Homework #3 solutions Mathematics of infectious diseases, fall 2011.

Consider an age-of-infection epidemic model with mass-action incidence:
$(t) = —6(B)S(t), t=0, S(0) = S (1)
‘ —S(t—-7)F(r) ,0<7<Ht,
i(t, 1) =1 . F(r)
ZO(T - t) F(r—t) 70 <t<m,

o(t) = /000 o(T)i(t,7)dr, t >0, (3)

where Sy and ig are the initial conditions, and ¢ and F are the model’s parameters. We make the following
the assumptions:

(i) So >0,
(ii) io(7) > 0,¥r €[0,00), 0< [Fig(7)dr < o0,
(iii) o :[0,00) — [0, 00) is bounded,
(iv) F :[0,00) — [0, 1] is non-increasing, F(0) = 1, and [~ F(7)dr < oo,
() 5% o(r)F(r)dr >0,
(vi) if F(c) = 0 for some ¢ > 0, and so F(7) = 0 for 7 > ¢, then io(7) = 0 for 7 > ¢, and
(vii) we define f: =0 if ip(7) = F(r) = f =0ifi(t,7) = F(r) = 0.

Note that:

e 7 is the infection age, i.e., the amount of time since an individual first entered the infective class.
° f (t,7)dr is the density of infectives, at time ¢, that have infection age between a and b.
e F(7) is the probability that an individual with infection age 7 is still in the infective class.

° fo 7)dr is the expected amount time that an infective individual spends in the infective class, and
we requlre that this amount is finite.

e o(7) is the “infection rate” of an individual with infection age 7. More precisely, S(t) fab o(r)i(t,7)dr
is the rate of new infections, at time ¢, caused by infectives that have infection age between a and b.

e ¢(t) is the so-called force of z'nfection at time t the per-capita rate at time ¢ that susceptible individuals

contract the diseases). Since ¢(t) = — fo St —7)F(r)dr+ [ o(r)io(T —t) fi@t) dr, we require
that [~ o(7)F(r)dr > 0. Otherwise we have gzﬁ( ) =0 for all ¢ > 0, and the disease cannot spread at
all.

e Sy is the initial density of susceptibles, and f io(7) d7 is the initial density of infectives with infection
age between a and b.

A (non-negative) solution of (1)—(3) is given by two functions, S : [0,00) — [0,00) and i : [0,00) X
[0,00) — [0,00), such that the function ¢ is continuous (and so S is continuously differentiable),
Jo i(t,7)dr < oo for each t > 0, and such that (1)~(3) are satisfied.

In this homework, you can assume that there always exists a unique solution of (1)—(3).
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Homework #3 solutions Mathematics of infectious diseases, fall 2011.

1. Suppose that F(c) = 0 for some ¢ > 0 (and so F(7) = 0 for all 7 > ¢). Show that i(¢,7) = 0 for all
t>0andall 7> c.

We fix 7 > c. Hence]:( ) = 0. From (2 ),if7<t then i(t,7) = —S(t — 7)F(7) =0, and if 0 < t < 7,
then i(t, 7) = io(7 — t) ( = 0. Recall that ’0 T t is defined even when F (7 —t) = 0 by the assumptions
(vi) and (vii).

2. Recall the equation for the final size S, of the epidemic model (1)—(3):

1 1
Seo — —log Soe = Sy — —log Sy + o (4)

K K

where
K —/ o(7)F(r)dr >0, and (5)
7_ o
o(r)F(r)drdr. (6)
.7: (1)

Here, Soo 1= lim; o S(t). We define
Ro = Spk. (7)
Show that
(a) If Rg <1, then So, — Sp as yo — 0.

Since Sok = Ry < 1, we have Sy < +. Define the function f(z) =z — Llogz on x € (0, +]. Then f is
strictly decreasing and has continuous inverse. The equation (4) can be written as

f(Ss) = f(So) + o,

and so

Soo = FH(f(Se0)) = F7H(f(S0) + wo)-

Hence

lim S = lim f~(f(So) +y0) = f~'(f(So)) = So.

yo—0 yo—0

(b) If Ry > 1, then Sy — Sy stays bounded away from 0 as yy — 0.

