
Homework #5 solutions Mathematics of infectious diseases, fall 2011.

1. Prove Proposition 8.1 in the lecture note.

Hint: To prove that the solutions stay in S: (i) Show that I ≥ 0. (ii) Show that Ṅ − Ṡ − İ =
γI −µ(N −S− I) ≥ −µ(N −S− I), and so N ≥ S + I. (iii) Show that Ṡ ≥ (β−µ− σI)S, and so S ≥ 0.

2.[Simple SI model with demographics] Consider the following model.

dS

dt
= B − µS − σSI, (1)

dI

dt
= σSI − (µ+ α)I. (2)

Here we assume that there is no recovery from the diseases, and there is a constant stream of new susceptibles,
with rate B, coming into the system. All other parameters have the same meaning as the model in Section
8.1, and all parameters are assume to be strictly positive. The state-space is S = {(S, I) ∈ R2 | S ≥ 0, I ≥
0}.

• Show that (So, Io) =
(
B
µ
, 0
)
and (S∗, I∗) =

(
µ+α
σ
, µ
σ
(B
µ

σ
µ+α
− 1)

)
are equilibria of the model, and that

there is no other equilibrium.

Note that the equilibrium (S∗, I∗) is only meaningful if B
µ

σ
µ+α

≥ 1, and that if B
µ

σ
µ+α

= 1, then

(S∗, I∗) = (So, Io).

Solution: See Section 10 of the notes.

• Show that if B
µ

σ
µ+α

< 1, the equilibrium (So, Io) is (locally) asymptotically stable.

Solution: See Section 10 of the notes.

• Show that if B
µ

σ
µ+α

> 1, the equilibrium (So, Io) is unstable and the equilibrium (S∗, I∗) is (locally)
asymptotically stable.

Solution: See Section 10 of the notes.
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