Elements of It6 calculus

1 Introduction

Some basic facts about probability theory and stochastic processes are recalled in chapter III of [4]. The purely
analytic introduction to It6 calculus given here is based on [1] (in French, english translation available as an appendix
in [5]). Another good reference is [3] in particular chapter L.

2 Finite dimensional distributions of a stochastic process

Definition 2.1 (Stochastic process). A collection of random variables {&,|t > 0}
£€:Qx Ry — R?

is called a stochastic process.

Realizations of stochastic process are now paths rather than numbers:

Definition 2.2 (Sample path). For each w € ) the mapping

t — &(w)
is called the sample path of the stochastic process.

In most applications stochastic processes are characterized by means of the family of all finite dimensional joint
distributions associated to them. This means that for a stochastic process valued on R, for any discrete sequence
{t;}?_, we consider the Borel o-algebra B(R") and B , ... , B, B and consider

Pe,(Bi,t1,...,By,ty) = P(&§, € Br,y...,&, € By)
The so defined families of joint probability yield a consistent description of a stochastic process
£:Qx Ry — R?
if the following Kolmogorov consistency conditions are satisfied
i P(RY t) =1 foranyt
il Pe,(Bi,t1,...,Bn,ty) >0
iii Pe,(Bi,t1,...,Bn,tn)=Pe(Bi,t1,...,Bn tn, R ty11)

v Pe,(Br(1y s tr(1)>- -+ > Br(n) s ta(n) = Peo(B1,t1, ..., Bn by , R 1)



3 Wiener process
The above definitions allow us to characterize the Wiener process as a stochastic process:
Definition 3.1 (Wiener Process aka Brownian motion). A real valued stochastic process
we : AxRy — R
is called a Wiener process or Brownian motion if
i wyg=20

ii any increment w; — ws has Gaussian probability density

2 (t—s)
4_° 3.1)

Wt — Ws

forallt > s > 0.
iii For all times
t) <t < ... <1ty
the random variables

Wty s Wty — Wty 5. .. , Wt wtn 1

n —

are independent (the process has independent increments).

3.1 Consequences of the definition

Some observations are in order

e [t is not restrictive to consider the one dimensional case. A d-dimensional Wiener process a vector valued
stochastic process whose components are each independent one-dimensional Wiener processes. More explicitly,
the probability density of Brownian motion on R? is given by

d
Pu, (@) = [ [ pui ()
=1

e By i and iz we have that

2? e
e 202t e 202(ta—t1)
Puw; (.%') = 1 & pth*wtl (.Q?) =

T r t2 >t (3.2)
(2mo?t)z 2mo?(t2 —t1)]2

By i¢¢ The joint probability of wy, and wy, — wy, is

2
1 y2

e 202t e 202 (ta—t1)

Pwyy ywey —wiy (z1,9) =

NI

(27 o2 tl)% 2702 (tg — t1)]



By definition of probability density we can also write
Puwiy wiy—wi, (T1,Y) = Py, wiy—21 (T1,Y) = Dy, (T1,Y + 21)
since
we, = (wy, — wy, ) + wy,
Recalling the definition of conditional probability we must also have
Py, (T1,Y + 1) = Py, we, (1 +y,t2|21,t1) Puy, (1) V1,702,820 > 1

whence

2
Y

DPwey ywr, (z1,y + 1) _ DPuwey e, —wey (z1,9) e 207 (t2-t1)

Pun, (%1) a Puy, (21) 2702 (t— 1)

Pugy fwr, (T1 + Y5 t2|z1,01) =

N

Finally, upon setting zo = y + 1 we get into:

_ _(my—=1)?
e 202 (ta—ty)

p’wzQ‘wtl (1'2, t2 | X1, tl) -

[N

[271’02 (tg — tl)]

3.2 Continuity and non-differentiability of the Wiener process

We can ask what in the probability that realizations of the Wiener process are continuous. Since increments w; — wg of
the Wiener process are stationary as their distribution depends only upon ¢ — s, To answer the question it is sufficient
to estimate

2 22

© o5 00 51 [2¢
P(|wt|2€):2/ de £ 20 <o | 2L =22t (3.3)
e V2Tt 0 e2mt eV w

We see that for any fixed ¢ the probability of having |w;| > & vanishes. A more refined analysis based on this
observation proves that the Wiener process w; = w(t, w) is:

1. continuous V¢ € R, almost everywhere with respect to w € {2 (i.e. a part from a measure zero set);
2. non-differentiable V¢ € R, almost everywhere with respect to w € {2.