Since Sok = Ry > 1, we have Sy > L. Define the function f(z) =z — Llogz on = € (0,00). Then f
is concave up and has a unique minimum at x = % The equation (4) can be written as

f(Sse) = f(So0) + o,

and S, is a unique real number in (0, %) that satisfies this equation (cf. Homework #2, Problem
3). Let z € (0,%) be such that f(x) = f(Sp). We then have Sy, < x < % < Sy (since f is strictly
decreasing on (0, %]) Let a = Sy — x > 0. Note that the value of a does not depend on the value of
Yo. Hence Sy — Seo = (So — ) + (. — S) > a for all yg > 0.
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3. Assume that F is continuously differentiable and denote its derivative by F'. Let R : [0,00) — [0, 00)
be a solution of the initial value problem:

- L F
R(t) = — t dr, R(0)=0. 8
0= [ iten S RO) ©
The function R(t) gives the density of individuals at time ¢ that are recovered or removed. Assume that

the function ¢ — fo i(t 7') f, @) dr is continuous and so the function R is well-defined and is continuously

differentiable (in fact, R(t fo fo f( ) ).

Show that N := S(t) + fo i(t,7)dr + R( ) is constant. Feel free to take derivatives under integral signs,
if needed.

We have

and so

%/000 i(t,7)dr = —S(t)}"(()) — /0 S(T)]:’(t —7)dr + /000 io(T)—fg(j__)T) dr

Z—S@—-05&—ﬂ7ﬁﬁh+lm%w—w?%%%dr

From (2), we have —S(t —7T) = ”) for 0 <7 <t and lO(T g

% Oooi(t,T) dr = —5(t) +/0 Z(t,T)ié:; dr + /too Z(t,T)'Z((z__)) dr

= —S(t) + /000 Z(tﬂ')];((:)) dr

= —S(t) — R(t).

4. [An epidemic model with fixed latent period] Let ¢ > 0 and & > 0 be fixed positive real numbers. Let

}_(T):{l ,0< 17 <c, (9)

e >,

and

o(t) =

0 0<7r<
{ N=T =6 (10)

o ,T>cC.

We interpret ¢ as the length of latent (exposed) period where an individual is infected but is still not capable
of spreading the diseases. After the latent period, the infective individual spreads the disease with the (mass-
action) rate &, and the probability that the individual still stays infective is exponentially distributed with
the parameter —v.
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(a) Calculate the expected amount of time that an infective individual spends in the infective class, and
also the expected amount of time that an infective individual is capable of spreading the disease.

The expected amount time that an infective individual spends in the infective class is given by

(o] C o (o) o 1
/ f(T)dT:/ f(T)dT—i—/ f(T)dT:c—i-/ eV(TC)dT:c—i-/ e Tdr =c+ —.
0 0 c c 0

v

The expected amount time that an infective individual spends spreading the disease is given by

00 e} (%S) 1
/ F(r)dr = / e 1) dr = / e dr = =
c c 0 Y

(b) Calculate the explicit expressions for x and yo in (4), simplify the expressions as much as you can.
What is this model’s Rq?

We have

and
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T x| eo e—(T—0)
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K Jo e*’Y(T*C)fy K J. e*’Y(T*C) Y
=L [ i dr+ = [ ig(r)dr
Ky Jo R7Y Je

:/ ’L'0<T)67(T_C) d7'+/ io(T)dr.
0 c

The model’'s Ry is Sok = 5750 Note that this is exactly the same R, as in the simplified Kermack-
McKendrick model. Does this seem reasonable to you?

(¢) Define a function E : [0,00) — [0,00) by

E(t) = /Oci(t,T) dr, t>0. (11)

The function E(t) gives the density of individuals at time ¢ that are infected but are still not capable
of spreading the diseases (the “exposed” class).

Define a function I : [0, 00) — [0, 00) by

I(t) = /OO i(t,7)dr, t>0, (12)

(13)
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The function (), for ¢ > 0, gives the density of individuals at time ¢ that are infected and are capable
of spreading the diseases.

Define R : [0,00) — [0,00) to be the solution of the initial value problem:

R(t) = — / ooi(t,ﬂi((;) dr, R(0)=0. (14)

The function R(t) gives the density of individuals at time ¢ that are recovered or removed.

Assume that the function E and I are continuous. Assume that the function t — [~ i(t T)/;((TT)) dr
is contmuous and so the function R is well-defined and is continuously differentiable (in fact, R(t) =

—fo [ f( ) ) dr ds).

