

t

My(f) =D (f(Xs) = (Kf)(Xo1))

s=1
Taking telescopic sums

t

FX0) = F(Xo) + Y (f(Xs) = f(Xem1) =

s=1
t

F(Xo) + > (F(Xe) = Kf(Xer) + D (K f)(Xe1) = f(Xe1))
s=1

= f(Xo) + M:(f) + A(f) .

(decomposition into martingale and predictable part)

Definition 23. A process (Yi(w) : t € N) is predictable with respect to the
discrete-time filtration (Fy : t € N), if Y is Fy-measurable for allt € T.

Proposition 6. Let (X;) be a martingale and (Y;) a predictable process in the
discrete-time filtration F = (F; : t € N). Define the martingale transform

My(w) = Yo(M, — M,_y)

s=1
When E(|YsAM,|) < 0o Vs € T, (M) is a martingale.

Proof From the definition we see that M; is adapted and integrability follows
from triangle inequality. We check the martingale property:

Ep(My—M;_1|Fi—1) = Ep(Yy( Xy = Xy—1)[Fi1) = ViEp(Xy — Xy 1| Fyi—1) =0

where we use predictability of Y; together with the definition of conditional
expectation.
In order to check integrability it is enough to use Hélder inequality,

E(|Y;AM|) <[ Y5 ||z, | AM; |z,
for conjugate exponents p,q € [1,+oc], p~t + ¢ 1 = 1.
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Corollary 6. Let (M; : t € N) an F-martingale, and 7(w) € N a F-stopping
time. Then the stopped process

M (w) = Mipr(w) = My + Z 1(7r(w) = ) (Ms(w) — My—1(w))
s=1

s a F-martingale.

Proof: since 1(7(w) > s) = 1(7(w) > s — 1) € Fs_1, we see that M, is the
martingale transform of a bounded F-predictable integrand.

4.1.1 Martingale convergence

Theorem 9. ( Doob’s forward convergence) Let (X, : t € N) a supermartingale
with

sup Ep(X; ) < 0.
teN

Notation: ¥ = max(+x,0).
Then
lim X(w) = Xoo(w)  P-almost surely

t—o0

with X (w) € LY(Q)

Notes : although X (w) € L'(Q) we don’t have necessarily convergence in
L'(P) sense. Joseph Leo Doob(1910-2004) American probabilist, is the father
of martingale theory.

Proof Note first that by the supermartingale propery, Vt € N
E(X;") < BE(Xo) + E(X;)

so that
sup E(X;") < B(Xo) +sup B(X;)
t t

where E(|Xo|) < oo, so that the sequence (X;)sen is bounded in L(P).
Given a < b, we define a sequence of stopping times

oo(w) =inf{s € N: X,(w) < a}
Ti(w) = inf{s > 0;(w) : Xs(w) > b},03(w) =inf{s > 7,_1(w) : Xs(w) <a}, i>1

We have 0 < 0; < 73 < 0,41 < ..., To check that these are stopping times, note
that for each ¢t € N the events

{w:oi(w) <t} and {w:r(w) <t}

are JFy-measurable since they depend on the trajectory of the (F;)-adapted pro-
cess X; up to time ¢.
Define the investement strategy

[ 1 te (04,7 for some i € N
Ot(w) o { 0 te (7—7570'i+1]


http://en.wikipedia.org/wiki/Joseph_Leo_Doob
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Note that since 7; and o; are stopping times, for all t € N
{Gi=1}=J{te(o,nl}=J{os < t-1)}n{n < (t-1}* € F,
ieN 1€EN

Since Ci(w) € {0,1} is a non-negative and bounded predictable process, it
follows that the martingale transform

has the supermartingale property.
Note that
Vi 2 (b= a)Upau ([0,1]) = (Xi —a)”
By taking expectation, since F(Y;) < E(Yp) = 0 from the supermartingale
property, we obtain Doob upcrossing inequality

1
(b—a)

Ep(Ujay(10,t])) > Ep((Xy—a)7)

Now since U, 4 ([0,t]) is non-decreasing, for every w exists
Ula.t)([0,00),w) := lim Upa ([0, ]) € NU {+00}
and by monotone convergence theorem, since
(X —a)” =max(a — X,0) <la| + X,

we obtain

. 1 _
B (Uas(0.50).)) = Jim Ep(Uon(0:1)) < 2 (lal+sup En(X;)) < o0

In particular Uy, 3 ([0, 00),w) < oo P-almost surely.
Now let

N=A{w: limtiilgo X (w) < limsup X (w) }

t—o0
= U {w:lim inf Xy(w) <a<b<limsup X;(w)}
t—ro0 t—o0
a<beqR

U {Ulu([0,00),w) = 00}

a<beQ

so that P(IN) = 0 since is the countable union of null sets.

This means that P-almost surely (X;(w)):en is a converging sequence with
limit X oo (w) := limsup,_, ., X¢(w), VYw € Q.

Note that a priori X (w) € [—00, 00].

By using Fatou lemma

B(|Xw|) = B(liminf | X]) < liminf B(|X,]) < sup B(1X]) < o
t

In particular | X (w)| < co P-almost surely OJ.
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Corollary 7. A non-negative supermartingale X; has almost surely an inte-
grable limit X, with Ep(X) < Ep(X}) fort < co.
Proof For allt e N
Ep(1X:]) < Ep(X¢) = Ep(Ep(X¢|Fo)) < Ep(Xo) = Ep(|Xo|)

so that L' boundedness follows for free and Doob convergence theorem applies
O

Corollary 8. Let (X, :t € N) a submartingale with Ep(X;") < co. Then for
P almost all w 3lim;_, oo X (w) = Xoo(w) € L1(P).

Proof Apply the theorem to the supermartingale (—X;)

4.2  Uniform integrability

Definition 24. A collection of random wvariables C C L'(Q, F,P). is uni-
formly integrable (UI) with respect to P when

lim sup Ep(|X[1(|X| > K)) :/ | X (w)|P(dw) — 0 kun K — oo
K—oo xec {w:| X (w)|>K}

Lemma 9. A finite collection C = {X1,Xa,..., Xy} C LY(Q,F,P), M € N is
uniformly integrable. Proof: From the monotone convergence theorem it follows
that a single random variable X € LY(P) is uniformly integrable. A finite set
{X1,...,Xu} C LY(P) is uniformly integrable since

w)| € L*(P)

Mz

pax | X5 (w
k=1

Remark 8. To show that a sequence {X,}nen s uniformly integrable it is
enough to find Y € L*(P) such that

sup | Xy (w)] < Y (w)
neN

Lemma 10. X € LY(Q, F, P), if and only if Ve > 0 35, such that VA € F,
P(A) <6 = Ep(|X|14) <e¢
Proof, sufficiency: Vw,
Y (W) = [X(@)L(IX ()] < K) 1 |X ()]
and by @D

Ep(|X]) - Ep(y1)) = /{ o, KNP <<

for K large enough so that P({w : | X (w)| > K}) < 4. It follows that

Ep(X|) < Ep(YF)4+e<K+e<oo
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Proof of necessity, by contradiction: otherwise there would be ¢ > 0 and a
sequence of events {A,, : n € N} C F such that

P(A,) <27" = Ep(|X[14,) >2e>0

Denote A = limsup A,,. Since
n

d PA)<Y 2 =1<00

P(A) =0 by the Borel Cantelli lemma.

Let B, = |J Ak. By definition A,, C B,, | A, which means
k>n

[ X (w)1a, (w) <|X(w)|1B,(w) || X(w)]1a(w) Yw

where the random variables above are integrable since X € L'(P). It follows
from the sufficiency part of the proof that

0<e<Ep(|X[14,) < Ep(|X|1p,) | Ep(|X[14) =0

since P(A)=0 0O
Theorem 10. ( Characterization of convergence in L*(P) ) Consider {X,, :
neN} C LY, F,P), neN ja X € LY(Q,F).

X £ X and {X, : n € N} is uniformly integrable,

1

if and only if X, 5 X € LY(P),

Proof: When X, B X there is a subsequence n(k) such that X,,)(w) —
X (w) P-as.

By Fatou’s lemma

Ep(|X]) = Ep(limkinf X ]) < 1imkinf Ep(|Xn]) < o0

since the random variables {X,, : n € N} are uniformly integrable, which implies
X € L'(P).
Let K € N and define the truncation

K kun z > K
g (z)={ = kun |z| < K
—K kunz<-K

and the truncated random varianbles XT(LK)(w) = ¢B(X,(w), XF)(w) =
g¥) (X (w)). By lemma @) and the uniform integrability assumptions it follows
that Ve > 0 there is K such that

Ep(|X - X)) <e and Ep(|X, - X)) <e Wn,

since

n

sup Ep(| X, — Xv(zK)D = sup{ / | X (w)|P(dw) — KP(‘XTJ > K) }
n {wi| Xn(w)[>K}

< sup/ | X (w)|P(dw) — 0 for K — o0 .
{w:| Xn (w)[>K}
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We show first that

Ep(|X5) — X)) 5 0 for K — oo.

n

Since |gF)(z) — g (y)| < |x — y], it follows X B XU There is n such
that

P(IX) - x| > %) < 3% kun n > 7,

which implies
Bp(1X9 X)) = p (X410~ x| - x5 > £))

5 (19 = x09]1(x) - x00) < £

e

g2KP<|X,§K>—X<K>|>§)+E<2K —¢  whenn>n

€
3~ 3 3

By the triangle inequality, when n > n
Ep(|Xy = X]) < Bp(1Xn — X)) + Ep(IXO = XU)) + Ep(IX) - X]) < 3¢

In the other direction, when Ep(|X,, — X|) — 0, convergence in probability

X, L X follows by Chebychev inequality.
Let £ > 0, and N € N such that

Ep(IX — X,.) <% when 1 > N.
From lemma [10]3 6 > 0 jolla VA € F jolla P(A) < § it follows

HL&]{]{EP(|XH|1A) <e ja Ep(|X]1a) <

N ™

Since Ep(|X,|) < Ep(|X]) + Ep(| X, — X|) where by assumption Ep(|X,, —
X|) — 0, there is K > 0 such that

sup Ep(|X,|) < Ko < oo .

By Chebychev inequality
P(|X,|>K)< K 'Ep(|X,]) <d VneN.
When n > N,
Ep(1Xul1(1Xa| > K)) < Ep(IX[1(1X,a| > K)) + (X ~ X, ) <<
When n < N also P(|X,,| > K) < ¢ and
Ep(|Xn1(|X,| > K)) <e

which shows that {X,, : n € N} is uniformly integrable O

Uniform integrability is a compactness condition in L!(P) when we replace
the norm topology by the so called weak-star topology:
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Proposition 7. (Dunford Pettis) The collection of random variables C{X; :
t € T} C LY(P) is UI if and only if it is weakly compact in L*(P) that is for
every sequence (tp,) C T there is a subsequence (t,,) and a random variable
X € LY(P) such that VA € F

Ep((Xy, — X)14) =0

‘We skip this proof We proof =, for the other implication see Kallenberg
Foundations of Modern Probability Lemma 4.13.

It is enough to consider the case when X;(w) > 0 Vt, since weak compacteness
of C will follow from weak compactness of (X;" :t € T) and (X; :t € T). Let
(X, :n € N) CC and for M € N consider the truncated random variables
xM = Xn(w) A M. For fixed M, the sequence (XT(LM) :n € N) is bounded in
L?(P).

Banach-Alaoglu’s theorem says that closed balls in the dual space of a Ba-
nach space are compact under the weak-star topology. Since L?(P) is the dual
of itself and 14 € L?(P), it follows that for every M € N there is a subsequence
(ng) (which at first depends on M) and a r.v. XM € L?(P) such that VA € F

Ep ((ijf) - X<M>)1A> —0as M — oo
which means X — X weakly in L(P) (the dual of L'(P) is L>(P) the
space of essentially bounded random variables, by a monotone class argument
it is enough to check convergence using indicators). By taking further subse-
quences and using a diagonal argument we find a further subsequence (ny) such
that the convergence holds simultaneously for all M € N. For M, N € N,
by Fatou lemma for

B(XMHN) — x A0y <liminf B(| XM — x (M)
k
< supE(|Xt — M|1(|X| > M))
teT
< 2sup E(|X;|1(]X| > M)) — 0 as M — o0
teT
because of the UI assumption.
Therefore (X*) : M € N) is a Cauchy sequence in the complete space

L' (P) and it converges in L'(P) norm to a limit X € L!(P)
For A € F,

‘EP((X”«R - X)]'A)

= ‘Ep((Xnk — XMN14) + Ep (XM — XPN1,4) + Ep (X - X)14)

Nk

< 2Bp (X 1(Xny, > M) + Ep (X2 — XAN)1,) + Ep(| XM — X|)

ng

where we choose first M large enough to make Ep(|X* — X|) small, and for
such fixed M the first to terms are arbitrarily small for k large enough.

Remark 9. The stronger convergence of the subsequence in L'(P) does not
follow.
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It is good to know the following characterization of uniform integrability:
Proposition 8. C C LY(P) is uniformly integrable if and only if

sup Ep(|X]) <oo and Ve>0 30:P(A)<é = sup Ep(|X[14) <e¢
Xxec Xxec

Proof. exercise

Remark 10. When C C L*(P) is uniformly integrable, for K large enough
sup Ep(|X]) < K+ sup E(|X|1(|X| > K)) < K+e < o0
Xec Xec

} is not uniformly

Nevertheless the unit ball By = {X € L'(P) : Ep(|X]) <1
=n"t and X,(w) =

integrable: let {A, : n € N} C F such that P(A,)
n1la, (w). Clearlt X, € By ¥n, and for all K >0

sup Ep (1 X [1(1X] > ) = sup Bp(| ) =1
n n>

However we have the following criteria:

Lemma 11. Let C C LP(QQ) for some p > 1, with

sup E(|XP) < o0
XeC

Then C is uniformly integrable.
Proof. Recall that LP(Q, F, P) C LY(Q,F, P) forp > 1
E(XP) = K E(IX1(X] > K)) —
sup E(|X[1(|X| > K)) < K' P sup E(X?) —0, asK — o0
Xxec Xec

Application: taking a derivative inside the expectation

Proposition 9. On a probability space (Q, F, P) consider an uniformly in-
tegrable family of random wvariable {Y (t,w) : t € [a,b]} C LY(Q,F,P), with
a<beR. We also assume that

e For allw € Q, the map t — Y (t,w) is continuous
It follow that:

1. the map t — Ep(Y (t)) is continuous.

2. Let

X(t,w) = /Y(s,w)ds7 t € [a,b].

Then at all t € (a,b) the derivative exists

d

SER(X(0) = Br(v(0) = Br (X0

and it is continous.
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Proof. From the continuity assumption lin}:Ys(w) = Y;(w) and by uniform
S5—r

integrability it follows
|[Ep(Y:) — Ep(Ys)| < Ep|Y; — Y| >0 kun s —t.
Moreover

sup Ep(|Yy]) < +o0
t€la,b]

and |Y (t,w)| € L'([a,b] x ,B([a,b]) ® F,dt ® P(dw)). By Fubini’s theorem

Ep(X,) = Ep (/:Y(s)ds> _ /[a,b]XQY(s,w) ds @ P(dw) = /at Ep(Y(s))ds

and since t — Ep(Y (t)) is continuous, by the mid-value theorem of analysis

. -1 .
AILHOA {EP(Xt+A) EP(Xt)}

t+A
= lim A™! Ep(Y(s))ds=Ep(Y(t)) O

4.3 Ul martingales

Lemma 12. Let X € L'(P). Then the family
{Y = Ep(X|G) : G C F sub-o-algebra }

is uniformly integrable.

Proof Let £ > 0 and § such that Ep(|X|14) <& when P(4) < 4.
Choose k > 6E(|X|)~*.
Let Y = Ep(X|G) with G C F sub-o-algebra.
From Jensen inequality
Y| < B(X19)

so that E(|Y]) < E(|X|) and by Chebychev inequality
P(Y]> K) < KT'E([Y]) < KT'E(IX]) < 6

Since {w : |Y(w)| > K} € G, by the Jensen inequality for conditional expecta-
tions
B(Y[1(Y] > K)) < E(|X[1(]Y| > K)) <«

Proposition 10. o Let (M, :t € N) an UI martingale. Then

1
M, " Mo and M, = Ep(Moo|Fy)

o Let My, € L*(P) and define My = Ep(My|F;). Then (M : t € [0,+00])
is an UI martingale.
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Proof

e From the UI property follows that for any K > 0

sup Ep(|M,]) < K +sup Ep(|M,[1(|My] > K)) < oo
teN teT

so that Doob martingale convergence theorem applies, there exists M, €
L'(P) such that M;(w) = My (w) P a.s. By the Ul assuption, using the
characterization of L' (P) convergence we have Ep (|[M; — My|) — 0.

To show the martingale property,let’s fix t > 0 and A € F;.

The sequence M7 (w)ls(w) = M_(w)la(w) as T — oo and it is obvi-
ously an Ul family, so that by the martingale property and charaterization
of L'(P) convergence, for T > t,

Ep(MtlA) = EP(MT1A> — EP(Moo]-A) O

e When M., € L'(P) From the properties of the conditional expectation
it follows that M; = Ep(My|F:) is integrable, adapted and satisfies the
martingale property.

Uniform integrability follows from lemma D.

4.3.1 Backward convergence of martingales

Definition 25. A backward filtration is an increasing family of o-algebrae
(Fr:t€T) where T =—-N,—R,—-NU{ — 00} —RU{—00}. For0>t>u

FOFR2Fu2F w=()F
teT

where F_oo is the tail o-algebra . The interpretation is that the information in
Fi decreases as t | —oo.

We consider a (sub,super)-martingale with respect to the backward filtration
(Fi)t<o is an adapted and integrable process (X; : t < 0) C L'(P) which satisfies
the martingale property: for 0 >t > u

EP(Xt‘fu) = Xu
(respectively >, <)

Theorem 11. (Doob’s martingale backward convergence) Let (X; : —t € N) a
be supermartingale in the backward filtration F = (F; : t € —N).

1. P-almost surely, exists the limit
X W)= lim X;(w) € (—o0,x]
t——oo

2. Under the assumption

sup E(X;") < +o0
te—N

X_oo(w) € LY(P) and is P-a.s. finite.
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3. When (X;) is martingale in the backward filtration the assumption (@
holds automatically, (X; = E(Xo|Ft),t € —N) is uniformly integrable and

X oo (W) = E(Xo|F-oo)(w)
i.e. the martingale property hold in the extended time index set (—N) U

{—o0}.

Proof We copy the proof of the forward convergence theorem, where we play
the same supermartingale game in the shifted time interval {¢,¢+1,...,—2,—1,0},
with ¢ € (=N). The profit given by the martingale transform

0 for s <t
Y,=(C-X), = S Ch(X,—X,) fort<s<0
r=t+1

where C,.(w) € {0,1} is F-predictable. It follows that (Vs : s € —N) is a
supermartingale as well, and

0=E(Y;) = E(Yo) > E(Uap([t, 0)(b—a) — (Xo —a)~
where U, 3([t,0]) the number of upcrossing of (X,(w)) in the interval [¢, 0].
la| + Ep(Xy )
(b—a)

Since Ujqp([t,0]) T Uqap((—00,0]) as t | (—oo), by monotone convergence the-
orem Ep (U, ([t,0])) < oo, which implies Uy, 4([t,0]) < oo P a.s. Since this
holds for all a < b € Q, it follows as in the forward theorem that

Ep(Upa([t,0])) < <oo V<0

X_oo(w) :=limsup X¢(w) =lim inf X;(w) P-almost surely
t——o0 t——oc0

When X; is martingale by Fatou lemma
E(|Xo|) = E(liminf | X,[) < liminf B(|X,[) = lim inf E (| E(Xo|F)])
< liminf B(E(|Xo|| 7)) < B(1X|) < oo
In the supermartingale case, we have only
E(|X|) = E(limh;lf | X¢]) < 1imirt1f E(|X:]) = limirtlf{E(Xj) +E(X;7)}
From the supermartingale property
Xy 2 E(Xo|lFy) t<0
it follows
Xy < E(Xo|lF)” < E(Xq |F) = E(X;) < E(Xq ),
which implies X_ o, (w) > —oo P-a.s. Since we dont’ get for free an upper bound

for E(X;"), we need to assume (3).

Finally let A € F_, C F_; Vt < 0. Since X; = Ep(Xo|Ft) is uniformly
integrable, when we use the definition of conditional expectation we can take
the limit inside the expectation getting

Ep(XolA) = Ep(Xt].A) — EP(XOO]'A)
which means X_, = Ep(X¢|F_oo)-
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Strong law of large numbers by martingale backward convergence

Lemma 13. (Kolmogorov 0 — 1 law) On a probability space (Q, F, P) consider
a sequence of P-independent o-algebrae (G, : n € N), G, C F.
This means that Vd € N, A1 € G1,... A4 € Gq

P(AiNAyN---NAg) = P(A1)P(As)... P(A)
We introduce the o algebrae
]:n:\/gk> ]:oo:\/gka Tfn:\/gkn Tfoo:ﬂTfn
k=0 k=0 k=n neN

Then the o-algebra T_ o is P-trivial, i.e. A € T_o, = P(A) € {0,1}

Proof By assumption the o-algebrae F,_1 and T, are P-independent.

