Chapter 4

CW-complexes and cellular
homology

4.1 The concept of a CW-complex

In the very beginning of this course we have introduced the notion
of simplicial complex and the concept of the triangulation of spaces.
Later we have generalized this ideas to the concept of A-complex. We
have seen that this approach is very fruitful and practical for the study
of topological properties of spaces. For instance Theorem 3.4.3 shows
that the simplicial structure allows us to compute the homology of a
polyhedron or a polyhedron pair.

We have also seen some drawbacks of this techniques. Simplicial com-
plexes are too ” inflexible” for practical purposes and many spaces
admit too complicated, not intuitive and ” messy ” triangulations in
terms of simplicial complexes, that are useless for concrete calculations.
A-complexes are a little better in this sense, but still rely on the linear,
simplicial concepts, which are not purely topological in nature. For
instance simplices are identified by affine homeomorpisms and all ge-
ometrical simplices have ” sides 7 and ” vertices ” although some of
them might be glued together.

2 2

The concept of a CW-complex is yet another generalization, which
is entirely topological in nature and is much more ”flexible”. To see
where the main idea for the generalization comes from recall the fol-
lowing properties of A-complexes, or, to be precise, their polyhedrons
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(Lemma 1.3.2):

There is a collection of characteristic mappings f,: A, — |K| such
that

1) The restriction of f, on the interior int A, is a homeomorphism to
its image.

2) The image of the boundary 0A,, under f, is a finite union of the in-
teriors of the geometric simplices of smaller dimensions (i.e. f!(int A,,)
for proper faces ¢’ < o, m < n).

3) Characteristic mappings determine the topology of | K| - in fact it is
co-induced by the collection of all characteristic mappings.

4) | K| is a disjoint union of geometric interiors f,(int A,,).

It is a well-known fact (proved in the very first section of this notes)
that from a topological point of view the pair (A, 9A,,) is homeomor-
phic to the pair (B",S" ). Once we substitute the former pair by
the later pair and omit all references to simplicial structures, we arrive
precisely at the notion of a CW-complex.

Definition 4.1.1. Suppose X is a Hausdorff space. Suppose that for
every n € N a collection A, = { fo: B" — X} of continuous mappings

15 given. Let
A=A

neN

The pair (X, A) is called a CW-complex if the following conditions are
satisfied.

1) For every a € A the restriction of f. to the interior B, is an
mjection.

2) X is a disjoint union of the sets f,(B,), a € A.

3) The topology of X is co-induced by the collection of mappings A
i.e. a subset A C X s open(closed) in X if and only if f;'(A) is
open(closed) for all o € A.

4) For each n € N and o € A, the set f,(S™™') is contained in the
finite union of the sets of the form fz(B™) where f € A, for some
m < n.

The mappings f, are called characteristic mappings of the CW-complex
(X, A). Subspaces fo(B") are called (n-dimensional) closed cells of
this CW-complex and are denoted also €,. Subspaces f,(B™) are called
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(n-dimensional) open cells and denoted e,. Usually one abuses nota-
tion and calls the space X a CW-complex if it admits a collection A
that makes it into one. Such collection however is by no means unique
and the set of cells also depends on the chosen structure - see examples
below.

Let us also elaborate on condition 4). Suppose o € A,,. Then there
exists a finite set A" C |J,,_,, Am such that

fals™ ) c | fes 1 5 € AL

We can continue by induction and apply the same property to every set
€3 (or rather its boundary).Continuing in this way we see that property
4) implies that for every a € A, here exists a finite set A" C {J,,.,, Am
such that

fals" [ Jles 1 B € A

Examples 4.1.2. 1) It follows from the discussion above that a poly-
hedron of a A-complex can be given a natural CW-structure - provided
we know it is Hausdorff. This is always a case, but we will postpone
the proof until later, when we will introduce alternative definition of the
CW-complex that does not have Hausdorff assumption a priori.

2) Consider a sphere S™. We already know that it is a polyhedron
of a A-complex - for instance obtained from two n-simplices glued to-
gether over a boundary. Since S™ is clearly Hausdorff, this defines
immediately a CW-structure on S™. However there is a simplier C'W-
structure, which does not come from any A-complex (unless n = 1).
To define it recall that the quotient space obtained from B by collaps-
ing the boundary S™™' to a point is homeomorphic to S™ (see exercise
3.42). Hence there exists a quotient mapping f: B™ — S™ that maps
S™=1 onto a point, say —e,1 = (0,...,0,—1) and B" injectively onto
S"\{—ens1}. Define also g: B = {0} — S™ to be a constant mapping
9(0) = ent1. Now the collection {f, g} defines a CW-structure on X.
All the properties are easily seen to be satisfied by construction except
perhaps property 3). Suppose A C S™ is such that f~1(A) is closed in
B" and g7 (A) is closed in {0}. But f is a quotient mapping by con-
struction (alternatively - because S™ is Hausdorff, B" is compact and
f is a continuous surjection) , so already condition f~(A) is closed
implies that A is closed.
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Notice that this structure has only two closed cells and only two open
cells. If n > 1 this structure does not come from any A-complex, since
otherwise there has to be at least one n — 1-dimensional cell.