An indication of non-differentiability comes from the evaluation of the expected value of the absolute value of the
incremental ratio of the Wiener process:

N )
E|wt|—2/ gete 2 (3.4)
t o Tt vart Ve

22
t

which diverges as ¢ tends to zero.



4 Terminology: filtration and process adapted to a filtration

Let I an ordered set with respect to the < binary operation. This means that all pair elements of in the set are satisfy
1. reflexivity: a < aVa € 1
2. antisymmetry: a < b & b<a = a=bV a,bel
3. transitivity: a < b & b< ¢ = a<bV a,b,cel

In practice this is technical jargon used in [4] to say “take I either I C N or I C R;”. We have then the following
definition

Definition 4.1 (Filtration). A family F; = {F; : Vt € I} of o-algebras is called a filtration if
.7:151 (- ./rtQ Zf t1 <ty th,tQ el “4.1)

Note that 73, C JF3, means that any event which is in F¢, is also in F3,. If we think of ¢ as a “time” variable this
means that as ¢ increases more and more detailed information becomes available about events occurring in the sample
space ). The description of this events calls for finer and finer partitions of {2 which is why the condition (4.1) must
hold. Let

E:QUx TR (4.2)

be a stochastic process, we say that

Definition 4.2. &,,t € [ is adapted to a filtration F if for all t in I, & is Fi-measurable, that is, if for any t, F;
contains all the information about &; (and may contain extra information)

In other words, &; is F;-measurable if for any event {¢; € A} there is a map ¢ such that A is the image of an event
B € F;. This also mean that {&; € A} does not depend upon events occurring at later “times” i.e. is independent of
the future. In this sense the process is said non-anticipating.

Example 4.1. Let w; a Wiener process for all ¢ > 0, the function

0 if Orgaictws <1
t) = ==
@) 1 if max > 1
0<s<t

is non-anticipative as it depends on the Wiener process up to the time ¢ when the function is evaluated. On the other
hand for any 7" > ¢ the function

0 if max ws < 1
(t) _ 0<s<T
g 1 if max wg > 1
0<s<T

is anticipative as it depends on realizations of the Wiener process for times s posterior to the sampling time ¢.



5 Markov processes and Chapman-Kolmogorov equation

A special important class of non-anticipating stochastic processes are Markov processes

Definition j.l. Let F, [507 4 the filtration generated by a stochastic process &. Then & is Markov if for any t > s and
any event

P (& e A7) = P (&€ AIF) = P& € A8 5.

This means that the state of the system at time s fully specify further evolution independently of what happened
before for times smaller s. The system has no “memory”. In particular if the transition probability p density of the
Markov process &; : 2 x I — R is available

P(& € Ale, = y) = /A dz p(z,t |y, 5) (5.2)

then the definition of Markov process implies that the Chapman-Kolmogorov equation
p(z2,ta| 2o, t0) = / dz1 p(xa,ta |21, t1) p(w1,t1 [ 20, t0) (5.3)
R

must hold true for any (x2, z¢) and for any ¢;, 7 = 0,1, 2.

6 Functions of finite variation
Let I = [a,b] € R and

f+I—R 6.1
a deterministic function.

Definition 6.1. We call the variation of f the quantity

Vi) = SUPZ |f(tir1) = f(E)] (6.2)

P tiep
whether the sup is taken over the partitions {p} (see appendix A)) of I

By triangular inequality we also have

VigI) = lim 3 |f (ti) = f(83)] (6.3)
PO o=
for p the mesh of the partition.
Proposition 6.1. If f € C*(I) and
df
il 4
/Idt‘dt () < % 6.4)
then
df
Vig(I) :/Idt ’dt (t) (6.5)



Proof. Let
_d
Cdt
the chain of equalities holds

Vi (1) = lim > | f(tigr) = f(t)] = lim > [ f(t:)| (i1 — 1)

PO =0 PO 4=,

/t’ti dtf ‘—supZ‘f

P tep

= lim
lpl40

t; €p
thus proving the claim.