Let A € T_oo C Fuo, then for alln € N A is P-independent from F,,.

It is easy to see that A is also P-independent from Fu: for B € Fy ,
consider

E(15|F,)(w) = P(B|Fn)(w) = 1p(w) P a.s. and in L'(P)
Then
P(ANB) = E(1alp) = E(14 lim E(1p|F,)) = lim E(14E(15|F,))
= lim E(14)E(E(1p|F,)) = lim P(A)P(B) = P(A)P(B)
Since A € Fuo, A is P-independent from itself and
P(A) = P(ANA) = P(A)P(A) = P(A)> = P(A) € {0,1}

Theorem 12. ( Kolmogorov’s strong law of large numbers)
Let (X¢(w) : t € N) d.i.d. with X1 € LY(P), and

Si(w) = Xa(w) + -+ + Xi(w)
Then
tlggo t718;(w) = Ep(X1) P-a.s. and in L*(P).
Proof Consider the backward filtration F = (F_; : t € N) where for ¢t <0
F_t = 0(S¢, Sex1y---),
the F-martingale

M_, = Ep(X1|F_) teN

The o-algebra F; is decreasing with respect to t € (—N).
By symmetry, the random pairs (S, X,) ja (S¢, X1) are identically dis-
tributed for 1 < r <t, and by P-independence for ¢ > 0

M_; = Ep(X1|F-¢) = Ep(X1|St, St41, Sev2,---)
= EP(X1|St,Xt+1,Xt+2 .. ) = EP(X1|O'(St)) = EP(XT-|O'(St)) V1 S r S t
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which means

t
St = Ep(Xy+ -+ Xilo(8) = 3 Ep(X,|o(8)) = tEp(X1lo(S-))
r=1
and M_;(w) = St(w)/t for t > 0.
By Doob’s martingale backward convergence theorem

M_oo(w) = lim t71S;(w) = M_o(w) P as. and in L'(P)

t—o0

where we define for all w €

M_ o (w) := liminf t 1S, (w)

t—o0

Note also that Vw € Q, Vn € N

n t
el o1 .1
htxgggf ESt(w) = hggolf 7 -E,l Xi(w) + hggggf 7 ‘_(E . Xi(w)

t
|
:O+11t@>1£f¥ Z X;(w)
i=(n+1)

is T_, = 0(Xn, Xn+t1,... )-measurable Vn, therefore it is measurable with re-
spect to the tail o-algebra T_.. Since the random variables (X;):en are P-
independent, by Kolmogorov’s 0 — 1 law it follows that M_.(w) is P-trivial:
Pt < M_) € {0,1} Vt and P(M_o, < o0) = 1, there is ¢ € R such that
PM_=c¢)=1.

P almost surely and in L(P)

1
ESt(w) — c= Ep(X1]|F-oo)(w)
By taking expectation
Cc = EP(M,OO) = EP(EP(X1|]:700)) = EP(Xl)

Note t71S;(w) = Ep(Xi|o(S;))(w) follows from symmetry, and then we
applied martingale backward convergence P-a.s. and in L!(P). Independence
was needed to show that the limit

Ep(Xi|o(5))(w) = Ep(X1]o(St, Stq1, Stqz - - -)) (W)

is P-trivial. Without the independence assumption, we obtain the limit is a
random variable. This extension is De Finetti’s theorem. Bruno De Finetti
(1906-1985) was an italian probabilist, economist and philosepher.

4.4 Exchangeability and De Finetti’s theorem

Definition 26. The sequence of random variables (Xi)ieny where Xi(w) takes
values in the measurable space (S,S) is infinitely exchangeable (suomeksi ddaret-
tomdasti vaihdettavissa) when Vn, ti,...,t, € N and any m permutation of
{1,...,n}, the random vectors (X,,..., X, ) and (X ¢ have the
same distribution under P.

(1) W(n))


http://en.wikipedia.org/wiki/Bruno_de_Finetti
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Note that that when X;(w) takes values in R,
M_i(w) =t"1S(w) = B(X1|T_;), teN

is an uniformly integrable martingale in the backward filtration F which has a
limit P-a.s. and in L'(P) as t — oo

Moo (w) = E(X1|T-c0)(w) -

The tail o-algebra 7_ o is not necessarly trivial and M_(w) is a random vari-
able.

Definition 27. The random variables (X¢(w) : t € N) taking values in (S,S)
are conditionally indendent and identically distributed given the o-algebra G
when, Yn, t1,...,ty, A1... A, €S,

P(Xy, € Ay, Xy, € AnlG)(w) = [[ P(X1 € 4]G)(w) P as.

i=1

By taking expectation of the conditional expectation it follows that condi-
tionally i.i.d. random variables are infinitely exchangeable. The reverse impli-
cation holds.

Theorem 13. (De Finetti) Assume that (S,S) is a Borel space, and the random
sequence (Xi(w) : t € N) C S is infinitely exchangeable w.r.t. P.

Then (Xi(w) : t € N) are conditionally independent and identically dis-
tributed with respect to a tail o-algebra T_o to be defined below.

Proof Let consider the empirical measure of the first ¢- variables

pi(dr;w) =71 Z 1(X;(w) € dx)

which generated the o-algebra
o(u) =o{m(A): Ae S} CF.

Note that o(u:) C o(Xy,...,Xt), and for ¢ > 1 it is strictly smaller because
it contains the information about the realized values of the random variables
but it forgets their time order.

Define the decreasing sequence of o-algebrae

T i = \/ o)y, Too = ﬂ T_¢ , is the tail o-algebra .

k>t teN

Let 1 <k <teNand f(z,...,2) : S* — R a bounded measurable func-
tion. By symmetry we compute Ep(f(X1,..., Xg)|T-¢)(w):

Define the random probability measure
pk e SR 0, 1]

which is a regular version of the conditional distribution of the random vector
(X1,...,Xk) conditionally on the o-algebra o(u;) (the regular version exists
since (S, S) is a Borel space).
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By symmetry
Ep(f(X1,..., Xp)lo(ue))(w )
=k (frw / fz) s (da; w) =5 Zf A1) (W) -+ s Xy (W)

- t' Z f(X217X12,... Xik)

1<iy,...,ir <t distinct

where we sum over the permutation 7 of the set {1,...,¢}.

Note that % (dx;w) is o (s )-measurable, since it depends only on the values
{X1(w),...,X¢(w)} and not by their ordering. Note also that u?*(dz) is not a
product measure, in the sum there are not terms with repeated indexes.

For k=1

t
1
Hi'(A) = m(A) = - > 1(Xy € 4)
k=1
is the empirical measure of (X;(w),..., X (w)).

For k < t and any permutation 7 of {1, ..., ¢}, by exchangeability (X1, ..., X, ut)

and (Xr(1),..., Xrk), i¢) have the same distribution, which implies
Ep(f(X1,..., Xklo(pe)(w) = Ep(f(Xa@), - X))o (1e)) (w)
By taking the normalized sum over the permutations,
it (fiw) = Bp(f(X1,. o, Xi)lo () ()

Next we show that

Ep(f(X1,...,Xp)|o(T-4))(w) = Ep(f(X1,..., Xk)|o(u))(w)
Note also that

Tt = o(pues 1, ety - -+ ) = 0 (pey Xew1, Xig2, )

since the empirical measures p(dz;w) and piqq(de;w) determine Xyyq(w) by
the identity

(ev1 — pe)(d) = % (1(Xt+1 € dx) — Mt(d$)>

t+

By using infinite exchangeability follows the identity in law it follows that
in law

(X17X27 e 7XTL7XTL+13X7L+2) e Xn+m)

>

(Xr(1)s Xa(2)s -+ s Xa(n)s Xnt1, Xnt2s - - Xngm)

for m € N and any permutation 7 of {1,...,n}.
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Exercise 12. (Xi,...,X,) and (Xy41, Xnt2,...) are conditionally indepen-
dent given o (i),

Solution Note that a random variable W (w) is o (., )-measurable if and only
if W(w) =g(Xy,...,X,) where g is measurable and symmetric, i.e.

g(x1,. .., 2m) = 9(Tra)s .- Trem)) VT permutations .

Assume also that g(x1, . .., x,) is bounded, Y (w) is a bounded and o(Xp11, Xnt2,---)-
measurable random variable and f(xz1,...,2y,) is bounded and S®"-measurable,
(not necessarly symmetric).
By infinite exchangeability it follows that ¥n € N and for all permutations
of the indexes {1,...,n}, the sequences

L
(X17X27 s Xan'rL—i-l?Xn-‘rlv s ) = (XTr(l)vXTr(Q)7 . 'XTr(n)vXn+1a Xn+17 e )
have the same distribution,

EP(Y w f(Xla---aXn))EP(Y g(X17~-~,Xn) f(X17~--;Xn))

=Ep(Y g(Xra)s s Xam) F(Xr@)s -+ Xrn)))
( since the sequence is exchangeable )

= EP(Y .g(Xla cee aXn) f(XT((l)7 cee aX‘n'(n))) = EP(Y w f(Xfr(l)v s 7X7r(n)))
( since g is symmetric )

— % > Ep (YWf(XW(l), s Xe(n)) = Ep (YWi! > F(Xarqys - ,X,r(n)))
— En(Y W ()
By definition of conditional expectation
Ep(f( X1, Xo)|o(pns Xng1, X, o)) (W) = " (f;w) = Ep (f(X1, ..., Xn)|o (k) (w)

which means that under P, (X1,...,X,) ja (Xn+1, Xnto,...) conditionally in-
dependent conditionally on o ().

In other words, T_, does not contain information about the time-order of
the first n values of the sequence.

Since M(_I?(f) := uS*(f) is a martingale in the filtration (7_; : ¢t € N), by

Doob’s martingale backward convergence theorem as t — oo, the limit M iko)o( f)
exists P-a.s. and in L'(P) sense.
Since (X1, ..., X)) takes values in a Borel space, the conditional probability

P((X1,....Xp) € AT o0)(w), Ae S

has a regular version, which is a 7_,.-measurable probability kernel u*(dxz;w)
on (S7 X -+ x Si) such that P-a.s., for all bounded measurable functions

MY (f;0) = Ep(f(X1,. ... Xi)|o(To0)) (@)

:/ f(xlv"'7xk)ug§(dxlv'-'dxk;w)
S1,..5,8
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For k = 1 denote pio = p2l, where

t—oo { 4

lim =3 f(Xi(w) = / F@)poo(dz, @) P-as.
=1 S

Exercise 13. Since (S,S) is a Borel space there is a measurable injection f :
(5,8) — ([0,1], B([0,1])) with measurable inverse f=*. It follows that A C S,
A € S if and only if f(A) is Borel set. Since

o{(a,b] : 0<a<b<1,abeQ} =8([0,1])
it follows that also S is countably generated, since
S=o{f((a,b]Nf(5):0<a<b<1labeQ} =0c{A): N}
We know a priori that VA € S, AN 4 C Q with P(N4) = 0 such that
p(A;w) = poo(A;w)  Vw & Na

Since P(N') = 0 where N' = |J N, it follows that
LeN

(A w) = poo(Agsw) YLEN Yw g N
and since o{A; : £ € N} = 8§ it follows that VA € S
pi(A;w) = poo(A;w) VAES Yw g N (4.1)
Similarly we find a P-null set N'C Q such that Yk € N, ¥{A;} C 8
B (AL X X Agiw) = S (Ay X x Agw) Vo & R (12)

P-a.s. the collection of finite dimensional distributions
{,ugf(dml, codrgw) k€ N}

is consistent (check !), and by Kolmogorov’s extension theorem ?7 is follows that
for each w outside a P-null set there is a random probability measure v ( - ;w)
on the space of sequences (zy : k € N) C S such that Vk, 4;,..., A, €S

P(X1 € A,... X € Ak|7loo)(w) =
,ugf(Al X o X Apyw) = uoo({(:rl leN)ixy € Ay,... 21 € Ak};w)
We show that P-a.s. v (-;w) is an product measure of infinite copies, that
is Vk
k

P(X1 € Ay,... X) € AT o) (w) = [[ P(X1 € Ai|T- o) (w)
i=1

Let ufbk be the k-fold product measure of the empirical measure p;. For
every bounded and Borel measurable f(z1,...,z),

pERH =R YT f (K Xay)

1<ty i, <t
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where the sum contains also terms with repeated indexes. Then

(ug* = u*)(f) = ue*(f) — 2™ (f) =

|
Mgk(f)(l_tk(tt.k)')—i_t_kK‘ Z f(X117?Xlk)

’ i <t: Al#EM iy =im

where in the first part we have terms without repeated indexes and in the second
part all terms have at least on index repeated. Then Vk € Nyw € Q,

P (fiw) — uPF(f3w))

k—1
<[ lloo (1— I1 M+tk<k>tk1> — 0 kun t — 00

t 2
1=0

where || f ||cc= sup,cg | f(x)| and the upper bound does not depend on w.
For all A1, Ay--- € S, Vk P-as. ast — o

u?k(A1XAQX--'XAk)%ugf(AlXAQX--'XAk).
For k=1
15t (Ai) = poo(As),

and convergence follows also for the product measures

k k
pF Ay x Ay x-oox Ag) = [T e (Ai) = ] oo (Ai) = pSF(Ar x Ag x -+ x Ay).
1=1 =1

By triangle inequality

12 () = pE5 ()

<o (F) = w12 () = ]+ 1 () = nZ2E () =0
P-a.s. ast — oo, and

pE(fiw) = p (f;w)  P-as

for all bounded measurable f(z1,...,2zx). It means that Kolmogorov’s extension
Vs is a product measure on the space of infinite sequences SY. For exery
bounded measurable functions gi1,...,g5 : S = R

k

Erlan(30) - (X)) ) = [T [ aohine (i

i=1

By taking expectations,
Ep(g1(X1) ... gr(Xk))

— ([ aohntan)) - /M<s>{f[1 [ st bataw

where @ is the distribution of the random measure o, (dz;w) in the space
M(S) = { probability measures v: S — [0,1] }

In other words, a permutation symmetric (i.e. infinitely exchangeable) ran-
dom sequence with values in a Borel space is the mixture of i.i.d. sequences
O
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Exercise 14. De Finetti original proof was for the simplest case of random
binary sequences, where S = {0,1} and the space of probability measures on S
is M(S) =0,1].

Let Si(w) = (X7 (w) + -+ - + Xt (w)).

In coin-toss experiment, if the sequence of coin tosses is infinitely exchange-
able under P, it has a limit ¥(w) := tlggo t715,(w) € 0,1] P-a.s. and in L*(P)
sense.

Let Q(df) = P({w : ¥(w) € db}). By conditioning on the o-algebra o(¥),
the coin-tosees are conditionally independent and Bernoulli distributed, with the
same random probability-parameter ¥(w) € [0,1]. The probability distribution
of the limit Q(dO) is interpreted as a priori probability on the parameter ¥. It
fOllOU)S Vk} (xi)iGN - {0’ 1}7

P(X1 =21, ..., Xy = a4) = /01{1‘[13()(1 ol = 0)}Q(d9)

= [ 051 —0)*5Q(do)
0

Q(B)=P({w: tlixgot—lst(w) € B}), BeB([0,1])

De Finetti’s theorem is at the mathematical foundation of Bayesian statistical
inference.

4.5 Doob optional sampling and optional stop-
ping theorems

Lemma 14. Let (X; : ¢t € N) a supermartingale and 0 < 7(w) < k a bounded
stopping time.
Then E(X|Fr)(w) < X-.

Proof For A € F, by definition AN {r = t} € F. By using the super-
martingale property

B
E

Ep(Xxla) = > _ Ep(X31(An{r =1})) <> Ep(X,1(An{r =t})) = Ep(X,14)

t=0 t=0
Theorem 14. Let (M, : t € N) an UI martingale, and T a stopping time. Then
Ep(Moo|F7)(w) = M (w)
Proof Since F,ar C Fi, k € N and (M) is an Ul-martingale
Ep(Me|Frar) = Ep(Ep(Moo|Fi)|Frak) = Ep(My| Frak)

Let’s assume that Mo, (w) > 0, otherwise we work with M1, M separately.
For A € F,,

Ep(Muolangr<iy) = Ep(Milani-<ky)

by the martingale property, since AN {7 < k} is Fi-measurable,

= Ep(Mrnelanir<iy) = Ep(Mr1anir<iy) =
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where we used lemma for the bounded stopping time (7 A k) < k together
with the fact that AN {7 < k} is also F(;nx)-measurable. To check this, for all
t € N we have

An{r <k}n{r Ak <ty =An{T <EkNAt} € Funry C Fi

Since 1(7(w) < k) T 1(7(w) < o0) as k 1 oo, by the monotone convergence
theorem it follows

Ep(Moo141(T < 00)) = Ep(M;141(1 < 00))
and since M, 1(7 < 00) is Fr-measurable this means
E(Meo| Fr)(w)1(7(w) < 00) = Mr(w)1(7(w) < o0)
The result follows since
Moo (w)1(7(w) = 00) = My (w)1(7(w) = 00) [

Corollary 9. Let 7(w) > o(w) stopping times. and (M : t € N) an UI mar-
tingale.
Then F, C F, and

EP(MT|]:O') = M, (43)

and by taking expectation Ep(M,) = Ep(My) for all stopping times .
Proof: If 7, C F,

M, = Ep(Mool Fr) = Bp(Ep(Mocl )| Fy) = Ep(M.|F,) (4.4)
Corollary 10. If (M,t € N) is a martingale and
0<o(w)<7T(w)<KeN (4.5)
are bounded stopping times, then
Ep(M,|F,) = M, (4.6)

Proof apply corollary @D to (My :t=1..., K) which is uniformly integrable
since it is a finite subset of L'(P).

Corollary 11. When M, is an Ul martingale, the stopped process M[ is also
an UI martingale in the filtration (F).

Proof We have seen that if (M;) is a martingale, the stopped process M;
is a martingale, since it is the martingale transform of a bounded integrand.

Next note that since (7(w) At) T 7 ast 1 oo, E(Muo|F;) = M., and F,ar C
F., it follows

EP(MT‘-FT/\t) = EP(MOO|fTAt) = MT/\t = (Mt].(’r > t) + MT].(T S t)) S .Ft
Now since F,p; € Fi, we have also

Ep(M:|F) = E(M;1(1 <t)|F) + Ep(M;1(T > t)|F)
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where on the right hand side M,1(r <t) € F; since M, € F;.
Since F(rvy) 2 Fi, we have

Ep(M:1(1 > t)|F;) = Ep(M(zyy)1(T > t)|F;) =
Ep(Mrvy|Fe)1(T > t) = My1(1 > 1)

So that
EP(MT|‘Ft) = MT].(T < t) + Mtl(T > t) = Mt/\T = EP(MT|-Ft/\t)

Exercise 15. Since the stopped process can represented as a martingale trans-
form of a bounded predictable integrand one would hope that martingale trans-
forms with respect to a bounded predictable integrand preserves uniform integra-
bility, but this is not true.

In fact convergence in L'(P) sense of martingales is tricky. Cherny has
constructed an uniformly integrable martingale (X; : t € N) and a bounded-
predictable integrand (Hy : t € N), (that is |Hy(w)| < ¢ for some constant), such
that the martingale transform (H - X); is a martingale which is not bounded in
LY(P) and therefore it is not uniformly integrable

We construct a martingale (X, (w) : n € N) as follows: the filtration is the
one generated by the sequence. F,, = o(X1,...,X,).

Let
2n n—1
an = 2n, bn:ma Pn:W neN, Xj(w)=a =1, 4 =0,
An+1:{w:Xn+1:al""'anJrl}E]:nJrl
P(XnJrl =aiaz - .. 'anan+1|An) = Pn+1

P(Xn-i—l = a162 ... anbn+1|An) =1—pnt1
P(Xpi1 = Xo|AS) = 1

Note that the process X,, stops the first time the event A appears, and X, is
a martingale since

E(Xp1|Fn) = X, (1,4; +1a, {ans1Pns1 +bpa (1 - pn+1)}) = Xn

Forn <m

E(|Xm - Xn|) = E(|Xm - Xn‘lAn) = E(|Xm - Xn|1An+1) + E(‘Xm - Xn‘lAnlAiH) =

One can check by induction that Yy, ,, :== (X, — Xp)1a,,, > 0 for m > n.

n+1

Yn+1,n = (Xn+1 — Xn)lAn+1 =aj... an(an_H — 1)1An+1 Z 0,
(Xm - Xn)]-AnJrl = (Xm —Xm—1+ X1 — Xn)lAn+1 =
mel,n + (Xm - mfl)]-Am,l =

Ym—l,n +as...Qm_1 <1Am (am — 1) —+ lAnL—llAfn,(bm — 1)>
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Now when w € Af,_; the second term is zero and the first term is non-negative
by induction. When w € A,,,_; this gives

—ay...0m_1 <1 +1(Ap) (am — 1) + Lac (b — 1)> >0

Using the positivity property of Yy, ,,

E(|Xm — Xn|1a,,,) = E(Xm — X0)1a,,,) = E((Xn+1 — Xn)1a = E(|Xny1 — Xa[la

n+1) n+1)

so that

E(| X = Xn|) = E(|Xm — Xn|1An+1) + E(|Xm — Xn|1An1Af1+1) =

E((Xm — Xn)la,4,) + E(|Xnp1 — Xn|1a,1a: )

= E((Xpnt1 — Xp)1a,,,) + E(|Xnq1 — Xn[1a,14¢ ) by the martingale property,

= E(|Xnt1 — Xn|la,14,,,) + E(|Xpp1 — Xn|la,Lac, ) =

E(|Xn41 — Xulla,) = az...an X pa .. pn X ((a@ng1 — Dpngr + (1= buy1)(1 = pui1)) =
as...apPs...Pn X (1 —bpt1 + (ant1 + bpy1 — 2)pn+1)

1 n
<ag...apps...pp(Gpi1Pne1 +1) = ﬁ+l <2/n

therefore X, is a Cauchy sequence and it converges in L!(P), which means that
it is an Ul martingale.