Show that, for ¢ > 0, the solution of (1)—(3) satisfies the system of delay differential equations:
S(t)=—aS(t)I(t), (15)
2o JaSWIt) —aS(t—c)I(t—c) ,t>c
Bt) = {5S(t)](t) —ig(c—1t) t<c, (16)
2o oSt —co)l(t—c)—I(t) ,t>c
1 = {—Wl(t) +ig(c—1t) t<c (17)
R(t) = 1(t) (18)

We have
6(t) = /Ooo o (F)i(t, 7) dr = 5/Cooz(t,7) dr = GI(1), >0,
and so
$(t) = —p(1)S(t) = —aS(I(E), 20
We have

) oo "(r o0 e (7=0)
Rt =- | i(t,T)J;éT))dT:'y/ i(t,7) g AT =710, 120,

We now calculate I(t), and then I(t

It— ctthdT—i-ft T)dr ,t>c¢
B COO (t,7)dr t<c
_ fSt—T]:(T)dT—i—ft —t)]_.](i(z)t)dT t>c
io(T — 1) .7-'](:f£T)t) dr t<c
_ f St—T)]:( )d7'+f0°oi0(7')%d7 t>c
B fc Ldo(T T(i')t) dr < e
=[St -nF(r dr+f0 o f}ﬁ”dr >
- Ui I A = [T S <
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B —fctSt—T)]:( dT—{—fOOO ]:J.(ET(+)t)d >
ol F}T(j)t)d — [ ig(r) dr < e

Let x

We calculate z(t) and &(t):

and so

t—c
—
0

And we calculate y(t) and
io(

S(1)e dr — e ISt — )0

(
y(t):
7_)J’:(T + 1)

y(t) = AT g,
=) 2O
B Oc Z.O(T) (T+t d +f F;:’E;&-)t) dr ,t Z ¢
() f};;” dr + fc_t VF AT+ [Tio(n) T dr <
B OC io(T)e TH=) dr + foo io(T —GEW(J: Cf) dr t>c
B Oc_tz'o T)dr + [ ig(T)e T dr 4 [ %dT t<c
_ e =9 [Cig(T)e T dr + e [Fig(r) dr gt >c
Oc_t io(1) d7r + 7779 fc(it io(T)e 1" dT + et fcoo io(T)dr ,t<cg,
and so
(1) = —ye ) [ig(r)e ™ dr — ye " [ ig(T) dT
= —ig(c —t) — ye 7 [° ig(r)e T dT+€ Y=g (e — t)e ) — et [
B —7(6_7“_6) foc io(T)e T dr + e~ th io(T dr) t>c
B —7(6*7(“6) RNG )e AT+ e [Tig(r)dr) ,t<c
o —’}/y<t) ,1>c
- c—t .
—y(y(t) = [ io(r)dT) Lt <ec
Since
x(t) +y(t) t=>c
[(t> = c—t
y(t) — fo io(T)dr t<c,
we have

I(t) =

(1) +9(t)
§(t) +io(c — )
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—vyx(t) +aS(t —o)I(t —¢),

— [1S(t — 7)F(r)dr, for t > ¢, and let y(t) = [~ 2’0(7)?} +)t) dr, for t > 0. Then
t t t>
I(t) - x()ﬂ/g_) t>c
y(t) — [y do(m)dr t<c

t t—c t—c
—/ St —71)e T dr = —/ S(r)e 9 dr = —eV(tC)/ S(r)e’™ dr,
c 0 0

t>c.

,t>c
L <c
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:{asu—c) <t—c> V(@) +y(t) >

(y(t) fo (1)dr) +ig(c—1) ,t<c
_JaSt=ol (t—C)—vf() t>c
—yI(t) +ig(c — 1) < c.

We now calculate E(t) + I(t), and then E(t) + I(t):
E(t)+1(t) = /Oooi(t,T) dr :/0 i(t,T)dr + /tooi(t,T) dr
:_/ S(t—T)f( )dT—l—/oozo(T—t)%dr

/ S(t—7)F(r)dr +/0 iQ(T)F;__(j_—>t) dr.

Let z(t) = — [, S(t — 7)F(r)dr. Then

E(t) +1(t) = z(t) +y(1).

We calculate z(t) and 2(t):

and so
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~

—yx(t)+aS{t—c)l(t—c) ,t>c
DIt t<c

Hence

) +y(t)) t>c
) — focft io(T) dT) Jt<c
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—vI(t) ,t>c
() —~I(E) t<c

=aS(t)I(t) —~vI(t) t+#ec.

Finally, we have

GS(HI(t) —S(t—)I(t—c) ,t>c

E@) = (B@) +1(t) —1(t) = {5S(t)l(t) gl — 1) t<c
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