Thus, trajectories solutions of ordinary differential equations

j}t = ’U(Jit>

d
z+1—ti)=/ldt HALG

(6.6)

6.7)

(6.8)

with v sufficiently smooth as customary in applications are functions of finite variation. A larger class of functions

includes those with discontinuities.

Definition 6.2. A function f: I — R continuous from the right

lim f(2) = f(to)

tlto

with limit from the left

lim f(t) = f(to—)

t1to
is called a CADLAG function (French: Countinue a Droite Limite a Gauche).
The difference

Ji () = f(8) = f(t=)

(6.9)

(6.10)

6.11)

is called a jump. A theorem from analysis guarantees that a function defined on an interval [a, b] can have no more

than countably many jumps (see e.g. [3] and refs therein).

LOFT T

a CADLAG function: osf /

circles denote the limit
dots continuity at jump locations. A

L L L
0o 0.2 0.4 06

If a cadlag function varies only at jump locations 7 € I we have

L
08

f@) = ser Jin(s) . .
VigD) = X7 i ()]

06 - ©
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(6.12)



7 Quadratic (co)-variation

In section 3.2 we argued that the Wiener process w; is everywhere continuous and non-differentiable in ¢. This phe-
nomenon is not related to randomness but it may occur also for deterministic functions. An example is the Weierstrass
function Wy: R— R

0<a<1l .My w
& ¥
Wy = Za" cos (b™ t) for be2N+1 \"" 5I‘2 5 . (7.1)
n=0
ab > 1

G.H. Hardy [2] proved that the Weierstrass is everywhere continuous and non-differentiable. One can get an intuition
of the reason observing that

1. a sequence of continuous functions (i.e. approximations by finite sum) uniformly converging admits as a limit
a continuous function;

2. differentiating individual addends in the series one obtains
o
= a"b" sin (b 1) (7.2)
n=0

which is a diverging series.
Hardy also showed that

Ina
“Inb
A further consequence is that the Weierstrass function is not of finite variation. It makes sense to consider functions
of finite second variation:

Win - W < Ch®  a= (7.3)

Definition 7.1 (Quadratic (co-)variation). Let &: I — R and x;: I — R the limit
V[g X (I) = lim Z (gtk - ftk—l)(xtk - th—1)
’p(") "LO tLEPn
is called the quadratic co-variation of the processes. In particular
ViegI) = lim (&, — &)
Py [L0 i cp,
is called the quadratic variation of &;.

Finiteness of the quadratic variation is possible only if the (first) variation of a function diverges. Namely
D I t) = fte1))? < max | f(tx) = f(tk-1)| D 1f () = ftr-1)
k k
so that for a differentiable function

¢ tp—tg—1)—
S0 = )] < mp|7(te) = St [ el ™S

k
In the case of the Wiener process the finiteness of the right hand side implies

maxy (tg—tx—1)—0

> 1 (k) — f(teer)] 4 -
k



7.1 Quadratic variation of the Wiener process

In the case of the Wiener process we have

Proposition 7.1 (Quadratic variation of the B.M.). The quadratic variation of the Brownian motion in [0, ] for any

teRy
Viw (1) =t
in the sense of L2(Q).
Proof. By direct calculation we know that
Euw? = ¢ (7.4)

Let p,, a partition paving [0, ¢ with n sub-intervals:
@n = Z(wtk —wy,_,)?
Pn
we have then
E(@Qn—1"=E > [(wy, —wy_,)* = (tr —te1)] [(wy, —wy_,)* = (= ti-1)]
klepn

For non-overlapping intervals, the averaged quantities are independent random variables with zero average. The only
contributions to the sum come from overlapping intervals:

2
E(@Qn=t)?=E)  [(wy —wy ,)* = (tx —te-1)]” =2 D (tr — t5-1)?
keEpn kEpn
whence

te—te_1)40
E(Qn —t)* <2t glax(tk —tp—1) max%p"(—lﬁ 1)}
€pn

0

The finite value of the quadratic variation motivates the estimate
dw; ~ O(Vdt)

for typical increments of the Wiener process.