Consider now the martingale transform (H-X); of the bounded deterministic
integrand

H, =1(nis even )

For m > n,
E( 1A2n 1A8n+1 (H . X)27n ) = E<1A2n1A§n+l Z(XQk - X2k_1))
k=1
>F <1A2711A§n+1 (XQTL - X2n—1)> )

since the remaining terms are non-negative on the event 14, 1 AS L1

1

=po...pan(l — ponyi1)as ... asm—1(az, — 1) > 7Pz Pan02.. . Gan = o

We have
Q=ATUAINA)U---U(Agm NAS, 1) U Aomir

where the union is taken over disjoint sets,

m
) 2 ZEP <1A2" 1A§n+1

n=1

>>i81n—>oo

n=1

Ep<‘<H-X>2m

(H - X)am

as m — oo, the martingale (H - X),, is not bounded in L!(P).
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Corollary 12. Let (X; :t € N) an UI submartingale with Doob decomposition
Xy =Xo+ M, + A
where My is a martingale and Ay is a predictable non-decreasing process with
My = Ay =0.
Then
1. (M) is an Ul-martingale and Ep(Ax) < 00.

2. For every stopping time T

E(Xoo|Fr)(w) = X7 (w)

Proof By Doob forward martingale convergence theorem
X = lim X;(w)
t—o0

P-almost surely and in L!(P) sense. By monotonicity A;(w) — Ao (w) P-a.s.
and by the monotone convergence theorem also in L!(P).
Therefore

My — Moo = Xoo — Xo — Ao

P-as. and in L(P).
For a stopping time 7, we have since M; is an Ul-martingale

EP(X(X>|]:T) = XO+EP(MOO‘]:T)+EP(AOO|}“T) = X0+MT+AT+EP(AOO_AT|]:‘F)
where the last term on the right hand side is non-negative [

Lemma 15. Let (X¢(w) : t € N) be a non-negative supermartingale. Since it
is non-negative is automatically bounded in L', by Doob convergence theorem
exists limy oo X¢(w) = Xoo(w) P almost surely with Xo, € L*(P). Then X; is
uniformly integrable if and only if E(X) = E(Xo)

Proof
Necessity follows from the characterization of L'-convergence. For suffi-
ciency, by Fatou lemma for A € F;

Ep(Xola) < liTrri>ior<1)fE(XT1A) = FE(X:14)
which gives the supermartingale property at T' = oo:
Ep(XoolFt) < X
Now by assumption
0=Ep(Xi — Xoo) = Ep(Xy — Ep(Xoo| 1))

which means X; = Ep(Xoo|F:) P almost surely O



4.6. CHANGE OF MEASURE AND RADON-NIKODYM THEOREM 69

4.6 Change of measure and Radon-Nikodym the-
orem

Definition 28. Let u and v positive measures on the probability space (0, F).

We say that v is absolutely continuous with respect to u, (also p dominates
v)if for all A € F u(A) =0 = v(A) = 0. In this case we use the notation
v .

Sometimes we need absolute continuity with respect to some sub-o-algebra
G C F. We say that p dominates v on G and denote v <g< L.

When both p < v and v < pu we say that the measures are equivalent (that
is they have the same null sets) and denote p ~ v.

Lemma 16. Let Q < P be probability measures on the space (Q,F). Then for
all e > 0 there is 6 > 0 such that for Ae F P(A) <d = Q(A) <e

Proof Otherwise there is ¢ > 0 and a sequence (A4, : n € N) C F with
P(A,) <27™ and Q(A,) > ¢ > 0 By Borel Cantelli lemma P(limsup A,,) =0
while by reverse Fatou lemma

Qlimsup A,,) > limsup Q(A,) > & >0
which is in contradiction with the assumption Q <« P [

Theorem 15. (Radon-Nikodym) Let p and v o-finite positive measures on
the measurable space (Q,F). When v < pu, there is a measurable function

Z: (. F) — (RT,B(R")), such that the change of measure formula holds
v(A) = / Z(w)la(w)u(dw) VAeF
Q

Proof Since both p and v are o-finite, there is a countable partition Q =
Unen O of disjoint measurable sets, such that both x(€2),, < oo and v(),, <
oo. By taking P, (dw) = p(dw)/u(Qy) and Q,(dw) = v(dw)/v(2,) on each Q,,
we see that it is enough to prove the theorem for probability measures ) < P.

We assume first that F is countably generated (we say also separable )
F =o(F, :n € N) where {F,, }neny € N. This is the case when (2, F) is a Borel
space. We will drop this assumption later.

Consider the filtration {F,, } where F,, = o(Fy,..., Fy), with F =/ _y Fn.

For each n, by taking intesections of Fi,...F,,, we find a F,-measurable
partition of @ {A™ ... AW} with F, = o(A™ ck=1,...,m,).

We define the F,, measurable random variable

>

klP

(n)

A("))

with the convention that 0/0 = 0 (or if you like 0/0 = 1, it does not matter).
Note that by absolute continuity, Q(Aén)) = 0 when P(A,(Cn)) = 0 so that
Zpn(w) takes values in [0, +00).
It follows that Q(A) = Ep(Z,14) VA € F,,.
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On fact it is enough to check this property for some A = A,(Cn) ke{l,...,my},
since these sets generate the o-algebra F,,. But this follows directly from the
definition.

Note that for every F,-measurable random variable X (w) (which is neces-
sarily a simple r.v.) it follows directly that

Eq(X) = Ep(XZy)

Note also that Ep(Z,) = Q(Q2) = 1.

The process (Z,(w))nen is a (P, {F,})-martingale. We have seen that (Z,)
is adapted and it is P-integrable since it takes finitely many finite values.

For all A € F, also A € F,,41, so that

Ep(Z,14) = Q(A) = Ep(Z,14)
which by definition of conditional expectation means
EP(Zn,+1|-Fn)(W) = Zn(w)'

Since (Z,(w)) is a non-negative martingale, in particular it is a supermartin-
gale bounded from below, and by Doob forward martingale convergence theorem
it follows that P almost surely exists

Zoo(w) = nl;rr;o Zn(w)
and Z,, € L'(Q,F, P). In order to define Z(w) for all w we take the lim sup.

In order to show that Q(A) = Ep(Zs1a) VA € F, since the sets F, generate
the o-algebra, it is enough to show that Q(F,) = Ep(Zx1lF,) Vn.

Since Q(F,) = Ep(ZnF),) for all m > n, in order to show that

EP(Zoan) = mlgnoo EP(Zan) = Q(Fn)
we need to check uniform P-integrability for the martingale (Z,,).
Since @ < P, by lemma [16| for given € > 0 we can find § > 0 such that for
A€ F and P(A) <6 follows Q(A) < e.

By Chebychev inequality
P(Z,>K)< K 'Ep(Z,) =K' Vn

Choose K > 671, Since {w : Z,(w) > K} € F,, by the change of measure
formula

sup Ep(Z,1(Z, > K)) =supQ(Z, > K) <e¢
which is the Ul-condition:

lim sup Fp(Z,1(Z, > K))=0

K—oco p

So far we have proved the R-N theorem for countably generated o-algebrae.
We extend the proof by using convergence of generalized sequences.
We recall this concept from topology:
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Definition 29. In a topological space (E,T) a net is a generalized sequence
(o : o € I) indexed by a directed set, that is a partially ordered set (Z,<) such
that for every two elements «, 8 € T there is an element oV (3

aVp>a,aVp>pBy>aandy>f=v>aVpy

We say that xo, — © € E when for every open set U > x there is an element &
such that xo, € U for all a > a.

We consider now the partially order set
G := {Q C F : G is a countably generated o-algebra }

where F is not assumed to be separable. Here the ordering relation is the
inclusion C. Note that G’V G” := 0(G’,G") is a separable sub o-algebra.

For each G € G we have shown that there is a random variable 0 < Zg(w) €
L'(Q,G, P) such that the change of variable formula holds in G:

Q(A)=Ep(Zgls) VAEg

We show that (Zg : G € G) is a Cauchy net in L'(Q, F, P), and by com-
pleteness it has a limit Z € L1(Q, F, P).

By Cauchy net we mean the following: for all € > 0 there is a G € G such
that if G’ 2 G, G 2 G, G',G" € G, then

Ep(|Zg — Zgn|) < ¢
By the triangle inequality this it is equivalent to

Ep(|Zg — Zg/|) < 8/2

If (Zg) was not a Cauchy net we would find some € > 0 and a sequence
(Gn : n € N) C G such that G, C G,,+1 and

Ep(|Zgn — Zgn+1|) >e>0

Let Goo = V,en9n: Goo € G and by the previous argument (Zg, : n €
NU{+ oo}) would be an uniformly integrable martingale in the filtration {G,},
which necessarly is convergent in L!(P), giving a contradiction.

In a complete metric space (E,d) every Cauchy net (z, : « € 7) is conver-
gent, that is there is an element z* € E such that forall ¢ Ja with d(z*, z,) < &
Yo > a.

Proof: for every n let @,, such that d(zg,,74) < n~! Va > @,, and we can
choose @,, > q,_1.

Therefore (zg,) is a Cauchy sequence and it as a limit * € E, which by
definition it is also the limit of the net (x,).

The generalized Cauchy sequence (Zg : G € G) has necessarily a limit
Zoo(w) € LY(Q, F, P).
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We next check the change of measure formula.
Let A € F and G € G such that

EP(|Zoo — Zg/|) <e€

forall g’ © G, G €G.
Let G:=0(GV A) € G.
Since
Q(A) = Ep(Zz14)
we have
Ep(Zoola) — Q(A)‘ < Ep<|Zoo - Zd) <e

where € > 0 is arbitrarily small [J

4.7 The Likelihood ratio process

Consider a probability space (€2, F) equipped with a filtration F = (F; : t € T)),
(T = N, R) and two probability measures P, Q. such that ) dominates P locally

loc
P < @, which means P, < Q; VteT,t <0

where P;, Q; are the restriction of P, Q) on the o-algebra F;. In other words, if
A € F; for some t < oo and Q(A) = 0, then P(A) = 0.
By the Radon-Nikodym theorem,there is a likelihood-ratio process

_an
dQ:

such that VA € F;, the change of measure formula holds
P(A) = Eq(Z:14)

0 < Zi(w) (w)eLl(Q,]-},Q), 0<t< o,

Proposition 11. The process (Z;(w),0 <t < o0) is a (Q,F)-martingale.
Proof. For s <t,VA € Fs C F; the martingale propery follows:
P(A) = Eqg(Zs14) = Ep(Z124)

Uniformly integrable likelihood-process Consider the discrete time case

loc
with 7= N. When P < Q, (Z; : t € N) is a non-negative (Q,F)-martingale
and by Doob’s convergence theorem there is Z,(w) € L*(Q) such that

Zi(w) = Zoo(w) @ and P almost surely .

with F(Zy) < 1= E(Zy).
Moreover by lemma (Z; : t € N) is uniformly integrable with

Zy(w) = EQ(Zoo|Ft)(w),
7, 1@ 5

if and only if F(Zs) = 1. In this case P < @ not just locally but also on the
o-algebra

Fo=\F
teN
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Martingales in mathematical statistics We continue with a probability
space (€2, F) equipped with the filtration F = (F; : ¢ > 0), and consider a family
of probability measures (Py(dw) : 6 € ©), with parameter space (6 C R%), such

loc
that Py & Q Vo € 0.
Denote
de

0
Zt( ) th

(w), t>0.

Assume

i) For t > 0 and Yw, Z¢(w) is continuously differentiable w.r.t. 6, with
random gradient vector

Olog Z{(w) ., _, d):( 1 _0Z)w) , _

V() = Volog 20(0) = ( 25

such that

lim = {Z‘9+5h Z)} = (hVy(0)2Z! VheR'weQ

e—=0 ¢

V2 (w) is called score .

In order to interchange the order of differentiation and integration we also
assume

2. Vg7 is locally uniformly dominated at 6, i.e. there is an U neighbourhood
of § and a random variable 0 < Dy(0,w) € L*(Q, Ft, Q) and

|V Z(n)| < Dy(6), Vn e U.

For B € F;, by Fubini and dominated convergence

i/ 152%dQ = lim - ! 1p(Z0%ee — z29)dQ =
90 Q

e—=0 ¢

g

1 [ 0
O+ece; _ O+ee; _ 6
lli% ) e (/ a6 2t ‘k)dQ Yy < (/ 5 5, 21 dQ>d€ /13 21 dQ.
0 Q Q

Moreover B € F,

0 0
/1BEQ(wa|}'s)d /13%29&2—
Q ’ Q
0

0 0
" /132%2 [ tagy 2040 = [ 1n-Eo(Z17)iQ

Q Q
and we can change the order of derivation and integration

0 Eo(2 0
00; 00;

(Z{|Fs) = Z|F)
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Proposition 12. Under the previous assumption on the statistical model in a
neighbourhood of 0, {V,(0)}1>0 is a (P?,F)-martingale: For 0 < s <t,

Eq(Z0Vi0)|Fs) 1 07!
B (Vi(0)17) = 24D 2T - o (i) -
10 0 1 902! 6long‘9_
ZH@@EQZ 175) = 7900 00 =V

Essentially we had to assume that the limit Vo Z! € L1(Q).
Since e~ 1(Z0Th — 29) € L'(Q) Ve > 0, is natural to use a weaker definition
based on L!-convergence instead of pointwise convergence.

Definition 30. : A statistical experiment
(2, Ft, Qt, (P)geo) is L'-differentiable at 0, if there is a random score-
vector V¢(0) € Ll(PG) such that Vh € R?
A4 > =0

We show that under this generalized definition V;(0) as a random process is
a (PY,F)-martingale.

e—0

lim Eq <‘ {Z]+h = 77} — (b, Vi(0))

Proposition 13. : If a time t > 0 the statistical experiment (2, Fy, Q¢, (P} )Geo)
is L'- dzﬁerentzable at @ , then V0 < s < t the statistical experiment (2, Fs, QS, (P%)geco)
is L'-differentiable at 9 , with random score-vector

Vs(a) = EPe (Vt(o)‘-/—"s)
Proof: let B € F,

Bo({ 20z~ 2t} - (hvio 2t 1
=aEQ({€{Z§%h—-Z§}—(h,EQ<vauenf;»}1B)

1 Eq(Z!
= Bo({ Lzreen - 20y - (b, FAATOIT) % )8
€ Eq(Z0|F,)
1
EQ<{E{Z§+E’L — 2%} — (h, Epe(V,(0)|Fs)) 28 13) —0kune—0

and since this holds VB € Fj,

EQQ {Z8+<h — 2%} — (h, Epe(Vy(0)|Fs)) 28

)—>Okun5—>0

Exercise 16. (Laplace’s two sided exponential distribution):

For P%(dz) = L exp(—|z — 0|)dz, the density f%(x) is not differentiable with
respect to 0 at the point 6y = x.

Nevertheless it is L'-differentiable with score

V(0,x) = —sign(6 — x)
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Notes The story continues: since Z¢ € L'(Q), it follows that \/Z{ € L?(Q).
When +/Z¢ is L2-differentiable, V;(6) is a square integrable (P?, F)-martingale,
we define Fisher’s information as

1,(0) = Epo (Vi(6) " V,(0))

which is studied by using martingale theory.

4.8 Doob decomposition

Proposition 14. Assume that (X, : t € N) is an F-adapted process. We always
have the Doob decomposition

X, = Xo + M; + A; where Ag =0
t

t
A=) AA = (BE(X|Foo1) — Xoo1) is F-predictable,
s=1

s=1

t
M, = Z AM, = (XS — E(Xs\fs,l)) 1s a F-martingale
s=1

Proof write the telescopic sums with AX; = AM; + AA;.
When X; is an (F)-submartingale (respectively supermartingale ) A; is non-
decreasing (respectively non-increasing).

Consider the case where (M, : t € N) and (N, : t € N) are F-martingales
with M, N; € L*(Q) Vt € N. For the product N;M; we have

MiNy — My _1Ny_1 = Ny 1AMy + My ANy + AM; AN

= Ny AM, + M, AN, + (AMtANt - E(AMtANtU-}_l)) + BE(AM,AN|Fi_1)

Denote

i t
[N, M]; =Y AN, AM,, (N,M); =Y E(AN,AM,|F, ;)

s=1 s=1

which are resepctively the (discrete) quadratic covariation andpredictable co-
variation of the pair (Ng, My).
By writing the telescopic sum,
NyM; — NoMo = (N_ - M), + (M_ - N)¢ + [N, M], =
(N, M) + (M, “N); + ([N7M]t — <N7M>t) + (N, M); = X; + (N, M),

where the martingale transforms
t t
(N-- M), =) N 1AM, (M_-N); =Y M, AN,
s=1 s=1

are F-martingales (integrability follows by Cauchy-Schwartz inequality since
M, N; € L(P)). Also ([N,M]; — (N,M);) is an F-martingale, and (N, M),
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is IF, predictable. Therefore the Doob decomposition is

NM; = NoMy+ X; + (N,M),, with martingale part
X = (N_ -M): + (M_ “N)¢ + ([N,M]t - (N,M)t)

Note that by taking expectation,
E(M;N;) — E(MyM,) = E((Mt — My) (N, — NO)) = E(<M7 N)t)

When N; = M;, by Jensen’s inequality (M?) is a F-submartingale and the
predictable variation

(M)y = (M, M), = ZE((AMS)ZU:S—I)

s=1

is non-decreasing.

4.9 Martingale maximal inequalities
For a process (X; : t € T), T =R or N we define the running maximum

* o __
X = guex X )

Theorem 16. Let 0 < X (w),s € N a (F;)-submartingale.
Then for ¢ > 0,T € N,

cP(X} >c¢) < Ep(Xr1(X} > ¢)) < Ep(X7)
Proof Let A = {w: X} (w) > ¢} and
Ay ={w: Xi(w) <e¢ ..., X1 (w) < ¢, Xy(w) > ¢}

A=, A with Ayn Ay =0 for s #t.
By the submartingale property

T
Ep(X7la) = ZEP(XT]-AS) >

s=1

T T
Y Ep(X.1a,) >c) P(A,) =cP(A)

Lemma 17. Let X(w) > 0,Y (w) > 0 random variables with Y € LP(Q, F, P) ,
p > 1 for which
cP(X >¢) < Ep(Y1(X >¢)), ¢>0

then

. 1
I X o< all Y [ mm(p+>:1
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Proof Assume first that X € LP. By Fubini’s theorem

X (w) 00
(/ ptp_ldt>P(dw) :/ P(X > t)ptP~tdt <
0 0
p (o]

51 tP(X > t)(p— 1)tP2dt < q/ Ep(YL(X > 1))(p— tP~2dt <
- 0 0

X (w)
qEp (Y / (p— 1)tp—2dt> = qEp(YXP7h)
0

(Holder ) < qEp(Y?)'/PEp(XUP D)0 =q | Y ||| X 57" .

Ep(X?) :/

Q

Without assuming that X € L?, take the truncated r.v.
XM (w):=X(w)Ant X(w)asntoo

Note that {w: X(w) An >c} =0 for n < ¢,
and for n > ¢, {w: X(w) An > ¢} = {w: X(w) > ¢} and the lemma holds
for X (™ (w). The result follows by the monotone convergence theorem [

Theorem 17. (Doob’s LP mazimal inequality) Let (M; : t € N) a martingale
with My € LP ¥t € N. Then for 1 <p < oo,T € N,

| Mz [lp< g || Mr |,
Proof |M,| is a submartingale, by the maximal inequality
cP(|M}| > ¢)< Ep(IMrp|1(|MF] > ¢))
and we to apply the previous result with X = [M%| and Y = |M7|.

Corollary 13. When (M, : t € N) is a martingale in L?(P), we obtain
Br((0477) < 4Br (7) = 1 Er(M3) + Ep (01,00 |

Theorem 18. (Kakutani) On a probability space (2, F,P) let (X; : t € N)
P-independent random variables with Xy(w) > 0 and Ep(X;) = 1.
Let Fy = o0(X1,...,X:) and

M; = X1Xo... Xy, ar={E(/X;)} €(0,1]

M is a non-negative (Fy)-martingale with E(M;) = 1 and by Doob forward
convergence theorem it has P-a.s. limit My, (w) as t — oo, with My, € L'(P),
E(My) € [0,1]. The following statements are equivalent:

1. M; is uniformly integrable

2. Ep(My) =1

3. H Q¢ >0
t=1

4. > (1 —a) < o0
Otherwise Moo (w) =0 P a.s.
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Proof 1) = 2) by the characterization of L(P) convergence.
2) = 1): since M; > 0 we can use Fatou’s lemma: VA € F;

Ep (Moo]-A) = Ep (htrglongtlA)

S htlgg)lf Ep (Mt]-A) = Ep (Ms]-A)

where we used the martingale property. This is the supermartingale property
at t{ = oo:

M,(w) > Ep(Ms|F,)(w) P as.