3) Consider a torus T, which is obtained from a square by gluing hor-
1zontal and vertical sides preserving the natural orientation. Now T
has a natural CW-structure - all corner points correspond to the only
0-cell, a and b (see the picture) are 1-cells and the image of the whole
square in T after identification is the only 2-cell.

a
<

A NP

a<

Notice that this is simpler as the A-complex structure, that had 2 2-
simplices and also a diagonal as a 1-simplex. This is another example
of efficiency of CW-approach. In a similar manner one can define a
natural CW-structures on a Mobius band or Klein’s bottle.

If A is finite, then the condition 3) is redundant. In fact the following
is true.

Lemma 4.1.3. Suppose X is a space and A collection of mappings
each defined on some B". Suppose conditions 1), 2) and 4) as above
are satisfied. Then (X, A) is a CW-complex if and only if one of the
following conditions is satisfied
3’) The topology of X is coherent with the collection {€,} of all closed
cells. In other words a subset A C X is closed (or open) in X if and
only if ANE, is closed (or open) in €,.
3”)The mapping

f=Ufo: Upeua B = X

is a quotient mapping. (Remark: L denotes disjoint topological union).

In particular if A is finite and conditions 1), 2) and /) are satisfied,
then (X, A) is a CW-complex.
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Proof. Exercise 4.1. O

Suppose (X, A) is a CW-complex, Y C X and

Lemma 4.1.4. Suppose (X, A) is a CW-complex and Y C X. Then there
exists B C A such that (Y,B) is a subcomplex of (X, A) if and only if Y
satisfies the following condition:

Suppose a € A is such that Y Ney, #0. Thene, CY.

Moreover in this case B is unique and Y 1is closed in X.

Proof. Suppose (Y, B) is a subcomplex of (X, A). Suppose o € A is such
that there exists y € Y Ne,. Since (Y,B) is itself a CW-complex there
exists unique § € B such that y € eg. Hence in particular e, Neg # 0. By
disjointness o = . In particular a € B, so

€, CY.

This proves that subcomplex satisfies the condition and also shows that B is
unique - it is exactly the collection of those o € A with the property

eaNY #0.

Conversely suppose Y C X satisfies the condition above. Define
B:{B€A|65HY7A®}.

Since eg C Y for all B € B, every fg restricts to a mapping B'" > YandY
is a disjoint union of open cells eg, 8 € B by constuction. Also every charac-
teristic mapping is injection in interior of En, since the same is true in the
whole X.

Suppose C' C Y and a € A,,. Then there exists a finite subset A" C | J
such that

m<n

CNfa(S" ) c | Cnes.
BeA’
fgeA is not in B, then C'Neg = (. Hence there exists a finite subset
B c, _. By such that

m<n

CNfa(S" | Cnes

BeB’
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In particular if we assert C' =Y this shows that (Y, B) satisfies condition 4).

Now suppose C' C Y is such that C'Neg is closed in €g for all 3 € B. Suppose
a € A, is not in B. Then

CNe,=CNfa(S"") = J(Cnesn fu(S"),
BeB’

where B’ C B is finite. Now €5 N f,(S™ ') is a compact subset of Hausdorff
space €g, so in particular closed in €g. Since C'Neg is closed in ez by
assumption, it follows that C'Neg N f,(S"! is closed in €4, hence also in
X (ep is closed in X since it is compact and X is Hausdorff). Since B’ is
finite it follows that C'Ne, is closed in X, as a finite union of closed sets. In
particular it is closed in Y. Hence (Y, B) satisfies condition 3). Also choosing
C =Y we see that Y is closed in X. O

There is another way to define CW-complexes, which is often more conve-
nient than the definition we gave. In order to present it let us first recall the
notion of the adjunction space.

Suppose (X, A) is a topological pair, where A is closed in X. Suppose a
continuous mapping f: A — Y is given. We define the adjunction space
X U;Y as a quotient space of the disjoint union X UY under the equivalence
relation generated by relations

a~ f(a),a € A.

In other words equivalence classes (i.e. the elements of X U;Y") are singletons
{z}, where z € X \ A and the sets

) u{ylyey.

Lemma 4.1.5. Let f: A=Y be as above and let p: X UY — X U Y be a
canonical quotient projection. Then p|X \ A is an open injection and p|Y is
a closed injection. In particular both restriction are embeddings, p(X \ A) is
open in X Ur Y and p(Y') is closed in X Uy Y

Proof. Exercise 4.2. 0

In view of this result we will identify both Y and X \ A with their p-images
in X Uy Y and consider both as subspaces of the adjunction space X Uy Y.
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Now suppose Y is a topological space and n € N. Suppose A is a collection
of some continuous mappings f,: S" ' =Y, a € A. Denote

X =U,B",
A=1,8mL

Then A is closed in X and there is a continuous mapping
f=Uafa: A=Y.