8 Differential calculus for functions of finite quadratic variation

Suppose z¢: I — R is a CADLAG function of finite quadratic variation. Then we have

Vi) (D) = Vi (D) + > J25(9) (8.1)
seJ

where V[; 2] (I) is the quadratic variation of the continuous part of x and 7 denotes the set of the jump locations over
1. The following proposition shows that the jump component of the quadratic variation defines the atomic part of the



measure defined by Vi, ,(I). In other words, Vio a1 (I) defines a measure absolutely continuous with respect to the
Lebsegue measure

dVig ((0,1]) = g(xr)dt (8.2)
for some positive definite
g:R— Ry (8.3)
whilst

dY " JRy(s) =Y dtris(t — ) (8.4)

seJ seJ

for some r; € R

Proposition 8.1. Let {p,, },- , a sequence of partitions of the interval I. For any continuous function

f:IT—R (8.5)

the limit

lim Z f(xtz) (xti+l - xti)Z = / dV[a: ,m]((oﬁ S]) f(xs*) (8.6)

nioo
T t>t;Epn (O:t)

Proof. Let C be the countable set of points in I where x; performs jumps of size strictly larger than O(£?) for any
arbitrary € > 0. Let also z; be the distribution function of finite-size jumps in /

2= Z (s —x4-) (8.7)
s€eCN(0,t]
we have
rllerglo Z f(xtz) (Zti+1 - th‘)2 = Z f(xt*) (wt - $t*)2 (8.8)
tepn teCN(0,s]

Let now y be the discrete measure such that

Z (xti+1 - xti>2 = Z (yti_,_l + 20, — Yy T zt¢)2 (8.9)
t;€pnN(0,t] t;€pnN(0,t]

i.e. the discrete approximant of the absolute continuous part of the measure defined by the quadratic variation of x;.

Then
Z (mti+1 - mti)z =
ti€pn(0,t]
Z (yti+1 - yti)2 + Z (Zti+1 - Zti)Q +2 Z (Zt¢+1 - Zti)(ytH»I - yti) (8.10)
t:€pnN(0,t] t;€pnN(0,t] t:€pnN(0,t]

By definition of y the third term of the right hand side converges to zero and the measure associated to y weakly
converges to a measure the atomic part thereof only comprises jumps of size less equal O(£?). It follows that

nfoo
T tEpn

lim sup | lim Z F@e) Weoyy — ve)? = /(0 ) dVig (0, 8]) flze-)| < O(e?) (8.11)

which proves the claim O



Follmer [1] proved the following theorem, which we reproduce here in abridged form.

Theorem 8.1. Let x;: I — R be a CADLAG function of finite quadratic variation and F € C?(R). Then the Ito
Sformula

t

F(xy) — F(xo) = ; dzs (0 F)(zs—)
+;/0 dV[;,:c]([Ov S]) (agF)($s) + ;7 [F(xs) - F(fzs_) - (axF)(xs_)J[az](S)] (8.12)
holds with
| dos@:P)@) = tim PICEERLELS (8.13)

holds true and the series in (8.13) is absolutely convergent.

Proof. Since x; is not of finite variation the difficulty of the proof is to prove (8.13). The strategy of the proof is to
prove the absolute convergence of the left hand side and of the other terms on the right hand side. As far as the left
hand side is concerned, by hypothesis x; is continuous to the right so guaranteeing the convergence

F(zy) — F(xo) = ‘ ;}hﬁo > [Fla,,) — F(zy,)] (8.14)
"t epn

since the addends give rise to alternating sums. Let us now distinguish two cases

1. Suppose now that x; is continuous. Then by Taylor’s formula

F(xy ) — F(ay) = (@4, — 24,) (0F) (2t,) + W(%F)(mfk) (8.15)
for some 3, € (t1,tr+1). We can rewrite the equality as
F(ay,,) — Foy,) = (@, — 24,)(0:F) (2,)
O — 20 )+ B ) ) - 0P (816)
We then have
\éiffjo tl;n(ivtm — 2 [(0:F) (x7,) — (82F)(wt,)]
< lim max((9,F)(z,) = (0cF)(w0)] 3 @y = w0)% = 0 (8.17a)

tk €pn

Jim 37 (g = o) 0F) (o) < lim max(0F) () D (s = 4)* < 00 (8.170)
Pt epn Pn " tkEpn

where (8.17a) holds because of the continuity of x; and F' and (8.17b) since F' is continuous over a finite closed
interval. Gleaning the information provided (8.14) and (8.17a)-(8.17b) we conclude that the claim (8.13) must
hold true.