By assumption
Ep (MS — Ep(Moo|}'s)> = Ep(Ms) — Ep(My) =0

which implies that (M;) is an UI martingale:

M;(w) = Ep(Mx|Fs)(w) P as.

3) = 2): Define

M (w)

Ny(w) = Y825
t(W) aias...a¢

(N) is a non-negative martingale in L?(P).
By Doob LP martingale inequality with p = 2,

Ep (sup MS> < ( by Jensen’s inequality) Ep <sup NS2> <4E(N}) = — 5
aj..

s<t s<t

and by the monotone convergence theorem

Ep (supMS> = lim Ep (supMs> < 4Ha;2
seN t—o0 s<t PeN

Now if ] a¢ > 0, this gives a finite upper bound, and necessarly (M;) is an
teN

UI martingale since it is dominated by (supseN Ms) € LY(P).

In case [] a; =0, by Fatou lemma
teN

Ep(\/Moo) =Fp (limtinf \/Mt) < limtinpr(\/Mt) = lign aras...a; =0

which implies My, =0 P a.s.
3) = 4): On another probability space, take a sequence (Y, : n € N) of
independent Bernoulli random variables with

PY,=1)=1- P, =0)=a, € (0,1]

Let B, ={w:Y,(w) =1} ,and B= () B,.
neN
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Using o-additivity,

P(B) = [[ PB.) = [] an

neN neN
Note that since P(By,) = a, > 0 Vn,

P(B) =0 <= P(liminf B,,) = 0 <= P(limsup B;,) =1

By the first and second Borel Cantelli lemma for independent events this is
equivalent to

so=3 P(B)=3(1-a,) O

n=1

Kakutani’s theorem and likelihood ratio process On a probability space
(Q, F) consider a sequence of random variables (X, (w) : n € N) which generate
the filtration (Fy,), Frn = o(X1,..., Xn).

We consider two probability measures P and @ such that the random vari-
ables (X,,(w)) form an independent sequence under both measures P and Q.

Q l<o<c P (P dominates @ locally ), which means that for all n and for all
A, € Fn, P(A,) =0= Q(4,) =0.

By the Radon-Nikodym theorem, for each n € N there is an F,-measurable
Radon-Nikodym derivative

_d@Qn
- dP,
where @Q,, and P, are the restrictions of @ and P on the o-algebra F,.

Now Z,(w) is a martigale, since if A € F,,, then A € F,, Vm > n and by
using twice the change of measure formula

Ep(Zmla) = Q(A) = Ep(Z,14)
Let’s assume that X,,(w) € R? with densities Q(X,, € dr) = g,(v)dz and
P(X,, €dz) = fp(z)d.
By assumption outside a set of Lebesgue measure 0, g,,(z) = 0 when f,(z) =
0. In particular the function

0< Zp(w)

(w) such that Q(A) = Ep(Z,14,) VA€ F,

gn(T)
zn(x) =
=t
is well defined outside a set of Lebesgue measure 0.
It follows that

Zn(w) = 21(X1 (w))22(X2(w)) . . . 2 (X (w))
By Kakutani’s theorem Z,, is Ul martingale if and only if

[ Er(vVz(X0)) >0
n=1

= i(1 — Ep( zn(Xn))> < 00

n=1
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Exercise 17. Let X,, i.i.d. standard Gaussian with Ep(X,,) = 0 and Ep(X2) =
1 under the measure P and let X,, ~ N(un,1) and independent under the
measure Q.

In this case

)2 exp (4o = ) 2

Then P ~ @Q on the o-algebra F, if and only if

0< ﬁEp(\/exp<fcun—un>) HEP<eXp< x“”_élllﬁ))
_ 1;[ —fun —eXp(-ZMn)

which is equivalent to

oo
D i < oo
n=1

In fact, if pyp = p # 0 Vu, then P and Q are singular on Foo.
For example by the law of large numbers the set

A={w: hm nT (X (W) + o+ X (W) =}
has Q(A) =1 and P(A) =0
Exercise 18. Suppose now that under P the random variables (X,,) are i.i.d.
Poisson(1) distributed, while under @ (X,,) are independent with respective dis-

tributions Poisson(A,) with A, > 0.
In this case

2n (1) = <exp(—An)Ag/n!)/<exp(_1)/n!> = exp(zlog(\,) +1—\,),
Br (V) = exp (51~ 2 ) Be (VAL ) =
exp(@— 1+ %(1 - An)> = exp(—;(m— 1)2>

since for a Poisson(1) distributed random variable X, Ep(6) = exp(6 — 1).
Therefore Q ~ P on Fuo if and only if

0< HeXP< V= 1) > exp(;i(@ﬁ)

n=1 n=1

@i(ﬁn—lf <00



Chapter 5

Continuous martingales

5.1 Continuous time

Moving from discrete to continuous time, we need some technical assumptions.
We will work with the filtration (F; : ¢ € RT) on the probability space
(Q,F,P).
We say that the filtration (F;) satisfies the usual conditions if

1. The filtration is completed by the P-null sets

FoONP ={ACQ:PA) =0}
2. The filtration is right-continuous

V>0 Fo=Fipi=()Fu

u>t

Next we discuss why these usual assumptions are needed.

Lemma 18. Let 7(w) > 0 be a random time and (F; : t > 0) a filtration which
in general is smaller than the filtration (Fey : ¢t > 0).

1. 7(w) is a stopping time with respect to the filtration (Fi+) if and only if
{T<t}€ft vt > 0.

2. When the filtration is right continuous T is also a (Fi)-stopping time.

Proof When 7 is a (F;+)-stopping time

{w:r(w) <t} = U{w:r(w)gt—n_l}eft

neN

since {7(w) <t—n"'} € F;_1/, by definition of stopping time.
On the other hand, from the assumption

{w:T(w) <t} = ﬂ{w:T(w) <t+nYeF, O
neN
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Exercise 19. We show a filtration which is not right-continuous, generated by
a continuous process. Consider the probability space of continuous functions
started at zero

Q={weCR"R):wy=0}

equipped with the Borel o-algebra, where the canonical process is Xi(w) = wy,
Let (F?) be the “raw” filtraton generated by X, with FP = o(ws : s < t).
Note that A € F? if and only if for all w,& € Q, with ws = @, Vs € [0,1],

weEA=weA

meaning that A depends only on the path w restricted to the interval [0,¢].
For a > 0, consider first the random time

T(w) =inf{t>0:w > a}

Now ¥Vt > 0,

wi:T(w)<tyl={w: inf (a—wy,)" =0

ir) S ={w: _inf (a—w)" =0}
now since (a —wq) " is .7-'[(1) measurable by taking the infimum over the countable
set [0,8] N Q, we see that this event is F_ measurable.

Next we construct a random time which is a (Fp,)-stopping time but not a
(F?)-stopping time. This shows that the raw filtration (Fy) is not right contin-
uous, even if it is generated by a continuous process. Let

T(w) =inf{t>0:w >a}
For each t > 0,

{w:T(w) <t} = U {w:wg >al e F

qeQt,g<t

meaning that 7 is a (Fp,) stopping time.
However T is not a (F_)-stopping time. For fived t, consider a set of paths
which are crossing the level a for the first time at time t:

A ={w:T(w) =t}
:{w:wq<a;Vq<t7 w=a, IN 1 wip1/n >a Vn>N}

For w € Ay, consider the reflected path &

~ ] ws s €[0,¢]
20 —ws s>t

Now by construction when w € Ay, T7(@) > 7(w) = t, since by construction ©
attains the local mazrima a at time t, and may cross the level a only later.

Which means, the event {7 < t} is FY, measurable but not F{ measurable:
by observing the paths on the interval [0,t] we cannot distinguish between w € A,
and the corresponding @. For that we need to observe a little bit of the future,
that is the extra information contained in Fyp,



5.1. CONTINUOUS TIME 83

Things may change when we complete the filtration with respect to a prob-
ability measure: Let PV the Brownian measure on Q, such that the canonical
process X¢(w) = wy is a Brownian motion, and let (F;) the filtration completed
by the PV -null events.

In the previous example it is not difficult to show that for each fixed t >
0 PY(A;) = 0, meaning that the probability that the Brownian motion will
cross the level a for the first time at the pre-specified time t is zero, and by
reflection this is equal to the probability that the Brownian motion attains the
local mazimum a at time t. Therefore

F<t}={F<tiu{F=t} ca(F,N")=F,
T is a stopping time with respect to the PV -completed filtration (Fy).

We have seen that continuous process can generate filtrations which are not
right continuous. On the other hand, the discontinuous raw filtration generated
by a process with jumps may become continuous after completing with the
P-null sets.

Proposition 15. The completed filtration generated by a time-homogeneous
process with independent increments is right continuous.

Proof We give for the case of Brownian motion, but you can check that
it goes through also for the Poisson process, (the same proof works for Lévy
processes which we have not introduced yet).

Let F; the completed Brownian filtration.

Fixmn eN, 0=uy < u; < - < Up =8 <t<s < - < s, and
1, 0 € R. We compute the conditional characteristic functions. Let

G(W) = eXp (im (Bu1 _Buo)+' ’ '+i77m(Bum _Bumq)"i'wl (le _BSO)+' ) '+9n(BSn_BSn71 )) )

where ¢ = v/—1. By using the independence of the increments,
M, .= Ep(G|F:) =

= exp (inl(Bm - Buo) +ee inm(Bum - Bumq) + 161 (Bt - Bum)> X

n

<o (=5 { 03 -0+ Y Rl - )

k=2

We see that the map ¢ — M;(w) is right-continuous since B; has right-continuous
paths. By the martingale backward convergence theorem, P-almost surely

E(G|Fiy) = My = h?thu = M, = E(G|F)

By using the regular version of the conditional probabilty, since the character-
istic function characterizes the conditional probability we see that

E(G|Fiy) = E(G|F)

for all bounded random variables G(w). in particular taking G = 14 with
A € Fy it follows there is an F;-measurable set A’ such that A and A’ differ
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at most by a set of measure zero. Since F; contains the null sets, A is F;-
measurable [

We need to extend the results for discrete time martingales to continuous
time.

Lemma 19. Let 7(w) € RTU{+0c0} a stopping time with respect to the filtration
F=(F,:tcR").

There is a sequence of stopping times (Tp(w) : n € N) where each 7, takes
finitely many values and 7, (w) > 7(w) , approzimating T from above:

Tn(w) |} 7(w) Yw asn T oo.
Proof: Define
_ +o0 if 7(w) >n
Tn(w) = (k+1)/n  otherwise, for 7(w) € [k/n,(k+1)/n), keN

You see that 7, is a F-stopping time:
{w:m(w) <t} ={w:7(w) < [tn]/n} € Flnym CFt VE>0
where |x] is the largest integer smaller than x.

Remark 11. Note that corresponding random time approximating the F-stopping
time T from below

2(w) = n if T(w)>n
" k/n  otherwise, for T(w) € [k/n,(k+1)/n), k€N

is not always a stopping time.

Definition 31. A random time o(w) € (RTU{+00}) is F-predictable is there is
an announcing sequence of F-stopping times (1,) approximating o from below

(W) T o(w), Yw
and
To(w) < 7T(w) on the set {w: 7(w) > 0}
Lemma 20. A F-predictable time is a F-stopping time.
Proof: Vt, {w:o(w)<t}= ﬂN{w iTp(w) <t} € F
ne
Lemma 21. ( Regularization) Let (X; : t € Q+) is a F-submartingale, with

F=(F:t€Qt). We can replace Qt by any countable set dense in RT.
Then P almost surely the left and right limits

Xi—(w) = i Xo(w), Xy (w):= lim Xq(w)

exist simultaneously for all t € RT.
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Proof: It is enough to prove the lemma in a finite interval [0, 7] NQ™T, with
TeQ.
Let F,, a non-decreasing sequence of finite sets with F,, C F}, 11 and

U £ = (0,7]nQ")

neN
For each finite set F,,, (X, : ¢ € F,) is a submartingale in the filtration

(Fq:q € Fy).
Define for a < b € R the number of downcrossings of [a, b] by X (w)

Diq ) (Xq(w) :qeQn [O,T]) = St;p Dq 1) (Xq(w) iq € F)

where the supremum is over finite subsets F' C [0,7] N Q™.
Note that for each finite F', F' C F,, for n large enough, therefore

Dia ) (Xq(w) 1q € Fn) T Diay (Xq(w) :qeQn [O,T]) as n 1 oo, Yw
By Doob submartingale inequality in discrete time , Vn

E(XH)+b- _ E(X b
E(Djap)(Xq(w) g€ F,) < (bT_): < ( bT_‘);L < 0

Therefore by monotone convergence, P almost surely
E<D[a,b] (Xq(w) :qeQn [O,T])) < o0 and Digp) (Xq(w) :qeQn [O,T]) <o VYa<beQ,

which means that P a.s. left and right limits exist simultaneously for all
t € [0,T], and since R is covered by countably many finite intervals it holds
also P a.s. simultaneously for all t € Rt .

Remark 12. Although the submartingale (X4) was defined only on QT, we can
use the existence of the limit to redefine outside a P-null a version of the process
which is right continuous at all t € RT.

In order to have adaptedness for the redefined process we need to work with
the right continuous filtration completed by the P-null sets.

Lemma 22. Let D" = {k27" : k,n € N} be the dyadic set (or another count-
able set dense in RT).

Let (My)uep+ be a right-continuous martingale in the filtration (Fy)yep+
satisfying the usual conditions.

Fort € R define

M (W) = u\LtlergDJr M (W)7 = >tr1D+ T

Then (Mi)ier+ is a right-continuous martingale in the filtration (Fi)iep+
which satisfies the usual conditions.
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Proof By definition, (F;);cr+ is right continuous.
 Letuw, € DT with u, | ¢, and consider the time-discrete backward filtration
F_n = Fu, . By definition

Fi=F-o=()Fu

The process (M,, : n € N) is a (F_n)-martingale, and by Doob’s backward
convergence theorem and since (M, ) is continuous on the dyadics, define

Mi(w) :=lim sup M, (w) Yw,

n—oo

= lim M,, (w)

where by definition M; is F;-measurable and in the second equality the limit is
P-almost surely and in L'(P), which implies M; € L'(P).

Let’s check the martingale property: for s,¢ € R with s < ¢, and let r,, € DT
with 7, | s and u,, € DT with u, | t. Since s < t we can choose sequences such
that r, <wu,. Let A e Fs C F,. , Vn.

Since M, (w) — M;(w) and M, (w) — M(w) P-almost surely and in L' (P)

Ep(MtlA) = nh—>n<§o EP(Mu,,L]-A) = nlLH;OEP(MTnlA) = EP(MS]-A)

where we used the martingale property of (M,),ep+ O

Proposition 16. Doob’ optional stopping theorem in continuous time.

Let (Mg : t € [0, 4+ o0]) a right-continuous uniformly integrable F-martingale
where F is right continuous, and 0 < o(w) < 7(w) F-stopping times.

Then

E(M:|F;) = My (w)
Proof: There are two non-increasing sequences of stopping times o,,, 7, with

ow) <op(w) <m(w), 7(w) < tauy(w)

which for each fixed n take values in the dyadics D,, = (k27" : k € N) and

on(w) L o), on(w)lmm(w) asntoo
To do this simply take

To(w) = (k +1)27" otherwise, for 7(w) € [k27",(k+1)27"), k€N
on(w) = (k+1)27" otherwise, for o(w) € [k27",(k+1)27"), keN

and 7, (w) = 400 and o, (w) = +00 when 7(w) = 400 and o(w) = 400 respec-
tively.

and check that they are stopping times.

The backward fitrations (F,, : n € N), (F,, : n € N), are non-increasing as
n — oo.
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Therefore we apply Doob’s backward convergence theorem,
M, (w) = M. (w) and M, (w)— M,(w)

not just P-almost surely (which is implied by the right continuity) but also in
LL(P)

For every fixed n, by the discrete time version of the optional sampling theo-
rem with the filtration (Fy : d € D,,) under the uniform integrability assumption

EP(MTn|-7:0n)(W) =M., (w)
Let Ae 7, CF,, CF: C Fr,.

E(M:1,4) = lim E(M; 14) = lim E(M,,14) = E(M,1,4)

n—oo n—oo

where we used the convergence in L'(P) to take the limit in and out of the
expectation.

Proposition 17. Let (My) a right continuous martingale in the right continuous
filtration F, and 7(w) a F-stopping time. Then the stopped process

M (w) = Mipr(w) := My(w)1(r(w) > t) + M- (w)1(7(w) < 1)
is a F-martingale.

Proof Since 7 is a stopping time it follows that (M;a,) is F-adapted. Let’s
fix 0 < s <t < oo. Now in a finite interval (M : s < t) is uniformly integrable,
and by Doob’s optional stopping theorem applied to the bounded stopping times
(snT)<(tAT) <,

E(Mipr|Fspr)(w) = Monr
Next we show that
E(M, po|Fo) = MoA(7 < ) + E(My pe| Frag)1(r > )
For A € F;,
E(Mpnila) = E(M1AL(T < 8)) + E(Mopt141(T > 8))

Note that AN {7 > s} is not only Fs measurable but also F,,s; measurable
since by definition for all » > 0

0 e F, ifs>r

AO{T>S}Q{7AS<T}:{Aﬂ{7'>s}€]:s ifs<r

Therefore by taking conditional expectation w.r.t. F, s inside the expectation
we get

E(Mop14) = E((MTl(T < 8) + E(Mype| Fins)1(T > 8))1A>

= E((Mfl(f < 8) + Moas1(r > s))1A> = E(M:ps14)

which means

E(Mt/\rl‘FS)(W) = MsAT(W)
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5.2 Localization

Definition 32. We say that a property holds locally with respect to the filtration
(Ft) for the process (Xi(w)), if there is a localizing sequence of (F;)-stopping
times T, (w) T 0o such that for each n the stopped process X[ (w) := Xinr, (w)
satisfyies that property.

For example every (F;)-adapted process (X; : t € RT) with continuous paths
and Xo(w) = 0, is locally bounded, with localizing sequence

Tn(w) = inf{t D] X (w)] > n} ,

which gives | Xiar, (w)] < n.

5.3 Doob decomposition in continuous time

We recall that the (total) variation of a function s — z(s) in the interval [0, ¢]
is given by

Vio.g(w) := sup Y la(ti) —a(tiy)|

t; €Il

where the supremum is taken over partitions I= (0 =tg <t; <...,<t, =1)
of the interval [0,¢]. It follows that x(s) has finite first variation if and only if
x(s) = z(0) + 2%(s) — 2°(s) with %, 2® non-decreasing functions.

Lemma 23. A continuous local martingale (My) with almost surely finite (total)
variation is necessarly constant.

Proof Without loss of generality we assume that My(w) = 0. Let 7, (w) T o0
a localizing sequence of stopping times such that for each n the stopped process
Minr, is a martingale. We define stopping times

on = Tp Ninf{t : Vjo (X (w)) >n} <7,

By Doob optional sampling theorem, the stopped process M;™(w) is a martin-
gale with
e

<Vio,y(M7") <n V¥Vt >0

Since o, (w) — 00, it is a localizing sequence. In order to simplify the notation,
let’s fix n and assume that M;(w) := M/ ™(w) is a true martingale, which has
bounded first variation. By the discrete integration by parts formula, for a
sequence (0 =1ty <t; <ty <...), with ¢, — co. We have

oo

Mt2 - 2 ZMtifl(Mti/\t - Mtifl/\t) + Z(Mti/\t - Mtifl/\t)2
i=1 i=1

Since s — M (w) is uniformly continuous on [0, ¢], there is a random 6(w) such
that

Z(MtiAt—Mti,l/\t)Q < sup |[Myne—My, el Z | M, ne =My, ntl < eVipg(M) < en

7 (3



5.3.  DOOB DECOMPOSITION IN CONTINUOUS TIME 89

when A(IT) = sup,{(t; At) — (ti—1 At)} < 6(w). This means

Z(Mti/\t — M;, ,n)> =0 P-almost surely

(3

as A(II) — 0, and we have

t

M? = A(%I)gOQ ; My, at(Mi ne— My, a) =2 i M,dM,  P-almost surely

where for almost every w the limit of Riemann-sums is a Riemann-Stieltjes
integral. Note also that the sum containes a fixed number of nonzero terms. By
taking expectation,

EP(Mf) =2Fp (A(ll%nﬁO;Mtil/\t(Mti/\t - Mnﬂxt))

=2 1 2F M, M, — M, =
adm P(; ot (M ae tl_lAt))

o0
li 2 Ep| M, Ep(M; ny — My, Fi, =0
A(IITI)ILO Z; P( ti_1At p( tint tl,l/\t| t,ll/\t)>

where we used the martingale property, which gives M;(w) = My(w) = 0 Vt.
The interchange of limit and expectation is justified by the bounded convergence
theorem, since M;(w) has bounded variation.

oo

Z Mtifl/\t(Mti/\t - Mtifl/\t)
i=1

< Vjpg(M(w))? <n® P-almost surely .

