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1. We call a expression of the form
dXt = my dt—|—0’t dBt (1)
the It6 differential of X;. Let r,q € N. Find the It6 differentials of the following processes:

(a) X; = BY, (b) X¢ = (sin By)", (c) Xy = B} (sin B;)".

2. Let f: R4 — R be a non-random square-integrable function. Show that

t
X, = /O F(s)dB,

is normally distributed. Find the mean and the variance of X;.
3. Integration by parts

(a) For for any semimartingales X; and Y, show that the following integration by parts

formula holds .

t
X,dY, = X, Y; — X, Y, / YedX, — (X,Y):.
0 0
Note. As implicitly defined in Ité’s formula for semimartingales in the lecture notes, here

the definition for the integrals fot X, dY; and fg Y, d X is such that

/fst /fsmsds+/ fooudB, (2)

for the semimartingale of the form (1) whenever the two integrals on the right of (2) make
sense. For more general semimartingales extend accordingly.

(b) Use Ito’s formula for B, f(t) and F(B;), where f and F are smooth enough non-random
functions, to find two integration by parts formulas for the integrals of types

¢ ¢
[ 1B [ swoas
0 0
Note that this gives a way interpret these integrals in pathwise (w-by-w) sense. Why?

4. Let 0 € R and X; = exp (HBt — %t). Show using Itd’s formula that (X;)ier, is a local
martingale. Is it also a martingale?

5. (a) Let (Bt)ier,, Bt = (Bgl),...,Bgm)), be m-dimensional standard Brownian motion,
m > 2, started from By # 0. The Euclidian norm in R™ is denoted by | - |. Show using
Ito’s formula that Y; = | By| satisfies

BMdB®  m -1
dY; = t t dt
t Z Y, + %Y,

k

(b) Calculate (Y);.

Note. You can use the following information about m-dimensional standard Brownian
motion send away from the origin: when m > 2, almost surely Y; = |B| > 0 for all t € R,
i.e. almost surely the Brownian motion doesn’t hit the origin. Why is this important?