10



2. Let us now turn to the general case of a CADLAG function. Let ¢ > 0 We divide the jumps of z; on [0, ¢] into
two classes:

(a) C1 = Cq(e,t) with jumps of finite size;

(b) C2 = Ca(e,t) such that 35, JE(s) < €%

We then write

Z [F(xtk+1) - F(‘Ttkﬂ = Z [F(xtk+1) - F(‘Ttk)] + Z [F(xtk+1) - F(xtk)} (8.18)

tLEpn 1 2

where ) _, indicates the summation over those ¢, € p,, for which the interval |¢;, 1] contains a jump of class
C1. Clearly we have

llir|r¢10 [F(z1,,,) = Flay,)] = > [Flas) — F(z.-)] (8.19)
Pr 1 seJ

On the other hand we can apply Taylor’s formula to write

Lt — Tty 2
S [Flen,) — Fla)] = 3 [(m ) (0 F) () + H(@iF)(a:tk)]

2
2 tLEpn
(xtk+1 B xtk)2 2 1 2p(f
=Y | @y, — ) (0 F) () + — 5 () ()| + 5 > (@try — w4,)* R0k, 14)8.20)
1 2
with
R(tg, tr) == [(0.F)(xz,) — (8 F)(x1,)] (8.21)
Furthermore
D @y —20)’(0:F) (as,) = <Z+Z> (#1141 — 20,)” (0:F) (1, (8.22)
tk€Epn 1 2
we have
Z [F(xthrl) - F(xtk)] = Z (xtk+1 - xtk)(axF)(gctk)
2 tkEpn
+ Z(xtk+l - xtk)Q [(aa%F)(xtk) + R(Elﬁ tk)] - Z(xtk+1 - xtk)(axF) (xtk) (8.23)
2 1
Let us analyze the terms occurring in (8.20) separately.
(a) Since ), does not contain jumps of finite size
lim Y (w4, — 24,)*R(Ex, ty) = 0 (8.24)
lpr 40 2
for the same reasons put forward in the continuous x; case. Similarly
t
i S iy =20 2P ) = [ AV (0.5 (G2F) @) .29
" 2

11



(b) The limit of the sum including jumps is dominated by these latter ones

‘gfﬁo - (xtk+1 wtk) xtk gjj[x ) (8.26)
We have then
F(x) — F(xo) = lim > [F(y,,,) = F(ag,)] = lim > (zy,,, — 21,)(0:F) (21,
|Pn‘~|/0t = ‘Pnuo t1Epn
1
2/ ave (10, s]) (92F) (x +S; O~ Flaam) — (0 F)(aa )T (s)]  827)

where Taylor’s formula also guarantees that

> [Flas) = Flas—) = (0uF) (@s=) i) (5)] < C Y T (s (8.28)
seJ seJ

Thus the last two term on the right hand side of (8.27) denote a finite limit of the approximating sums. This
observation yields the claim and concludes the proof.

O]

Observation if x; is CADLAG of finite (first) variation we have

F(x¢) — F(x0) :/0 ds (0o F)(ws—) + > _[F( z5—)] (8.29)

seJ
as an example consider
t te[0,1/2)
Ty = (8.30)
t+1 te[1/2,1]

If we take for F' the identity map, the integral on the right hand side of (8.29) over [0, ¢] with ¢ < 1 yields

t
/ ds =t (8.31)
0

thus we see that the jump term accounts for the unit addend guaranteeing the identity between the two sides of (8.29).

Appendix

A Partitions

Definition A.1 (Partition). If I = [z_ x| C R is an interval a partition p (subdivision) of I is a finite sequence
{xk} i, of points in I such that

=21 < ... < Tp =Ty
Definition A.2 (Mesh of a partition). The mesh size of a partition p of an interval I = [x_ x| is

lp| = 121]?<X |Tpt1 — Tkl

Definition A.3 (Refinement of a partition). The refinement of a partition p of the interval I is another partition p’ that
contains all the points from p and some additional points, again sorted by order of magnitude.

12
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