Coming back to the local martingale, E(Mtz/\gn) = 0 implies M¢pr,, =0 P as,

Mi(w) = nh—>12c Mips, (W) =0  P-almost surely O

The next two technical lemma are not very intuitive but useful:

Lemma 24. Suppose (A, : n € N) is a (F,)-predictable and non-decreasing
process with Ag = 0, such that

Ep(As — Ap|Fn)(w) <C  Vn
Then Ep(A2)) < 2C2.
Proof

n

zn: AALAAL =2 Xn: Xn: AAAAL =Y (A4
h=1

k=1 h=k k=1

(An)2 =

NE

~
Il

1
n n

=2 Z(An — Ap_1)AA, — Z(AAIC)2

k=1 k=1
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n
where AA;, = (A — Ap_1), and since the terms (4,)? and Y (AAy)? are
k=1
non-negative and non-decreasing, the monotone convergence theorem applies

oo oo

Ep(A%) =2E <Z(Aoo - Ak_l)AAk) ~ Ep <Z(AAk)2>

k=0 k=1

where we can exchange the order of summation and integration. By taking
conditional expectation inside and using predictability,

Ep(A%) < 2iEP (EP((AOO - Akl)AAk|}'k1))
k=0

=2> Ep (E(Aoo - Ak1|]-'k1)AAk) < 20Ep (Z AAk> = 2CEp(As) < 2C?
k=0 k=1

Lemma 25. Suppose ASP and Ag) are two predictable processes satisfying the

hypothesis of lemma and B, = (A%l) — Af)). Suppose that there is a r.v.
Y (w) > 0 with Ep(Y?) < oo and

|Ep(Boo — Byl Fp)(w)| < Np(w) := Ep(Y|F,)(w) Vn.

Then there exists a constant ¢ > 0 such that

Ep (sup Bi) < C(Ep(YQ) + CE(YQ)l/Q)
neN

Proof We shall need the following estimate: since
IAB| = |AAY — AAP | < AAWY + AAP),

it follows

Ep(B%) =2E (Z E(Bo — Bk1|-7:k)ABk) — FEp (Z(ABk)Q) < 2EP((A§3) + A@)Y)
k=0 k=1

< 2Ep(Y2)1/2 (Ep({AEQ}Q)l/Q + Ep({Ag)}2)1/2> < 25/20EP(Y2)1/2

where we used Cauchy-Schwartz inequality together with lemma [24]
Let M,, := Ep(Bx|Fn), Xn := (M, — By,), satisfying

|Xn| = |Ep(Bos — Bnl|Fn)| < E(Y|F,) = Ny := Ep(Y|Fy)

By Doob’s LP martingale maximal inequality

E(sup Xi) <Ep (sup Ni) <4Ep(NZ) <4Ep(Y?)
neN neN
and

E<Sup Mﬁ) < 4E(M§o> =4F(B%)
neN
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Since sup,, | Bn| < sup,, | X»| +sup,, |M,|, by the inequality (a+ b)? < 2(a? +b?)
E(sup B?) < 2{E(supX721) + E(sup Mﬁ)} < 8<E(Y2) + E(Bi))
< S(E(YQ) + 25/20EP(Y2)1/2) 0

Theorem 19. Suppose (X, : t € RT) is a (F;)-submartingale with continuous
paths. Then we have the Doob-Meyer decomposition

where My(w) = Ag(w) = 0, M is a continuous (F)-local martingale and
A is continuous and non-decreasing. Moreover (M) and (A:) are uniquely
determined up to indistinguishable processes.

Remark : The result holds also for continuous local submartingales (the
localizing sequence is obtained by taking minimum of localizing sequences). It
is also extended to processes with jumps.

Proof, Uniqueness: From the Bass, Probabilistic techniques in analysis .

Suppose that we have two Doob-Meyer decompositions

Xt—XOZMt-FAt:Z\Z-FZt

It follows that . B
(My — M) = (Ar — Ap)

is a continuous local martingale starting from 0 with paths of finite variation,
and by lemma [23]it is constant P-almost surely.

Existence : by considering the stopped process X;¢ = Xar., where
To(w) = inf{s : [ X (w)| > C or s > C}

we reduce first the problem to the case where X is a bounded and uniformly
continuous process, which is constant on the interval [C,00). Without loss of
generality we assume that Xo(w) = 0.

Fix k£ and m € N, and consider F]* = Fpo-m, k € N.
Construct for each m € N the discrete time Doob’s submartingale decompo-
sition
Xpgom (w) = M™ 4 Al
In continuous time we define for each m piecewise constant filtrations
F (W) = Fro-m(w) when (k—1)27™ <t < k2™™
and the continuous time process

Zim) (w) = A,(cm) (w) when (k—1)27" <t <k27™.

Note that for each m, Zﬁm) is (F;)-adapted, since in the time-discrete Doob
decomposition A;cm)(w) is F(j—1)2-m-measurable.
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Consider the modulus of continuity

WEw)i= sup [X(w) — Xs(w)|
s<K,|s—t|<é

W(9) is a bounded random variable since X;(w) is bounded, and because
X¢(w) has uniformly continuous paths W (d) — 0 P-almost surely as 6 — 0. By
the bounded convergence theorem W (§) — 0 in L?(P) sense.

We show that ng) converges in L?(P) uniformly in ¢ as m — oo.

For m > n, ng) and Zﬁ") are constant on the intervals ((k—1)27™, k27™],

we have

sup |Z)Em) . Zi”)‘ = sup |Z](J;,)m — Z;g),m
t keN

Fix t = k27™ for some k. and let (I —1)27™ < ¢t <27 "™. Denote u =127". By
the discrete time Doob decomposition

Ep(AL — A [F") (W) = Ep(AL) — AT\ Fron) (@) = Ep(Xoo — Xil From)(w) =
EP(Xoo — Xt‘]:t)((U)

On the other hand

oo

Ep(AL — A ™) () = Bp(AD) — AM|F)(w) = Ep (EP<A£:;> — AM|F,)

7)) =

Ep <Ep(Xoo — X.|F)

Then the difference of conditional expectations is bounded:

]Ep A~ A™|F) - Bp@ - A7|F)

< Ep (|Xt — X, ||F) < Ep(W(2™™)|F)
The assumptions of lemma [25] are satisfied, giving
Ep (sgp(AEm)—Ain))Q) < C{EP (W(2‘")2)+2C'EP(W(2_")2)1/2} -0 asm—oo, m>n
We show the space of processes
Sy = {Z(t,w) (Fi)-adapted with || Z ||3,:= Ep <s12p th) < oo}

is complete under the || - ||s, norm.

Suppose (Zt(") :t > 0,n € N) is a Cauchy sequence in Sz. In particular there
exists a sequence (Ny) with

E(Sup(Zt(n) - Zt(m))2> <27k V¥n,m> Ny

t
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For each t define

oo
[e’s} N Ngt1 Ny,
Zt( ):Zt( 0)+Z(Zt( kot )(w)—Zt( k)(w))
k=0

where Vt the series converges in L2(§), F;, P). Then by triangle inequality

1/2
7 (0 7 (m E 7 oo 7 m)\ 2

1/2 1/2
< E(sup(Zt(m) — Zt(Nk))2> + E(sup(Zt(OO) — Zt(Nk))2> < 2—k/2 +
t

t

which is arbitrarily small for m > N and k large enough.

By completeness, there is a (F;)-adapted process A¢(w) € So with
—(n) 2
Ep sup{At —At} =0
t

From convergence in quadratic mean it follows that there is a subsequence (n;)
such that
sup |Z§n7’)(w) — Ai(w)] = 0 P-almost surely .
t

Next we show that A;(w) is continuous. For ¢t = k27",

AZ: - EP (X(k)zn - X(k71)2n

]:(k—l)2"> < Ep(WE2™™)|Fh-1)2-n)

where on the right hand side we have an uniformly integrable martingale. We
have

Ep <sup(AAf)2> < Ep <sup Ep(W(Q”)|J?(k1)2n)2) <4Ep <W(2")2> -0 asn— o0
t k

by Doob LP-martingale inequality. In particular there is a further subsequence
(nj;) such that

sup AAY (W) =0  P- almost surely as j — 0o
Almost sure continuity follows:
sup A4 (w)] < sup |[AAu(w) = AT ()] +sup [AAT (w)
< 25up | Ay(w) = A7 ()] +sup | A4 (@)
which for almost all w is arbitrary small for j large enough.

We show that M; := (X; — A;) is a (F;)-martingale. Since M, is continuous
and square integrable since X;(w) and A;(w) are.
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By using lemma [22] it is enough to show the martingale property for s < ¢
with s,t € Dy = {k27Y : k € Z}, and B € F,:
EP((Mt - Ms)]-B) = E((Xt - Xs)]-B) - E((At - As)]-B)
= B((X, = X)15) = E((A{" = A™)1p) + B((A - A{V)1p) = E((4s — AL)1p)
=04 E((A — A")1p) — B((A, — A%)15) = 0 as n — oo

where the last identity holds Vn > N by the discrete time martingale property,
and by the Cauchy-Schwartz inequality,

n o 1/2
Ep(@" — A)1p)| < Ep <s1t1p<A§ ) AJ") P(B) — 0.

For the general case, by using the localization

X, = lim X7°w) = Xo+ lim M w)+ lim A9 w) =X, + M, + A,
C—o0 C—o0

C—o0

where Mt(c) are continuous true martingales and Agc) are continuous increasing
processes with Méc) (w) = Aéc) (w) =0 and

MV (w) = M7 (w) and A9 (w) = AL (w) on [0, 7]

This implies that the limits M;(w) and A;(w) exist with Mt(c) = Mirr. and
Agc) = Ainr.- Therefore A; is continuous and non-decreasing and M, is a local
martingale with localizing sequence (¢ : C € N) O

Remark 13. Note that without additional assumptions, it is not possible to
show that My is a true martingale: fort > s and B € F;

Ep((M; — M,)1g) = Ep (Clgnoo(MtATc — Mynre)1B) (5.1)
L lim Ep((Mipre — Mopre)15) =0 (5.2)
C—o0

the interchange of limit and expectation is not always justified.

Definition 33. 1. the right continuous adapted process (Xi(w)) is in the
class D (D is for Doob) is the family of random variables

{Xr(w) : T 18 a stopping time }

1is uniformly integrable.

2. We say that a right continuous (F)-adapted process (X (w)) is in the class
DL (local Doob) if for each t > 0 the family of random variables

{XT(w) : T s a stopping time with 7(w) <t a.s. }

is uniformly integrable,
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Exercise 20. 1. A local martingale M, of class DL is a true martingale
2. A local martingale M, of class D is an uniformly integrable martingale. .
Proof

1. Let (7,,) be a localizing sequence. For 0 < s < t, B € F, we have

EP((Mt - Ms)lB) =FEp (nli_{rolo(Mt/\T" - Ms/\T,L)lB) = lim EP((Mt/\T7L

n—oo

where the last step is justified since the family {|Mirr, — Msar, | : n € N}
is uniformly integrable by assumption.

2. M, is a martingale by the previous step, and it is clear that M; is uniformly
integrable since determistic times are stopping times.

Corollary 14. A continuous (Fy)-submartingale of class DL has unique Doob-
Meyer decomposition

X, (w) = Xo(w) + Mi(w) + Ay(w)

where My(w) = Ag(w) =0, My is a continuous true (Fi)-martingale and Ay is
continuous and non-decreasing.

Moreover if Xy is of class D, the martingale My is uniformly integrable and
Ay is integrable.

Proof When X; is of class DL, for t and B € F;, by the characterization of
convergence in L!(P) we have

Ep(\Xt — Xinre|) 2 0as C — o0
Since A is non-decreasing by the monotone convergence theorem
Ep(At — Aipre) 2> 0as C — o0
Therefore
| My — Mipre o1 py<I| Xt — Xinre ey + | At — Atare lLrpy— 0

which justifies the interchange of limit and expectation in equation [5.1

When X; is of class D it is uniformly integrable, therefore X; — X, almost
surely and in L!(P) by the Doob martingale convergence theorem, and by the
martingale property

EP(Aoo) = gm Ep(At) = gm Ep(Xt — XO) = EP(Xoo — Xo) < 00,
which means that
M; = (Xt_XO+At) — My, = (XOO—X0+AOO)

P-almost surely and in L'(P) sense. In particular M; is uniformly integrable.
0.

- Ms/\‘rn)lB) =0
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5.4 Quadratic and predictable variation of a con-
tinuous local martingale

Let M; be a continuous local martingale in the (F;)-filtration, and (7;,) a local-
izing sequence. Note that we can choose (7,,) such that |[M[" (w)| < n.

By Jensen inequality, the stopped process (M;")? is a (F;)-submartingale,
with Doob decomposition

(M7")? = M + N+ (M),

)

where (M™); is a continuous non-decreasing process and Nt(" is a local mar-

tingale.
Since 7,, < 7,41 and the Doob-Meyer decomposition is unique it follows that

N™1(r, > ) = N ™1(r, > t) = N1(r, > ¢)  and
(M) d(ry > 1) = (M )17y > ) = (M) 1(7y > 1)
where N, := liTm Nt(n) is a local martingale and (M), = liTm (M™), is a contin-
uous increasing process, which give the Doob-Meyer decomposition
M? = M3+ Ny + (M),

The process (M), is the predictable variation of the local martingale M;. Note
that

My — Mg =0  P-almost surely = (M), = (M), P-almost surely

Definition 34. Let M, ]\Z (Ft)-local martingales. We define by polarization
the predictable covariation as

(M, M), := 5 (M4 M), — (M — B),) = 5 (M + D) — (M), — (3T),)

N[ =

Note that (M, M), = (M);.

Proposition 18. (M, M)t is the unique continuous process of finite (total)
variation such that (M, M)y =0 and

M; M, = MyMg + N, + (M, M), (5.3)

where ]\Aft is a local martingale with J/\\ft =0.

Proof Since (M; + ]\Z) are local martingales with Doob-Meyer decomposi-
tions

(M + M;)? = (Mo + My)? + N\&) 4 (M + M),

we use the polarization identity
—~ 1 — —
MM, = 4{(Mt + My)? — (M, — Mt)Z}

to obtain the semimartingale decomposition 1) with N, = (Nt(H th(_))/él ]
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Exercise 21. Let (By, Et)tzo a pair of independent Brownian motion, and con-

sider the filtration Jy = o(Bs, ES 15 <t) VNPT completed by the sets of measure
zero. B
B; and By are square integrable martingales.

EP (Btét - Bs§s|fs)
= B,Ep(B, — B,||Fs) + BsEp (B, — B||Fs) + Ep((B: — Bs)(B; — B,)|Fs) =
B.Ep(B; — By) + B.Ep(B; — Bs) + Ep((By — Bs) Ep(B; — By) =0

therefore the product (Btgt) is a martingale and from the uniqueness of the
Doob-Meyer decomposition it follows that (B, B); = 0.

For o € [0,1], consider the process

W, = VaB; + /(1 - a)B;
It follows that (W) is a Brownian motion adapted to the filtration F;. We have
Ep(BW, — B,W,|F,)
= B, Ep (W, = Wil Fy) + WoEp (Wi = Wil|F) + Ep((B: - B) (Wi — Wy)| %)

=0+ VaEp((B: — B.)*|F.) + V(1 = a)Ep((B: — B.)(B: — B,)|F.)
=Va((B): — (B)s) = Va(t — s)

It follows that (B, W) = Ja(B); = /at

Theorem 20. Let M be a continuous martingale with |M(w)| < C < oo Vt > 0.
Then

oo

[M], = ‘iigOZ(MtAtk = Mipy,_,)?
k=1

where the limit exists in L?>(P) sense uniformly on compacts, with

A:(0§t0<t1 <tn...), |A| = Sup(ti—tifl)

[M]: is continuous and non-decreasing and satisfies:
]\It2 = Mg + [M]; + Ny
where Ny is a true martingale. In other words [M]; = (M);.

Proof From Revuz-Yor Continuous martingales and Brownian motion.
Without loss of generality we assume My = 0, otherwise consider M; =
(M; — My). Lets denote

TA(M) = Z(thk — Mg, ,)? (5.4)
k=1
It follows that (M? — T (M)) is a martingale since:

(M — M,)? = M? — M? + 2M,(M; — M,)
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and by the martingale property
E((M, = My)*|F,) = BE(M; — M| F,) (5.5)

and for s = s < 51 < -+ < s, = t, it equals

=S "B(ME - M2 |F) =Y E({M,, — M,,_,}’|F.) = B(TA (M) - TA(M)|F,)
c=1 k=1

In particular for fixed partitions A, A’
XPA = TP (M) - T (M)

is a martingale. We will show that X; = XtAA/ — 0in L?(P) as |A|,|A| — 0.

Denote AA’ = AU A’, the coarsest partition of RT containing both A and
A’. Note that for fixed A, A/, X; is bounded on compact intervals, since is the
sum of finitely many squared differences of the bounded process M.

Consider the process TtAA/(X ), which is defined as in replacing the mar-
tingale M; with the martingale X;. (We don’t need to write the explicit expres-
sion).

From we see that

(X7 - TP (X))

is also a martingale. Since (a — b)? < 2(a? + b?), we have

B(X?) = BT (X)) < 2Ep (TtM’ (T8 (M) + TS (7% <M>>)

We show that Ep <TtAA/ (TA(M))) — 0.

Let s € AA/, t; € A such that t; < s, < Skt1 < Cp41-

Toeo (M) = TG (M) = (M,

Sk+1 Sk+41
= (M - Msk)z + 2(M5k+1

Sk+1

- Mtz)2 - (Msk - Mtl)Q
- Msk)(MSk - Mtz) = (M

Sk+1

+ M, —2M;,)(M.

Sk+1

and assuming that ¢t = s, € AA’

|
—

n

’ 2
TEA (T (M) = ) (Ta,, (M) = T3 (M)
k=0
n—1
< Sup(MSkJrl + MSk - 2Mtk)2 Z(MSkJrl - Msk)2
k<n k=0
- ng(MsHl + MSk - 2Mtk)2TtAA/ (M)

By taking expectation and using Cauchy-Schwartz inequality

1/2

B (12 (0200)) < B (sup(Moy 4 M., 208,01 ) - Ep({T2 (1))

1/2

- M

Sk

)
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Since for P-almost all w M, (w) is a continuous martingale, it is uniformly con-
tinuous on the compact [0, ],

sup |Ms, ., + M, —2M;, | — 0
k<n
P-as. as |A|,|A’| — 0. Since |Mi(w)|] < C, convergence in LP(Q) follows as
well.
In order to complete the proof we show that

Ep({TA(M)}?)

remains bounded as |A| — 0.
Assuming that ¢t = t,, € A, denoting AM}, = (M, — M,, )

(20} = S+ 23S arnr
B ({1 0}) < B (1200 sup(a00)7) + 23 B (- 303007

k=1

where in the last term we have taken conditional expectation with respect to
Fi, and used the martingale property

Ep(MZ, — M2|Fy,) = Ep((My — My, )?|F,)

We get

ge ({2001 < B (1200 sup{ (Ab? + 208 - 31,

k<n

< Ep(TA(M))12C? = Ep(M?)12C* < 12C*

This shows that for each ¢ and every sequence of partitions A,, with |A,| —
0,

TA" (M) is a Cauchy sequence in L2(£2).

Since for fixed k,n (T (M) — T*(M)) is a martingale, by the Doob LP-
martingale inequality

Ep (Sup(TsA" (M) — T+ (M>)2> < 4Ep ((Tﬁ" (M) = T (M )>2>

s<t

which means that T2 (M) is a Cauchy sequence in L?(2) uniformly on each
compact [0, t].
Therefore there exists a limiting process [M]; such that

B (sup((a1), - 72 ()" ) 0

s<t

as |A,| — 0, which does not depend on the choice of the sequence (A,). In
particular there is a subsequence n(j) such that

sup |[M], — TSA”(”(M)| — 0  P-almost surely .
s<t
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It follows that [M], is non-decreasing since T2 (M) with A = A,; is non-
decreasing.

Since the approximating processes T2 (M) with A = An(j)f&éare continuous
and converging P-almost surely uniformly on compacts, by the Ascoli-Arzela
equicontinuity criterium it follows that the limiting process [M]; is almost surely
continuous.

Next we check the martingale property: for s <t, A € F;

B (42 = 210 ) = B ((T200) = T200)10) - Bp (1) - 11114

2
as A — 0, since TA (M) LN [M];. Therefore (M? — [M];) is a true martingale
and by the uniqueness of the Doob-Meyer decomposition [M]; = (M);. (This
does not hold for processes with jumps! ) O.

Remark 14.

. 2
[M]t = |£|§0 t%:A(MtMt - Mti,l/\t)

. 2
<M>t = |il|§0 E((Mti/\t - Mti_l/\t)
t; €A

‘Fti—l)

where the limit are taken in probability. These coincide when M is a continuous
square integrable martingale but are different when M; has jumps.

