
CONFORMAL FIELD THEORY, EXERCISE SET 11

1. Consider the charged fermion field ψ± =
∑
ψ±n z

−n−1 with [ψ+(z), ψ−(w)]+ =
δ(z − w). Prove the operator product expansion

Y (vλ, z)ψ+(w) ∼ ∂ψ+(w)
z − w

+ λ
ψ+(w)

(z − w)2

Y (vλ, z)ψ−(w) ∼ ∂ψ−(w)
z − w

+ (1− λ)
ψ−(w)

(z − w)2

for the vector vλ = (1− λ)ψ+
−2ψ

−
−1|0 > +λψ−−2ψ

+
−1|0 > .

2. Show that Y (vλ, z) is a Virasoro field with central charge cλ = −12λ2+12λ−2.

3. Define the bosonic field α(z) =: ψ+(z)ψ−(z) : . Show that [α(z), α(w)] =
∂wδ(z − w).

4. Compare the commutators [: α(z)α(z) : , ψ±(w)] and [W (z), ψ±(w)] ≡
[: ∂ψ+(z)ψ−(z) : + : ∂ψ−(z)ψ+(z) : , ψ±(w)] and use this to show that : α(z)α(z) :
= W (z).

5. Define the operators Eij = ψ+
−iψ

−
j−1 for all i, j ∈ Z and compute Eij |m >

for i ≤ j when |m >= ψ+
−m . . . ψ

+
−1|0 > for m ≥ 0 and |m >= ψ−m . . . ψ

−
−1|0 > for

m < 0.


