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1. Koebe distortion and growth theorem

(a) Remember that the class S consists of univalent functions f : D→ C such that f(0) = 0
and f ′(0) = 1. Define for any fixed f ∈ S and w ∈ D, a function

h(z) =
f
(
z+w

1+w z

)
− f(w)

(1− |w|2) f ′(w)
.

Show that h ∈ S and that

h(z) = z +
(

1
2
(1− |w|2)f

′′(w)
f ′(w)

− w
)
z2 + . . .

Show (using the special case of the Bieberbach–de Branges-theorem given in the lecture
notes) that ∣∣∣∣zf ′′(z)f ′(z)

− 2|z|2

1− |z|2

∣∣∣∣ ≤ 4|z|
1− |z|2

. (1)

(b) Use the inequality (1) on the radial line z = x ∈ (0, 1) to show that
1− x

(1 + x)3
≤ |f ′(x)| ≤ 1 + x

(1− x)3
.

(c) Use the previous inequality to show that
x

(1 + x)2
≤ |f(x)| ≤ x

(1− x)2
.

2. Let A be the set of all holomorphic g : Dg → C such that the domain Dg of g contains a
neighborhood of ∞ and that g has near ∞ an expansion of the form

g(z) = z +
∞∑
k=1

ak(g) z−k

Let g, ĝ ∈ A.

(a) Show that g ◦ ĝ ∈ A and that a1(g ◦ ĝ) = a1(g) + a1(ĝ).

(b) Show that gλ(z) = λg(zλ−1), λ > 0, is in A and that a1(gλ) = λ2 a1(g).

(c) Show that g(x)(z) = x+ g(z − x) is in A and that a1(g(x)) = a1(g).

(d) It follows from the form of the expansion that g ∈ A is injective in a neighborhood of
∞. Find the inverse f = g−1 which has an expansion

f(z) = b−1z + b0 + b1z
−1 + . . .

near ∞ by giving a (semi-explicit) recursion for the coefficients bk and calculate explicitly
b−1, b0, . . . , b3 in terms of ak(g)’s.
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3. Poisson kernel in H \B(0, R)

(a) Let R > 0 and let HR = H \ B(0, R). Show that any continuous bounded function
u : HR → R which is harmonic in HR and satisfies u(x) = 0, x ∈ R \ (−R,R), can be
represented as an integral

u(z) =
2R
π

∫ π

0

Im
(
z +R2z−1

)
sin θ

|z +R2z−1 − 2R cos θ|2
u(Reiθ) dθ

for any z ∈ HR. Hint. Make a conformal transformation to H and use the Poisson kernel
of H.

(b) Show that

lim
y↗∞

y u(iy) =
2R
π

∫ π

0
u(Reiθ) sin θ dθ
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