Corollary 15. Let M; be a continuous local martingale. Then the process

oo

. 2
[M]t = ‘il‘fgo (thsk - Mt/\tk,l)
k=1

exists as a limit in probability, it is non-decreasing and we have [M]; = (M) in
the Doob-Meyer decomposition

M} = Mg + [M]; + Ny
where Ny is a local martingale with Ny = 0.

By polarizarion we obtain also the quadratic covariation of two continuous
local martingales My and My,

oo

[M, M]t = ‘iigokzzzl(Mmtk - Mt/\tk,l) (]\Ajt/\tk - MAtk,l)

which coincides with the predictable covariation (M, M);.

Proof Without loss of generality we assume that My = 0. There is a local-
izing sequence T, 1 oo of stopping times such that and M;™ is a true martingale
with | M| < n.

Nt(") = (M3, —[M™];) is a true martingale which is constant on the
interval [7,, 00).



5.4. QUADRATIC AND PREDICTABLE VARIATION OF A CONTINUOUS LOCAL MARTINGALE 101

Since Nt(nH) = (MEATHJr1 — [M™+1];) is also a true martingale, by the
uniqueness of the Doob-Meyer decomposition it follows that

[MT™+1],1(1, > t) = [M™]:1(7 > t)

Define
[M]y(w) =D 1(rnoy <t < 7)[M7],

with 7,_1 = 0. Note that this sum for each w contains finitely many nonzero
terms.
It follows that (M2 —[M];) is a local martingale with localizing sequence 7,,.
Next we show convergence in probability of T>(M) to [M]; for fixed t:

P(Ive - 200 > <) =
P({Tn < t}ﬂ{HM]t — TA(M)| > a}) + P({Tn > t}ﬂ{“M]M —ThH, (M)| > 5}>

>¢)

where for n large enough the first term is is arbitrarily small since 1(7,, < t) — 0
P-a.s, and for such fixed n we let |[A] — 0 to make the second term small .

<P(r, <t) + P(HM”]t —TA(M™)

Lemma 26. Let (M;(w) : t € N) C L?(P) a square integrable F-martingale.
The following conditions are equivalent:

1. (My : t € N) is bounded in L*(P), that is

sup Ep(M?) < oo
teN

o0

S E((M; = My_1)?) < o0

t=1

3. there is a r.v. My, € L?(P) such that My = E(Myo|Ft) and My — My,

in L?>(P).
Proof. Note that for s <t € N, using telescoping sums, by the martingale
property
t 2 t
B((M; — M,)?) = E({ Z AMn} ) = Z E((AM,)?)

n=s+1 n=s+1

For s = 0, we see that (1) < (2).
When (1) holds, (M; : t € N) is an uniformly integrable martingale and

IMy (w) such that M; = E(My|F:) and My — My, P-almost surely and in
L'(P). We show that M; — M, also in L?(P).
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For t, N € N,
t+N 2 t+N
E((Myrn — My)?) = E({ > AMS} ) = Y B((AM,)?)
s=t s=t

where when we develop the square by the martingale property the cross terms
have zero expectation. For fixed ¢t as N — oo by Fatou lemma

E((Ms — My)?) < iE((AMs)Q) -0

as t — oo by the hypothesis (2).
We see also that

0< E((Moo — My)?) = E((Myyn — My)?) + E((Mign — Moo)?)

t+N o0
= > E((AM)?) + E((Miyn — Mx)?) — Y E((AM,)?) +0
s=t+1 s=t+1

The inequality (5.6)) is an equality, therefore (3) = (1) O

Remark 15. For continuous-time martingales (M; : t € RT), we apply the
result to the imbedded discrete time martingale (M, : t € N).

Proposition 19. Let (M, : t € R") a continuous martingale with E(M?) < oo
vt > 0.
Then (M7 — (M), : t € RT) is a true F-martingale, in particular

E(M}) = E(M§) + E((M),)
By polarization, if (M : t € RY) C L%(P) is another continuous martingale,
(MyM; — (M, M) : t € R") is a true F-martingale, in particular
E(M;My) = E(MoMy) + E((M, M),)

Proof Let 7o = 0 and 7,,(w) = inf{t : |My(w)| > n}, with 7,,(w) T o0 as
n 1 oo.

For fixed n, (Miar, : t > 0) is a bounded martingale, and

(M?,, — (M)ipr, : t €N) is a true martingale by theorem ).

For fixed ¢ consider the telescopic series

(oo}
My(w) = Mo+ > _(Mipr, — Minr,_,)
n=1

By Doob’s optional stopping theorem M;n,, = E(M|Firr,) € L?(P) and by
lemma, applied with respect to the discrete time filtration (Fiar, : n € N)

Mt/\‘l’n — Mt in L2(P)
which implies

BE(M}) = lim E(Mf,, )= lim E((M)inr,) = E(M))

n—oo n—oQ



5.4. QUADRATIC AND PREDICTABLE VARIATION OF A CONTINUOUS LOCAL MARTINGALE 103

where the last equality follows by monotone convergence. This gives integrabil-
ity we show the martingale property: for s <t, A € Fy,
Since M7, . — MZ in L*(P),

B((M} = M?)1a) = lim E((Mf,,, — MZ,,,)1a)
n—00 n "
= E(((M)tnr, = (M)sar,)1a) = E(((M)¢ — (M)s)1a)
where we use monotone convergence again O

Remark The L?(P)-isometry E((M; — My)?) = E((M);) is the key step
in the construction of the Ito integral.
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Chapter 6

Ito calculus

6.1 Ito-isometry and stochastic integral

Proposition 20. Let M? be the space of continuous martingales (M;(w) : t €
RT) which are bounded in L?(SY), with norm

| M |242:= Ep(M2) = Ep((M)s)
M?2 is complete and it is an Hilbert space with scalar product

(M, N) g2 = Ep(MooNoo) = Ep((M, N)o)
1/2
Br(supha?) <20 M e
>0

by Doob’s LP martingale inequality
Proof When

sup Ep(M?) < oo
>0
by lemma M;— M, P-almost surely and in L?(P).

We show that M?2 is complete.

If (M), is a Cauchy sequence in M? | then (Még))neN is a Cauchy
sequence in the complete space L?(Q), and there is M., € L*(2) such that
Ep (M) = M)?) — 0.

Define M;(w) := Ep(Myo|F;)(w), it follows that M(™ — M € M2, equiva-
lently

Ep <sup(Mt — Mt(n))Q) —0
>0

In particular there is a subsequence (n;) such that for P-almost all w

sup |Mt(nj)(w) — Mi(w)| — 0
>0

which implies that P-almost surely the path ¢ — M;(w) is continuous. OI.

105
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Definition 35. We say that the process Y (s,w) is a simple predictable with
respect to the filtration (Fy), if it is adapted and left-continuous taking finitely
many random values, that is

Yiw) = L py(s)miw), neN
=1

with 0 < a3 < by <ag <by < -- < by < ap < by < 00 and n;(w) is
Fa;-measurable.

Definition 36. Given the filtration F = (F;)ier, consider the measurable space
QxRT equipped with the predictable o-algebra P generated by the left continuous
F-adapted processes.

Ezxercise: the simple left-continuous F-adapted processes generate also P.

When (w,t) — Yi(w) is P-measurable, we say that the process Y is (Fy)-
predictable.

Lemma 27. Let (M;) € M? a continuous martingale, and Y; € S a bounded
simple predictable process with representation[6.1. We define the Ito integral as

t n
¥ M), = / VadM, = S i (Myni — Mo, ne)
0

i=1

ForY € S, themapY — fooo YsdM, is an isometry between L? (QXR‘*‘, P(dw)®
(M) (w, dt)) and M?, with

o[ v ) [

We have the property: for all (N;) € M?,

(Y - M),N), ;:/0 Yad(M,N)y =" 11 ((M, NYy, 0t = (M, N, ne)
i=1

Proof By taking conditional expectation and using the martingale property

Ep ({/ODO stMSF) _

ng <(771'2(Mbi - Mai)z) +2zn: > Ep <77¢77j(Mbi M) (My, — Maj)> _

i=11<j<n

n

i=11<j<n
n

> Ep ((n?(<M>bi - <M>af)) =Er (/0“ Y‘*2d<M>S)

=1

> Ep ((U?EP((Mbi - Mai)2|fai> +2) > Ep (Uiﬁj(Mbj — Mo, )Ep(My, — M,
=1

n)-
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where the cross terms have zero expectation. Similarly,

Ep<{/0t stMs}(Nt NO)) -

=1
n

> Ep ((mEp ((My,nt = Ma,ne)(No,ne — Nw)|fai) -

i=11<j<n

=1
2> > Ep (m(MbjM — Mo, At)Ep(Nypr — Nm|fai> =
i=11<j<n
n t
> 8o (0008 Ve = 01, N)on) ) = B [ Vi1, ).
=1 0

Theorem 21. (Kunita- Watanabe inequality) Let (N;), (M) € M? and (Ys), (Us)
jointly measurable processes. Then P-almost surely for t € [0, 4+00]

/ YU dI(M, V), < (f t Y£d<M>s>1/2 (/ t U§d<N>s>1/2

By Hélder inequality, we have also for p,g>1, p~ ' +¢ 1 =1

b </0t YO AL ) |S> =br <{/ot Y2d(M), }m) " b ({/Ot U§d<N>s}q/2> v

Note that we need joint measurability since we want that the maps t —
Y(t,w) t — U(t,w) are B(R")-measurable for all w € Q, in order to use the
Lebesque-Stieltjes integral.

The integral on the left hand side is a Lebesgue-Stieljes integral taken w-wise
with respect to the total variation of the process (M, N)y(w)

Proof Note that Vr € R (M; +rN;) € M? and
0<(M+7rN)y= (M) +r*(N); +2r(N, M),

The corresponding quadratic equation in the unknown r has at most one real
solution, and the inequality for the discriminant follows:

(N, M) — (M)(N); <0 <= [(N,M);]| < /(M)¢/(N);

The same inequality hold for increments.
By taking
d{M, N)
Y=Y, Ul,=|Us|l-—+
S | | s | S|d|<M,N>‘(S)
where the last term on the right hand side is the Radon-Nikodym derivative of
(M, N) with respect to its total variation, it is enough to show that

< < / t de<M>s)l/2 ( / t U3d<N>s)l/2

t
‘/ Y Usd(M,N)s
0

ZEP <77i(MbiAt — Mo, nt)(Nosnt — Nai/\t)) +2 Z Z Ep (ni(Mbi/\t - Mai/\t)(ij/\t - MajAt)) =
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n
Assume that there is a finite Borel-measurable partition of [0,¢] = |J B; and

random variables Y;(w), U;(w) such that

ZY w)lp,(s) Usw)=> Ui(w)ip,(s)

Denote

AV :/ dV
B;

where Vy = (M, N)g, (M)s, (N)s, has paths of finite total variation.

ZYUAMN)
=0

‘/YUd(MN
0

M:

<.

HM &

Uilv/A(M)i/A(N);
)" ()
- ( O Y3d<M>s)1/2 ( /0 U3d<N>s)1/2

where we used the Cauchy Schwartz inequality for sums. Since the sets B;
are Borel-measurable but not necessarily intervals the integrals are Lebesgue-
Stieltjes integrals.

The result follows for jointly measurable integrands by the monotone con-
vergence theorem for the Lebesgue-Stieltjes integrals splitting first the inte-
grands into positive and negative parts, and approximating from below by sim-
ple F ® B(R™)-measurable processes [J

Remark 16. The integrands Ys(w), Us(w) were not assumed to be F-adapted,
just jointly measurable.

Lemma 28. (martingale characterization) An (F:)-adapted process (My) is a
martingale if and only for all bounded (F;)-stopping times T, the random
variable M, (w) € L*(P) and

Ep(M,) = Ep(Mo)

Proof The necessity follows from Doob’s optional stopping theorem.
Sufficiency: let s < t and A € F;. Define the random time

T(w) :==s1a(w)+t14e(w)
Note that Vu > 0

Q t<u
{rw)<u}=< A s<u<t
D 0<s<u



6.1. ITO-ISOMETRY AND STOCHASTIC INTEGRAL 109

which is F,, measurable in all cases, therefore 7 is a bounded stopping time.

Ep(My) = Ep(M;) = Ep(1aM, + 1acM;) =
Ep(Mt) + EP(]-A(MS - Mt)) = EP((MO) - EP(]'A(Mt o Mq))
= Ep(1a(M; — M,)) =0

which gives the martingale property.

Definition 37. On a probability space (Q, F), a a stochastic process (Y (s,w) :
s € RY") is jointly measurable when

o Vs the map w — Y (s,w) is F-measurable
o Yw the map s — Y (s,w) is Borel measurable

We say that Y (s,w) is progressively measurable w.r.t. the filtration F = (Fy),
when Yt > 0 the restricion

Y 1 [0,4] x Q> RY

is B([0, t]) ® Fy-jointly measurable.

Theorem 22. (Ito integral, from the Revuz and Yor’s book) Let (M;) € M?
and Y (s,w) a progressively measurable process with

Ep (/OOO de<M>s) < 00

1. There exists an unique martingale in M? which will be denoted by
t
¥ M), = / Y.dM,
0
such that ¥V (N;) € M2,
Ep ((Y . M)OONOO> =FEp (/ Ysd{M, N>s> =FEp ((Y - M, N}Oo) (6.1)
0
2. (Y - M)y =0 and for all (N;) € M?

t
(Y - M):N, —/ Y d(M,N)s,
0

is a true martingale, in particular
t
<(Y - M>,N> — [ vy,
t 0
and for N = (Y - M)

(Y- M), = /Ot Y2d(M, M), Vt€[0,+ox]. (6.2)
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3. By uniqueness it follows that for simple predictable integrands this defini-
tion of Ito integral coincides with the Riemann sums definition given in

)
Proof: The map

Noo — @(N) := Ep (/Ooo Yid(M, N>s>

is linear since the predictable covaration is bilinear. It is also continuous in M?
norm: by Kunita-Watanabe and Cauchy-Schwartz inequalities

lp(N)| = ’Ep (/OOO Y,d(M, N>s> ‘ < Ep </Ooo de(M)s) 1/2Ep ((N)OO) v -

0o 1/2
Ep< Y3d<M>s) | fpee
0

Ep (/OOO Y3d<M>S> <00

by the Riesz representation theorem in the Hilbert space M? there exists an
unique continuous martingale {(Y - M);} € M? such that

Ee( [ Vi), ) = o) = (720 ) =
Ep <(Y : M)OONOO> — Ep <<Y M, N)oo)

Note: up to now we did not need predictability or progressive measurabil-
ity of (Y;), in Kunita Watanabe inequality just joint measurability was required.

The progressive measurability of Y, will be needed in to show that
t t
X = Nt/ YsdM; — / Yid(M,N),
0 0

is a martingale for all N € M? which means, by definition of predictable co-
variation,

<(Y~M),N>t:/0 Y, d(M, N),.

By taking N; = (Y - M); we obtain also (6.2)
t t t

v )= [ vy = [ v - an). = [ vzaos).
0 0 0

Let 7 be a (F;)-stopping time. By Cauchy Schwartz and Kunita Watanabe
inequalities X, € L'(P).
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The martingales (Y - M); and (IV¢) are uniformly integrable martingales
(since they are bounded in L?(2, F, P)), we write

Ep((Y - M),N,) = Ep (Ep((Y : M)oo|}'T)NT> = Ep ((Y : M)OONT) -

Ep ((Y . M)OON(;> =FEp (((Y - M), NT>OO> = by the defining property 1’

=Ep </OOO Y,d(M, NT>S) =Ep (/OT Y,d(M, NT>S)

and by the martingale characterization lemma
t
X =Y - M)N; —/ Y d(M,NT)
0

is a true martingale if it is F-adapted.
Note that when Y;(w) is progressively measurable, V¢

t
/ Y,d(M, N),
0

and X; are F;-measurable.
To show that (Y-M)o = 0, take a constant martingale N, = Ny € L?(€, Fo, P).
By Kunita-Watanabe inequality | (M, N),| < /(M );+/(N); = Osince [N, N], =
(N,N); =0.
Then

t

0=FEp (/ Y.d(M, N)S) =Fp ((Y . M)tNt> =Fp <(Y . M)tNo> =FEp ((Y . M)()N(])
0

which implies (Y - M)o = 0 since Ny € L?(£, Fy, P) is arbitrary.

By taking N; = M, we also obtain
t
(ML 20) = [ Ydr, o),
0
and by taking Ny = (Y - M)y,

(0.2 = [ Vadn a0y, = [ vzaou ),

Remark 17. This proofis a bit abstract since we used Riesz representation theo-
rem. A more standard proof for predictable integrands consists in approrimating
the integrand Ys by a sequence (Ys(n)) of simple predictable (left-continuous and
adapted) integrands in the space L*(Q x RT, P, P(dw)(M)(dt,w)) obtaining by
Ito isometry a Cauchy sequence of Ito integrals in M?2.

A constructive extension of this line of proof to progressively measurable
integrands for which the Lebesque-Stieltjes integral fot Y.d(M) is not necessarily
well defined as a Riemann-Stieltjes integral, is a bit technical, since one needs
an intermediate approximation step in order to work with Riemann sums (see
for example the details in Karatzas and Schreve).
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Remark 18. The Ito map (Y, M) — (Y - M) € My is bilinear.

Lemma 29. Under the assumption of Theorem (@, If T is a stopping time, the
stochastic integral with respect to the stopped martingale M] = Min+ satisfies

t t
(Y-MT), :/ Yo dM] :/ Y,1(r > s)dM, =
0 0
tAT

(Y - M) = (Y - M)p, = Y, dM,
0

Proof. For N € My, since (M, N7)y = (M, N)inr

E</0°° Y d{M, NT>S) = E((/OOO Y, 1(r > s)d(M, N>s>

implies by the uniqueness of the Riesz representation that

/ YSdMST:/ Y51(7>s)dM5=/ Y, dM,
0 0 0

Proposition 21. (Eztension by localization)
Let (M) a continuous local martingale and (Yy(w)) a progressively measur-
able process such that ¥t > 0

P(/Otde<M>s < oo> =1

Then there is a local martingale which we denote by (Y - M), = fot Y. dM,
such that (Y - M)o =0 and

(Y- M), Ny, = /0 S yad(, N, (6.3)

for every continuous local martingale N .

Proof Let (7)) a localizing sequence for M;. Define the sequence of stopping
times

t
T/ = inf{t >0: / Y2(M), > n}, neN
0
and 7, = (7}, A 1)/). We see that 7,(w) T oo P a.s.
With this localization, for each n Y; and the stopped process M;[™ satisfy
the assumptions of Theorem and the Ito integral (Y - M) € M, exists.
Note that V0 < k < n by lemma

t t
/ Y1(m > s)dM]* :/ Ys1(m > s)dM]"
0 0

as elements of M.
The sets Q = {w : Tp—1(w) <t < 7, (w)} form a measurable partition of €.



6.1. ITO-ISOMETRY AND STOCHASTIC INTEGRAL 113

Define

t o0 t t t
/ stMs_Z</ YodM[™ —/ stM[<“>> = lim [ Y.dM
0 o 0 0 n— 00

0

where for fixed ¢, P almost surely 7,(w) 1 0o, and the telescopic sum contains
only finitely many non-zero terms,

We see that P a.s. the trajectory ¢ — fg Y,dM, is continuous, and fot Y, dM,
is a local martingale with localizing sequence (7;,) OJ

Lemma 30. (Dominated stochastic convergence) Let (M) a continuous local

martingale (E("))neN a sequence of locally bounded progressively measurable in-
tegrands such that for all s,

Y™ (w)| = 0 P-almost surely

and there is a locally bounded process Xs(w) such that P-almost surely, |Ys(n) (w)] <
Xs(w), Vs,n. Then for allt >0

t
sup / YS(")dMs
0

s<t

— 0 in probability as n — oo

Let 7(w) be a stopping time such that both stopped processes MT and X7
are bounded. Then by the bounded convergence theorem

Ep (/ (Y'S(”))Qd<M5>> —0asn— o0
0
which implies
/ YS(”)dMS — 0 in L?(Q,F, P) and in probability as n — oo
0

To complete the argument we for any fixed ¢ choose the localizing stopping time
such that P(7 < t) < & and conclude as in corollary (7).

Definition 38. We say that X; = Xo + M; + A; is a semimartingale when
My = Ap =0, My is a continuous local martingale and A, is (Fy)-adapted with
locally finite variation.

(X3:) is continuous if and only if Ay is continuous.

For Y; progressive such that V0 < t < oo

t t
/ Y2d(M)s < oo and / |Y5||dAls < oo P-almost surely
0 0

where the integral on the right side is with respect to the total variation of A,

we define
t t
/YSdXS:/ }/'SdMs+/ YsdA,
0 0

We also have [X,X] = [M,M] = (M) = (X)
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6.2 Ito formula for semimartingales

Proposition 22. Let X;, Y; continuous semimartingales. Then we have the
integration by parts formula

t t
XYy = XoYo + | XdYs +/ YidX, + [X, Y],
0 0
Proof: By polarization it is enough to show
t
X2 - X2 - [X,X]; = 2/ X,dX,
0
Since the formula is true when X has finite variation, it is enough to show
t
M? — MG — [M, M), = 2/ MydM;
0

when M is a local martingale.
By taking telescopic sum for a grid 0 = ty < t; < --- <, by the discrete
integration by parts formula

Z(Mti/\t - Mtifl/\t)Q = Mtz - M(? - 22 Mti (Mti/\t - Mtifl/\t>

%

As A = sup(t; — ti—1) — 0 the left side and right hand sides converges in
probability uniformly on finite intervals respectively to [M, M]; and

t
MffMng/ MM, 0O
0

Theorem 23. (Tto formula) When X;(w) € R? is a continuous semimartingale
and f € C*(R%,R)

(X)) = f(Xo) +Z/ af X )dX® + - Z/ o % (XD X0y,

Proof When the result holds for the function f(z1,...,x4), by the integra-
tion by parts formula is holds also for the function g(z1,...,2q4) = z; f(z1,...,Zq).
It follows that Ito formula holds when f(x) is a polynomial. By stopping it is
enough to consider the case when |X;(w)| < C' < oo P a.s. Since continuous
functions are approximated uniformly on compacts by polynomials, we find a
polynomial f,(z) such that

1 fn— 1) ‘ 1 *(fn— 1) ’ 1
sup n— z)| < —, sup z)| < —, sup T)| < —
|m‘gcl(f )| <~ A s (@) =~ S | omar, (@) =~
This implies P-almost sure convergence
L ) %G 'S

(X )d(X(’) X(J)>s SN

n X X ) )
fn(Xe) — (Xe) o 0707 o 0;07;
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uniformly on finite intervals, and by the dominated stochastic convergence
lemma [30]

t t
ﬁ(Xs)dXs(i) P, / ﬁ(Xs)dXs(i)
in probability, uniformly on finite intervals.

Theorem 24. (Lévy characterization of Brownian motion) Let M;(w) € R?
a continuous F-adapted process, with My = 0. The following conditions are
equivalent

1. My is a d-dimensional F-Brownian motion: it has P a.s. continuous paths,
Vs <t the increment (My; — M) is P-independent from Fs, and Gaussian

with E(M® — M®y = 0, E(M® — M& Y™ — MYy = (¢ = 8)6p -

2. Mt(k) and (Mt(k)Mt(h) — tnr) are continuous F-local martingales, h,k =
1,...,d.

Proof we know already that 1) = 2), and these local martingales are
square integrable martingales (all moments of the Gaussian distribution are
finite).

Assuming (2), we show that the increments are Gaussian independent from
the past. The idea is to study the conditional distribution by usign the charac-
teristic function.

Apply Ito formula to

f(My(w),t) = exp (i@ - M (w) + ;|0|2t> eC

(which means to apply separately Ito formula to real and imaginary parts),
obtaining

f(My,t) = (M, s) =

d t .9 2t
) 4
M (k) , ¥ (k) (h) ‘7/ M _
zkg_lek/ F(My,r)dMY + 5 gh 010n f (M., r)d(M"™ M), + A f(M,.,r)dr =

S

d t
=30 [
k=1

S

where the finite variation parts cancels since (1\4(’“)7 M(h))r = 7rdp.-
Therefore f(M;,t) is a local martingale. It is a true square integrable mar-
tingale since for all ¢

1
£ (M, 1)] < exp(5[6]*t)
Let s <t and A € F,. By the martingale property V6 € R?,
B( (700 SO )14) =0

= E(exp(i9 (M — Ms))lA) = E<E <exp(i9 (M — My)) ‘]—") 1A) = exp (;92@ — s))P(A)
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which implies

E(exp(z’9~ (M — M) -7:S> = exp (—;|9|2s) ( deterministic )

Since the characteristic function characterizes the distribution, (M; — M;) is
independent from F, and Gaussian, with zero mean and covariance (¢ — s)Id O

6.3 Ito representation theorem

Let By = (Bgl), e Bt(d)) a d-dimensional Brownian motion.

Theorem 25. Let Y € L2(Q,FE,P), T € (0,+00] a real valued random vari-
able. Then there is a progressive process H(w) € RY with

T
Ep(/ Hfds) <00
0

T d .1
Y(w) = Ep(Y) +/ H,dB, = Ep(Y) + Z/ HOdBY
0 i=170

H,(w) is unique P(dw) X ds almost surely.

Proof Uniqueness: if H, has the same property, then by Ito isometry

/Q</OT(H3(W) - ﬁs(W))2d3> P(dw) =0

Existence:

T
H= {/ H,dB, : H is progressive and in L*(Q x [0,T],dP x dt)}
0

is a closed subspace of L?(Q, FZ, P), which follows since the space of progressive
integrands in L2(2 x [0,7T],dP x dt) is complete.

We show that it is total, in the sense that if Y € L?(Q, FZ, P) such that
Ep YfOT Hsst) = 0 for all progressive H € L%(Q x [0,T],dP x dt), then
Y(w) = Ep(Y).

The random variable (Y (w) — Ep(Y')) coincides with its orthogonal projec-
tion on the closed subspace H, and the results follows.

Without loss of generality assume that Ep(Y) = 0, otherwise take Y (w) =

(Y(w) — Ep(Y)). For f(x) € L?([0,T],dt) with values in R?, consider the
complex valued square integrable martingale

M) —exp<i/0tf(s)st+;/Ot|f(s)|2d5), i=v—1
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By Ito formula
T
MY 1= z/ MY f(s)dB,
0

Since the real and imaginary parts of the right hand side are stochastic integrals
in H,

0=Ep (Y(M}f) - 1)> = Ep (YM}”) — Ep(Y) = Ep <YM;f>>

When f(s) => 1, O 10,4, (s) for O € R? t, €[0,T), k=1,...n,n € N it
follows that

n

1 n
0= Ep(Yexp(iZQk-Btk + 5 Z 010y (tn /\tk))>

=1 hok=1
) n 1 n
=FEp (Y exp (Z Zﬁk . Bm)) exp<2 Z 01,0y, (th AN tk;)>
P hok=1
— Ep(Yexp<iZGk : Btk>) =0
k=1

By the Lévy inversion theorem, which holds not on only for probability measures
but also for finite signed measures, the characteristic function characterizes the
measure.

Since the characteristic function is identically zero, VA, € B(R?),k=1,...,n,

,utl,...tn(Al X oo X An) = Ep <Y1(Bt1 S Al,. .. ,Btn S An)> = O .

Since the cylinders generate the o-algebra .FTB , by Dynkin extension theorem
Ep(Y1p)=0 VYFeFE

By assumption Y € F£ measurable, by taking F'* = {w : +Y (w) > 0}, we see
that YV (w) =0 P-a.s. O

Corollary 16. Let (M;) a martingale in the Brownian filtration bounded in L2,
i.e. Ep(M2%) < co. Then

t
M, = Ep(Ma| FP)(w) = My + / H.dB,
0

where the integrand H € L?(QxRT, dP xdt) is progressive and unique P(dw)xdt
almost surely. Note that since F¥ is P-trivial, My = Ep(My) = Ep(M,;) =
Ep(My).

6.3.1 Computation of martingale representation

Let F(w) = f(Br(w)) for some f(z) € L*(R,y(x)dz).
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E(f(Br)|Ft) = E(f(B: + (Br — By))| Fe)
= E(f(a; +GVT — t))

=B (w)

- / F(Bu(w) + T — Dy (y)dy =

[ 10 (S Y =

where G(w) ~ N(0,1) is a standard Gaussian random variable with

P(G € dy) = v(y)dy = (2m) "/ exp(—y*/2)dy

Next we apply Ito formula and integration by parts to

1 (Bt—u)_P(BTEdU;Bt)
Tt \VT -1/ du

g(BtauataT) =
We do the calculation in steps:

V() = ~y1(), () =AW~ 1), ST 07 = (T )

and for a continuous semimartingale Y;
1
(30) = 2(1) (~¥id¥i + 32 = Dy, )

Now for Y; = % we have using integration by parts

1 1 (B —u) 1
Y, = ——dB _— Y) =
AYi = Byt oty d(Y )= Gyt
Therefore
- (Bt—u) 1(Bt—u)2 1 (Bt—u)2 1
dﬂyt)_ﬂy%)( 7= Py g s o Y 7

Bt*’u 1
v (Btap, + )

Integrating by parts:

1 1 By —u 1 1

d ——7V}) | = —v(Y))[ ————dB; — dt + dt

(T—ﬂ( ”) \/Tfﬂ( ”( T—t ' 2AT—t) 2T —t) )
1 Bt—u U—Bt

— dB
T—tv( T—t)(T—t) ‘

Therefore we have simply

t 7Bg
'g(Bt’u7t’T) = g(O,u,O,T) +/ 9(337U757T)(1;—’ Sk >dB€
0 _
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and the stochastic exponential representation

“(u—B
9(B,u,t,T) = g(O,mO,T)E(/ (u s)dBS>
o \T —s ‘
tu— B, 1 ["/u—B,\>
- T B, — - :
9(0,1,0, )eXp</O<T_s>d . 2/0(T_8) ds)

Integrating with respect to du we get

Ep(f(Br)|F:) =

/f Bt,utTdU—/f Ou0T)du+/(/tf(u)<uT_BS)g(Bs,u,s,T)dBS>du
R \Jo -8

=@+ [ ([ (42 )atss 1),

= Ep(f(Br)) + /Ot EP(f(BT()ZﬁB_Ts) Zell7) dBs

where we used a stochastic Fubini theorem (to be explained in the next para-
graph) in order to invert the order of integration w.r.t. between du and dBs.
Note that since by assumption f(Br) € L?(£2), the term

Ep(f(Br)(Br — BJ)|Fs) _ Cov(f(Br), Br|F:)
T—s Var(Br|Fs)
— EP((f(BT) B f(Bs))(BT - Bs)|fs)
T—s

is the conditional correlation between f(Br) and Br given F;.
Note also that we proved in between that g(x, u, s, T') satisfies the heat equa-
tion

1 92

0
g(xusT)Jrfa 59

s (z,u,8,T)=0

with boundary condition g(z,u,T,T) = dp(x — u) the Dirac delta function in
the sense of Schwartz distributions.

Up to now we just assumed that f € L?(R,dy). When f(z) = f(0) +
fo u)du is absolutely continuous with respect to Lebesgue measure we can
use the Gausszan integration by parts formula

E(f(B:)B:) = tEp(f'(Bt))

which holds when B; ~ N(0,t) Gaussian.
In this case we write Ito’s representation also as

Ep(f(Br)|F) = Ep(f(Br)) + /0 Ep(f(Br)|F.)dB

Example Let F(w f(fo >7 where h(s) € L2([0,T],ds) is de-

terministic and Ep (f(]| 2 |2 G)?) < oo, for G(w) standard Gaussian r.v.
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Then we have the representation

- Ep (f (fOT h(s)st> [ h(s)dB ]-"s>
Pw) = Bp(f(1 12 6)+ [ T h(t)dB,

t

Hint: define the deterministic time change

7(u) = inf{t : /Ot h(s)?ds > u}

Then by Lévy characterization theorem B, := fOT(u) h(s)dBs is a Brownian
motion and FZ = ff
Letting T = fo 2ds

In Malliavin calculus these ideas are extended to more general setting where
there is not need to use the Markov property.

Theorem 26. Stochastic Fubini theorem.

Let (0, A, «(df)) be a measurable space, where a(df) is a finite measure,
and H(s,w,8) a jointly measurable process, such that the map 6 — H(s,w, ) is
A-measurable for each (s,w) and the map (s,w) — H(s,w,0) is (F;)-progressive
for each 6 € ©.

Assuming that for all t, P-almost surely

/[ | H(s,w,0)*(a® (M))(d x dt) < oo
0,4] %

which by the classical Fubini theorem does not depend on the order of integration.
Then

/Ot(/@H(S,W,H)a(dG))dMS/@(/OtH(S,W,G)dMS>a(d9)

is a local martingale which does not depend on the order of integration.

Proof Without loss of generality assume that «(df) is a probability measure.
By the definition of joint measurability is a sequence of simple integrands of the
form

H™ (s5,w,0) = ZH )1(0 € A™)

where (Agn), e A%n)) is a measurable partition of © and Hi(n)(s, w) are progres-
sive processes, such that

/[0 T]X@{H(n)(&u@@) — Hy(s,w, 9)}2d<M>st(d9) =0

in probability.
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By the linearity of Ito integral the stochastic Fubini theorem holds for the
simple integrands H(™. Note also that by Jensen inequality

[ ([ - o)) “an).

< / (H"(s,w,0) — H(s,w, 0))2a(d9) ®d(M)s o
[07]x©

This implies

([ nen o
[ G (v

/@</T(H(n)(w,s,9)—H(w,s,H))2d<M>s>a(d9) o

0

and since

It follows that

/@(/OT(HW(S,G)CZB) (d6) —>/ (/ (s,0) dB) (dh)

Proposition 23. Gaussian integmtion by parts formula. If G(w) ~ N(0,1) is

centered Gaussian and f(x) ) + fo y)dy is absolutely continuous such
that both (f'(G) — f(G)G) (md f( ) are in Ll(P). Then

Ep(f(G)G) = Ep(f'(G))

Proof We recall that the standard Gaussian density v(z), satisfies /() =
—z7y(x) Integrating by parts, for all a <b e R

b
F@)v(b) — f(a)y(a) =/ (f'(y) = FW)y)v(y)dy

If f(x) is compactly supported, the left-hand side equals zero for |a| and |b| large.
As a — —oo and b — +oo the left hand side converges to Ep(f'(G) — f(G)G).

More in general we approximate f(z) with a sequence of compactly sup-
ported functions. Let k,(z) = (1 —|z|/n)*T. We have 0 < k,(z) <1, %kn(x) =
—n"tsign(z)bf1(|z| < n), and 'r}ggo kn(z) =z, Vo € R.

Let f(z) = f(x)k,(x).
0= E(f,(G) — fu(G)G) = E((f'(G) — F(G)G)kn(G)) + E(f(G)ky,(G))

where we used the chain rule of differentiation. Since |(f/'(G) — F(G)G)k,(G)| <
(f(G) — F(G)G) € L'(P), by Lebesgue’ dominated convergence theorem

E((f(G) = F(G)G)kn(G)) = E(f'(G) = F(G)G)
and E(|f(G)k,(G)]) <n ' E(If(G)]) =0
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Example the maximum process
Let B; be a standard Brownian motion starting from zero, Ff = o(B; : 0 <
s < t). Define

Bf = sup {B.},

0<s<t
H, =inf{t>0:B; >a}
respectively the running maximum and the first hitting time of level a > 0

Proposition 24. For a > 0, by the reflection principle
P(H, < () = P(B} >a) = 2P(B; > a) = 2(1 — ®(a/V?))

where ®(z) = P(B; < z).
By differentiating with respect to £ we obtain the probability density of the
hitting time H,
P(H, € d¢)
dr

2
(2m)~Y/2 exp(—gg)a 732100 > 0), a>0

=pu,(l) =

Moreover
1 a+ |z —al
P(BZa,By € dz) = — ()d:z: 6.4
( V4 4 ) \/?y \/Z ( )
Proof We define a Brownian motion reflected after H,
E _ Bt ’ t S Ha
7\ 2a—-B; t>H,

with representation

By = /Ot<1(s < H,)—1(s > Ha)>dBS

where the integrand is bounded anb adapted since H, is a (F?)-stopping time
Since

2

(B) = /Ot (1(5 < Ha) —1(s > Ha)> ds =t

by Lévy characterization it follows that Et is a Brownian motion.
By drawing a figure we see that
{B; > a} = {By>a} U{B, > a}
where {B; > a} N {B; > a} =0
P(B; >a) = P({B; > a} U{B, > a})
2P(B¢ > a) = 2(1 — ®(a/Vl)) = 28(—a/V7)
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where ®(x) is the cumulative distribution function of a standard Gaussian r.v.

By the same argument
P(B; > a,B; € dz) = P(B} > a,By € dz) = P(B} > a,2a — By € dx)
now there are two case either x > a or x < a. When z >«

P(B}k >a,By € dCB) P(Be S dl‘)

T (z) = (@)
otherwise 2a — x > a. and
P(B} > a,B, € dx) P(By € dx)
= 2 —
I (z) o (2a—1)

In both cases this gives formula (6.4)).

6.4 Barrier option in Black and Scholes model

Consider the Black and Scholes model for a risky asset and a riskless bond.

t t 2
S; = Sy exp (/ o.dB, —|—/ (,ut — U;)dt>7
0 0

t
U, = Uyexp </ psds)
0

So > 0, Uy >0
dSt = St(utdt + O'tdBt), dUt = Utptdt

here y;, 04, Uy are adapted to the Brownian filtration F2.
Denote the discounted process

~ St ~ t ¢ O'?
Sy = — = Spexp osdBg + (,ut —pr — —)dt
Uy 0 0 2

satisfying
dgt = §t (O’tdBt + (,Ltt - pt)dt)

Denote

t _ t . .
By = Bt—i—/ Mds:/ (S.0s)1dS,
0 0

Os

We want to represent the discounted value of the option F/(w) := F(w)(S7(w))™*
as a stochastic integral with respect to the discounted stock §t7 which is also a
stochastic integral with respect B;. However B; is not Brownian motion under
the measure P since it has a drift.

In order to use the Ito representation theorem we must first change the
measure in order to kill the drift of B;, which becomes a Brownian motion

under the new measure Q.
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Ep(f(Br)1(Bj > a)) = /Rf(x)\/lTV(W)dx

Ep(f(Br)W(Bp > a)|Ft) = Ep(f(Br)L(Br > a)|By, By)

—1(B; > )Ep(flx+ VT —1G))|  +1(B} < a)Bp(f(a+ Wr_)L(Wi_, > (a— 1))

r=DB¢ r=B;¢
) B, . 1 a— B+ |z —q]
1(B; >a /f (W>dx+l(Bt Sa)/Rf(x) Tt'y( T >dx

By using Ito formula and stochastic Fubini theorem

Ep(f(Br)1(By > a)|Ft) =
Ep(f(Br)1(Br > a))

¢ . r— By . x— B
+/O 1(B: >a</f \/T—s <\/T—3)Tsdw)dBS

Lo, a—Bs+|r—a|l .a— Bs+ |z —a )
—1—/0 1(BS<G)</]RJC($)\/T757< s ) T—s dx | dB,

T)(BT - Be) |f€)

— Ep(f(Br)L(BS > a)) + /0 1(B: > o) 22U T3 4Bs
t  Ep(f(Br)(a— Bs+|Br—al)|F.)
+/0 1(B; <a) T—s 4B

We also write the joint law of B}, B;:
P<Bt* >y, By §x) P(Hy <t,(B;— Bg,) < (a:y))
2
_ 1/2 ( —Yy ) exp<—>y€ 3/2 qp —
/ | (””‘ o ()
vi\vi

and the joint density is given by

>Hed€

P(Bf € dy, B; € dx) 0?

= - P| B B, <
dmdy Oxdy < ¢ =Y t_x>

- () () i (-

By differentiating w.r.t. a we obtain the density of B;:

P(Bj € da)
da

ﬂ%exp< ZZ) (a>0)= \2%\2)1(@0)

= pp;(a) =
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We now compute the regular conditional density given the o-algebra Ff,
t>0.

For any bounded measurable function g

EP(g(HaH]:tB) = g(Ho)1(Ho < t) + Ep(g(Ho)|Be, Ho > t)1(H, > t) =
Q(Ha)l(Ha < t) + EP(g(t + Hafx))

1(H, >t)

r=DB

where have derived the Markov property of Brownian motion, and there is a

regular version of the conditional probability which up to the stopping time H,
has density

M) = P(H, € di‘lgBhHa >t) _ (2m)-1/? exp(_ (23(2—_63 ) ((ea__tﬁt/l 106> 1)

Note that since the process

Eelo(Ho) Finn) = | Mt A H)g()de

is a martingale for every bounded measurable g, M (¢,t A H,) is a martingale

for all values ¢ > 0. We use Ito formula to find the martingale representation
with respect to the Brownian motion:

dM(¢,t) = (2m)~ Y2 M (¢, t){(Bt —a) " dB; + 2(5 — 1)~ tdt — (Zt__t‘)l) dB; — 2(51— 7 dt
(Bt — (1)2 1 (Bt — a)2 (Bt — a)
o=ty 4 (E—t)(Bt—a)dt}

MY, t){ (Btl_ o+ (ag__B;t) }dBt = M(L,t)F(L —t,a — B,)dB,

We have the stochastic exponential representation

M6t A Hy) = M(6,0)€ </0{ (le_ i (a[_is) }st)MHa

2 —a) l—s

Note that the process (B, B;) is Markovian:

Ep(f(B})IF,) = 1(¢ < $)f(B) + 1(¢ > ) Ep (f (max{z,y + W;_ VT~ 5}))

r=B},y=B;
SB[ (B ), B +0)En = s

_ 1< ) f(B]) +1( > g{f@;)(z@(%) 1)+ : f(v)%v(%)dv}
Assume absolute continuity f(z) = f(0) + [ f'(y)dy.




126 CHAPTER 6. ITO CALCULUS

For s < ¢ we use integration by parts obtaining

Ep(f/(Bi)1(B} > BY)|F.) = /B () \/62_787<1\)/€_7B;>dv _

100 (P )+ e i () ()

2 B! — B; (B — By) )
—f(B: £ + F B})~——=21(B} > B)|Fs
18— (B2 )+ e (10 =P a > )
Therefore Ito representation gives

1 *
petrsi) + [ {10 P > B)

P(W/_, € dv|W, = By)
dv

= Ep(f(B})) +/O Ep(f'(B;)1(B; > B;)|Fs)dB

9

—f(B;)

(8 - B.) s,

where (W) is an independent Brownian motion. The last expression holds only
when f(x) is absolutely continuous.

Suppose now we want to compute the representation of f(Br(w), Bi(w)) €
L?(P) We need to compute the joint conditional laws P(Br € dz, Bi € dy|F;) =
P(Br € dz, By € dy|By, BY).

6.5 Stochastic differential equation

Given a Brownian motion (B;) we look for a stochatic process (X; : ¢ € [s,T])
such that

t t
Xi=n +/ b(u, X, )du —|—/ o(u,Xy,)dB, 0<s<t (6.5)

with n(w) FZ-measurable. Of such process exists and it is adapted to the (F7)
we say that it is a strong solution of the stochastic differential equation
In differential notation we write

dXt = b(t, Xt)dt + O'(t7 Xt)dBt7 t Z S (66)

with initial condition X;(w) = n(w).

6.5.1 Generator of a diffusion

Lemma 31. Assume that the SDE[6.6 has a strong solution and that ¢(t,z) €
CH3(R* x R™;R). Then

dp(t, X 10 dp(t, X
do(t, X;) = L(ax ) ix, +5 8( Xe) <X>t+7<p(at ) g
Op(t, Xt) Ip(t, Xe) 10%p(t, X1) 2, Op(t, Xy)
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Define the space-time generator operator

dp(t,z) 1 2 0%0(t,x) | p(t,x)
or 2’ T Ty

(Lt(ﬁ)(t,%) - b(tax)
It follows that

Mi(e)i= plt, X0~ 9(0.X0) = [ (Lo Xds = [ 20T (s, x)a,

is a continuous local martingale with My(p) = 0, such that for any local mar-
tingale (N)

o) ¥y = [ P o x, )i, ).

In particular for another (t,x) € C*1

(o) b)) = [ PEETIE Do x, 2as

Exercise 22. Using the definition show that

(M(g), M), = / (La(ot) — oLatp — $Lup)(s, X, )ds

Hint: By polarization it is enough to consider the case ¥(t,x) = p(t,x) For
simplicity you can consider the time-homogeneous case with o(t,x) = o(x)

b(t,z) = b(x) and p(t,x) = p(x).

Note that by construction for H(s,w) progressively measurable the Ito inte-
gral X, = (H - B); = fg H,dBy is the continuous local martingale (unique up
to indistinguishability) such that

<(H'B)>M>t = /OtHsd<B7M>s

for any local martingale (M;). This implies that for another progressively mea-
surable K (s,w)

¢ ¢
Y, = (K- X); = / KydX, = / K,H,dB, = (KH) - B),
0 0
since for any local martingale (M)
¢
(Y, M), :/ K d(X,M), =
0
¢
/ K Hyd(B,M) = ((KH)- B), M),
0

since this associative property holds for Lebesgue Stieltjes integrals.
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6.5.2 Stratonovich integral

Let M; be a continuous local martingale and X; a semimartingale. We define
the Stratonovich integral as

t t
1
/ X, 0dM, = / XodM, + 5 [X, M),
0 0

The idea is that the Ito integral corresponds with the forward integral which
is the limit in probability of the approximating Riemann sums

t
Xd M, =(P) 1l Xy, (M, — M.
/0 ( )A(IIIY)ILO t;j tL( tir1 At tl/\t)

This corresponds adapted piecewise constant approximating integrands
X, =X;, when s e (t;,ti41]
The choice

XI=X,,, whense (ttit]

does not give necessarily an adapted integrand. Nevertheless it is clear that
since

Xti+1 (Mti+1At - Mti/\t) = Xti (Mti+1/\t - Mti/\t) + (Xt - Xti)(Mti+1/\t - Mti/\t) =

i+1

necessarily the backward integral

t t
X dTM, = (P) i Xi (M ng— Mipg) = | Xod M, +[X, M
/O ( )A(rlll)got;j tivs (Meyat tint) /O + Je

is also well defined.
The Stratonovich integral is approximated by picking the middle point

X;) = X(ti+ti+1)/2 when s € (ti,ti+1]

We have
Z Xtittisn)2(Megoae — Miae) =
t; €Il
Z Xy (M, yne — Miat) + Z (Xtirtionyz = Xe) (Mt vty /208 — Miat)
t; €Il t; eIl
+ Z (Xtirtipn)sz — Xe) (Megone — Mg, 10040)/2n0)
foell

t
1
LS / Xod™ M+ 5[M, X, +0
0

as A(Il) - 0
Therefore

t 1 t t
/ Xso0 dMs =5 (/ XsdiMs +/ Xsd+M9)
0 2 0 0
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the Stratonovich integral is the average of forward integral and a backward
integral.

Note the Stratonovich integral obeys the law of standard calculus. Assuming
for simplicity that f € C3, By Ito formula,

FOML) = f(Mo) + /f DA™ M, + 3 f (M)A, = F(Mo) + /f )odM,

anane={ [ o) - [ M)A, M),

6.5.3 Doss-Sussman explicit solution of a SDE

since

In the one-dimenstional case, sometimes we are able to proceed as follows:
Consider the SDE in Stratonovich sense

dXt = b(Xt)dt + O'(Xt) o th

— B(X2)dt + o (X)dW; + %dw(){), B} = (b(X,) + %a'(Xt)a(Xt)) +o(X,)dW,

where in the first line the stochastic integral is in Stratonovich sense and on the

second line in Ito sense. Here o/(z) = Lo ()

We look for a solution of the form X; = u(Wy,Y;) for some smooth function
u(x,y) and a continous process of finite variation Y;.
Taking Stratonovich differential we get

0 0
dXy = %U(Wuy}) o dW; + Fyu(Wt’ Yi)dYs

which means that

2 () = ofu(a,y)
-1
dy; = <§yu(Wt,m)> b(u(Ws, Yy))dt

We get also

02 0?

ozt = o e o (ue ), 5oouley) = o'(ule. ) 5 uloy),

We impose the additional condition u(0,y) = y, from which follows

0
_— = 1
ayU(O,y) ,

Pate) =1+ [ Soutene =1+ [ Tut i)' ule, )i =

~ exp ( /0 "o (ule. y))d£>
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Substituting

t Ws
Y, = v+ / exp (—/ a’(u(g,ys))dg>b(u(ws, Y.))ds
0 0
By solving these ODE we obtain the solution X; = u(W;,Y}).

Example Consider the SDE
1
dX; = cos(X;)dt + X; o dWy = (cos(X¢) + §Xt)dt + X dW,

written respectively with Stratonovich and Ito differentials
the ODE

0
%u(:m y) = u(x, y)7 U(O, y) =Y
has solution
u(r,y) = yexp(z)
and

t
Yi =Y, +/ exp(—Ws) cos(Ys exp(Ws))ds
0

The solution is X; = Y; exp(W;). In fact by using integration by parts,

odX; = exp(W;)dY; 4 Y; o dexp(Wy)
exp(W;) exp(—W5) cos(Y; exp(Wy))dt + Vi exp(Wy) o dWy = cos(Xy)dt + X o dW;

6.6 Cameron-Martin-Girsanov theorem

6.6.1 Discrete time heuristics

Let (ABy,...,ABy,) iid. Gaussian random variable with Ep(AB;) = 0,
Ep(AB?) = At, let F,, =c(AB; :i=1...,n).

Consider another measure @ on (€2, F,,) such that under @) the AB; are i.i.d.
with mean Ep(AB;) = H;At and variance Ep(AB?) = At.

On (9, F,,) the likelihood ratio factorizes as

n o 2 2
Q| F. T ex (_ (ABy, — AxAt)?>  (ABy) > _

aplF, ~ 11 AL oA

exp <i AL AB; — % Zn: AiAt)
i=1 i=1

This extends to the case when under ) the random variables A By, are not i.i.d.
but A By, conditionally on Fj_; is conditionally gaussian, with conditional mean

Eq(ABy|Fr—1) = ApAt,
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where Ay is predictable and conditional variance
EQ((ABy)?|Fr_1) — AZAE? = At
If Ay € L*(P) Vk then under Q

k k
M, = ZABZ- - ZAZAt
=1 =1

is a @Q-martingale with predictable variation (M) = Zle At.

6.6.2 Change of drift in continuous time

We denote by P; the restriction of P on the o-algebra F;.
Let (M) a continuous {F;}-local martingale under the measure P and(H})
an {F;}-adapted process such that for all 0 < ¢ < 400

¢
/ H2d(M), < co P almost surely
0

We want to find a probability measure () such that
. t
M, = M, +/ H,d(M)., (6.7)
0

is a local martingale with respect to the measure @) and Q; < P; Vt < oo.

. loc
(notation Q < P )

loc
Lemma 32. Assume that Q < P. The likelihood ratio process

— dQ

Z(w) = G @)

s a true martingale with respect to the reference measure P.
Proof For s < t,if A € Fy C Fy,
Q(A) = Ep(Z:14) = Ep(Zs1a)

which gives the martingale property under P.

Note We recall also that a non-negative local martingale Z; is a super-
martingale, since if 7, T oo is a localizing sequence, for s < t by the Fatou
lemma for conditional expectation

Ep(Z|F,) = Ep (hn% inf Zins, | Fs) < liminf Ep(Zir, | F:)

<liminf Zsp,, = Zs

ntoo
Moreover Z; is a true martingale if and only if Ep(Z;) = 1, since in such case
Zs— Ep(Zy|Fs) >0 and Ep(Zs) = Ep(Z:) =1

implies Z; = Ep(Z;|Fs) P-almost surely.
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l
Lemma 33. Let 3<C P probability measures on (0, F) equipped with the
filtration F = {F;} Then X; is a Q (local)-martingale if and only if the product
process (X:Zy) is a P (local)-martingale.

Proof for s <t A € F, we have
Eo(Xi14) = Ep(Z:Xi14)
Eq(Xs1la) = Ep(ZsXs1a)

therefore the right hand sides coincide if and only if the left hand sides do.
Moreover if 7, T 0o is a localizing sequence,

EQ(Xt/\T.,,,]-A) == EP(ZtXt/\TT,,]-A) = EP(Zt/\TnXt/\Tn ]-A)
EQ(XS/\TH]'A) = EP(ZSXS/\Tn ]-A) = EP(ZS/\TnXS/\TnlA)

since the stopping time (t A 73,) < t is bounded and by Doob optional sampling
theorem

EP(Zt|]:t/\Tn) = Zt/\‘rn O

Theorem 27. (Cameron-Martin-Girsanov) Let Q l<o<c P probability measure on
(Q, F) equipped with the filtration F = (F; : t > 0), and My a continuous F-local
martingale such that change of drift formula holds.

Necessarily

_th B t 1 t )
Zt—dPt—theXp</0 Hdes iA Hsd<M>s

where Xy > 0 is a continuous P-martingale with Ep(Xo) =1 and [M,X]; =0
Vt.
We rewrite the the change of drift formula as

t
— 1
M, = M, —/ 7d<M, Z)s
0 s

In particular when Yy = 1 Vt, the change of measure is minimal, in the sense
that every P-(local) martingale Xy such that [X, M), = 0 is also a Q-(local)
martingale.

Proof By the assumption and lemma the product (ZtZ\Z) is a local
martingale under P. Using integration by parts, we obtain the martingale de-
composition under )

d(Z:My) = ZydM, + ZyHyd(M)y + MydZy + d(M, Z), =
(ZedM; + MydZ;) + (ZeHyd (M) + d(M, Z);)

which implies
t
(M, Z) = —/ ZsHyd(M)s
0
This is satisfied if and only if

1
7dZt = —thMt + dXt
Z
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where X; is a P-martingale with (M, X) = 0.

Let’s assume first that X; = 0.

Then by Ito formula the solution of the linear stochatic differential equation
dZy = —ZyHidM; is the exponential martingale

7, = ZoE(H - M)t—Z()g( /HdM> =

Zoexp( /HdM /H2 > |

Here Zy(w) = 'fl%‘; (w) is Fo-measurable.
More in general

Zt - Zog(HM'f'X)t - Zog(HM)tg(X)t O

Notes Igor Vladimirovich Girsanov|(1934-1965) was a Russian mathematician.

6.7 Stochastic filtering

Lemma 34. Let M; be a continuous local martingale under P with respect
to a filtration (Gi)i>0, and assume that (M) is adapted to a smaller filtration
(ft)tzo, with Fy € G.

Then M, is also a (Fy)-local martingale.

Proof

Let 7, = inf{t : |[M;| > n}. Since M, is (F;)-adapted, 7,, are stopping times
in the (F;)- filtration, with 7, T 0o, and we know that for each n, the stopped
process M;™ = M., is a true (G;)-martingale since it is bounded, which means
that in particular for 0 < s <t VA € G,

-E‘P((]M’ii/\‘rn - MS/\Tn)lA) =0

But this holds in particular VA € F,, which means that (M/");>0 is a true
(Fi)-martingale.

Note Without the continuity assumption we are not able to to produce a
localizing sequence of (F;)-stopping times, just knowing that there is a localizing
sequence of (G;)-stopping times.

Lemma 35. Let (B;) be a Brownian motion with the martingale property in the
filtration (G¢) and obviously also with respect to the smaller filtration (FP) C
(Gi) generated by itself.

Let H(s,w) a (Gi)-adapted process which is not necessarily (F2)-adapted,
such that

t
/ Ep(H?)ds < 0o
0

t T
Ep </ H,dB, -7:tB> = / EP(HSV:E)dB
0 0

Then
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Moreover if My is a (Gi)-martingale with (M, B)s =0, V0 < s <t then
Ep(M, — Mo|FP) =0

Proof Let A € FP. By the Ito-Clarck representation theorem
t
14 =P(4) +/ KdB;
0

for some K € L2([0,t] x Q) adapted to (FP).

t t t t
Ep <1A/ HsdBS> = P(A)Ep (/ HSdBS) + Ep </ KSdBS/ HSdBS)
0 0 0 0

()+Ep(<K~B,H~B>t) Ep(/OtKSHSds) -

t t
/Ep(KsHs)ds:/ Ep(K,Ep(H,|F,))ds
0 0

:Ep(</ KSdBS,/ Ep(HS|]—'S)dBS>>

0 0 t
t t t

0+Ep(/ stBs/ Ep(HS]-"S)dBS) Ep(lA/ EP(HS|]-"S)dBS> =
0 0 0

where we used the Ito isometry and the definition of conditional expectation [J

For the second part of the lemma, if My =0, (M,B), =0, s <t, A€ FP
as before,

Ep((M; — My)14) = P(A)Ep(M, — My) + Ep((M, — Mp) /Ot K,dB,) =

t
O+Ep</ st<M,B>s> =0
0
which means Ep(M; — Mo|FP) =00

Consider the stochastic filtering settings in the St Flour lecture notes by E
Pardoux :

dXs =b(s,Y, Xs)ds + f(s,Y, X;)dVs + g(s, Y, Xs)dW;
dYs = h(s,Y, Xs)ds + dWj

with (V, W) are independent P-Brownian motions and consider the filtration
{F} with F, = FW and {),} with Y, = F).

Here X; is the state process, and the problem is to estimate “on-line” X;
using the information from the observation filtration {);} which gives in noisy
observations of the signals h(s,Y, X;).

For simplicity, it is assumed all all coefficient processes are bounded and
Lipshitz.

We introduce a reference measure ) under which

dX, = {b(s,Y, X5) — h(s,Y, X5)g(s,Y, XS)}ds + f(s,Y, X)dVs + g(s,Y, X,)dYs
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and Y is a Brownian motion w.r.t @ in the {F;} filtration. It follows that
Pt < Qt with

% _ o (/th( Y, X,)dY. I/th( YX)%[)
= 5 = €& S, ¥, s s T 5 S, I, s S
Q. ~ P\ 2 Jo

satisfying the linear SDE dZ; = Z,h(t,Y, X;)dY;.
For a function ¢ € C%, bounded and with bounded derivatives, by abstract
Bayes formula

Ztl

Eq(p(Xi)Zi|Vt) _ ai()
EqQ(Zi| V) o (1)

Here 7; is the posterior probability measure process, and o; is the unnormalized
posterior measure.

o1() = Eq(o(Xy)Z|Y,) satisfies the following SDE driven by the ) Brow-
nian motion (Y;) in the ()}) filtration:

mi(p) = Ep(p(Xt)|Vh) =

o1(i0) = o0l) + / 0u(Loyp)ds + / ou(LLy @)Y, (6.9)

where L,y and L} - are differential operators on C* depending on time and on
the past observations of Y:

2
0%z

0
Loy ¢ =h(s,Y, )p+9(s,Y, ) 50

0
<p+b(s,Y,-)%<p

1
Loy ¢ = 5(f*(5,Y:) + 9%(5,Y,4)
To check this step, note that by the integration by parts formula
d(p(Xe)Zy) = Zidp(Xy) + p(Xi)dZy + d{p(Xe), Z)
1
= Zpp'(Xy)d Xy + §Zt<PH(Xt)d<X>t + Zyp(Xe)h(t,Y, X,)dYy, + Zi' (X1)g(t, Y, Xi)h(t,Y, X;)dt

= Z{¢' (X0)g(t, Y, Xy) + o(Xo)h(t, Y, X;) }dY; + Zpo' (Xo) f (£, Y, Xi)dV; +
+ 20" (Xe){b(t, Y, Xi) = h(t, Y, Xo)g(t, Y, X)) + g(t, Y, Xp)h(t, Y, X;) }dt
1
+52" (X)L (Y, X0)? + gt Y, X0) hat
= Z{¢' (X0)g(t, Y, Xy) + o(Xo)h(t, Y, X;) }dY; + Zeo' (X0) f (£, Y, X1)dV;

1
+2u{ (X)b(t, Y, Xo) + 5 20" (X0) (f(5, Y, X0)° + g(1, Y, X0)?) e
In integral form this means
t
o(X0)Z, = p(Xo) + / Z{ (X2)g(. Y, X.) + @(X)h(s, Y, Xo) bdYs +
0
t
| 2o v x v
0

+ /0 Zs{go'(Xs>b<s7Y7Xs)+%w”(xa(f(s,Y,Xf+g<s7Y,Xt>2)}ds
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We take now conditional expectation under ) with respect to the o-algebra ).

( ) = EqQp(X1)Z:| V) =

(o(Xo)|Ir)
+Eq ( / 28 (X)gls, Y. X) + p(X)h(s, Y, X.) Y, yt)
+EQ</0t V£ (5, Y, X,)dV, t)
o [ 2 (X6, Y X) + 3 (X (105 Y. X0 + 005, X00%) )

and [6.9] follows by lemma [35]
When ¢(z) =1 we get a linear SDE for the random normalizing constant in
Bayes formula:

t
(1) =1+ / o (D Ep(h(s, Y. X,)[ Y)Y,
0
with solution

o) = exp [ Br(his, v, Xopav. - L [ Bn(his, v, X))

Consequently by the Cameron Martin Girsanov theorem

t
Y, / Ep(h(s,Y, X.)[Y)ds
0

is a P Brownian motion in the {)}} filtration.

6.8 Final exam

: It is allowed to consult the literature and to collaborate with fellow students.
Question 1 ): Use the change of measure formula to show that

dP| Yy

dQ|Vs

Question 2 ): Use integration by parts formula for the ratio m () =
ot(¢)/ot(1) to prove the Zakai filter equation

EqQ(Zi|\ W) = ou(1) =

me(9) = mo(p) + / ro(Loy @)ds + / [ra(LLy0) — ma(h(5, Y, ))ma(9)} (dYa — ma(B(s, Y, -))ds)

Question 3) Show that

Y, —/0 ms(h(s,Y,))ds

is a Brownian motion with respect to the measure P and the filtration ()).
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Consider the linear Gaussian case with

0X, = X.b(s)ds + (5)dV, + g(s)dW,
dYs = X h(s)ds + dW

with b(s), h(s), f(s), g(s) deterministic functions.

Question 4):Write down the Zakai filter equation for the prediction process
Xt = E(Xt‘yt)
Question 5): Write down the equation for the prediction error variance
67 = E((X; — X0)*|))

Since the process (X, Y:) is jointly Gaussian (why ? for example one can study
the characteristic function ) you should get a deterministic equation, called Ric-
cati equation.

Since (X¢,Y;) is jointly Gaussian, it follows that conditionally on the o-
algebra ), X; is conditionally Gaussian with (random) conditional mean Xt
and (deterministic) conditional variance 67. You must use Gaussianity in order
to compute the conditional moments m;(z*) for £ = 1,2,3 which will appear in
the Zakai equation.

For simplicity you can assume that the functions b(s), h(s), f(s),g(s) are
constant. If you want to simplify further, assume that g(s) = 0.

A standard reference on stochastic filtering theory is in Liptser and Shiryaev
statistics of random processes.
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