Hence we can construct an adjunction space Z = X Uy Y. Every mapping
fa: "' = Y has a canonical extension g,: B — Z, defined as follows.
Let ip: B° — X UY be an embedding of the closed disk onto its a’s copy
in X and p: X UY — Z be a canonical quotient projection. We define
go: B" — Z as a composition poi. It follows straight from the construction
that g,|S"™! = f,, in other words g, is an extension of f,,.

In this case we say that Z is obtained from Y by attaching n-cells (via

mappings {ga }aE.A) :

More generally we say that a space Z is obtained from its closed subset Y
by attaching n-cells via the set of mappings {hq: B — Z} if there exists
homeomorphism h: X Uy Y — Z which is identity on the subset Y. Here X
and f are as above and h, = h o g,.

It is convenient to have some concrete characterization of this concept in
terms of Z,Y and mappings h,.

Lemma 4.1.6. Suppose (Z,Y) is a topological pair and the collection A =
{ha: B" = Z} of continuous mappings is given. Then Z is obtained from'Y
by attaching n-cells via attaching mappings {h} if and only if the following
conditions are satisfied.

1) Z is a disjoint union of Y and sets e, = ho(B"), a € A.

2) The topology of Z is co-induced by mappings h, and the inclusion Y — Z.
In other words A C Z is open (close) if and only if ANY is open (closed)
in'Y and h;'(A) is open (closed) in B" for every a € A.

3)Y Nho(B,) = ho(S™Y) for all a € A.

Proof. Suppose Z is obtained from its closed subset Y by attaching n-cells
via the set of mappings {ha: B — Z}. Properties 1) and 3) follow then
straight from the definition of an adjunction space. The property 2)(together
with 1) is clearly equivalent to p: X UY — Z being a quotient mapping.
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Hence the conditions are satisfied.

Conversely suppose the pair (X,Y) and mappings {he: B. — Za € A
satisfy conditions. Let
X =u,B"

and define h': X 1Y — Z so that A'|Y is identity onto Y C Z, and A’ equals
he on o’s summond B of X. Conditions 1), 2) and 3) imply that & is then
a surjective quotient mapping and the partition of X LY it defines equals
precisely X U fY, where f is defined as above. O

Suppose Z is obtained from Y by attaching n-cells. The sets e, = f(B")
are called open cells of the pair (Z,Y) and the sets &, = f(B") are called
closed cells of the pair (Z,Y). Notice that every open cell is open in Z and
homeomorphic to B™ (via the restriction of h,) and if Z is Hausdorff every
closed cell is closed in X. It can be shown (Exercise 4.3) that in case Z is
Hausdorff the set of open/closed cells depend only on the pair (Z,Y), not on
the choice of attaching mappings.

Examples 4.1.7. 1. S™ is obtained from a point by attaching one n-cell:
Let f: S"™™' — e,41 be the unique constant mapping. Then B Uy {eny1} is
nothing more but a quotient space of B with the boundary S™ ' identified
to a point. We have seen above that this space is homeomorphic to a sphere
S,

2. RP™ is obtained from RP" 1 by attaching an n-cell:

Let f: S"=1 — RP"! be the canonical projection. Now the adjunction space
B" Uy RP™ is homeomorphic to the quotient space of B" with identifications
x ~ —x for the boundary points x € S™ 1.

In the example 7?7 above we have noticed that this is homeomorphic to RP™.
3. Projective plane RP? is obtained from the Mobius band by attaching a
2-cell:

Let X be a quotient space of the cylinder S* x I with identifications (z, 1sim
(-z, 1)forallze S*. In the exercise 1.26 we have shown that X is homeomor-
phic to the Mobius band. Let f: S* — X be the mapping f(x) = [(z,0)]. We

clatm that X Uy B is homeomorphic to the projective plane RP?. Indeed X

can also be represented as a quotient space of the annulus {x € B | 1/2 <
|z| < 1} with identifications x ~ —x, x € S*. This is so because the annulus
{z € B | 1/2 < |z| < 1} 4s homeomorphic to the cylinder S* — I via the
homeomorphism

x> (z/]z|,1/2|z| +1/2)
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and this homeomorphism takes v € S to (x,1).
The attachment mapping becomes the mapping x — (1/2)x. It is clear that

if ones attaches a 2-disk to the annulus {x € B | 1/2 < |z| < 1} along the
boundary{x € B | 1/2 = |z|, one obtains a closed disk B Hence, taking

identification on the other boundary in to account, it follows that X Uy B~ is

homeomorphic to the quotient of the disk B’ with identifications x ~ —x for
x € nS'. This is known to be homeomorphic to RP? (example 77).

Lemma 4.1.8. Suppose Z is obtained from Y by attaching n-cells. If Y s
Hausdorff, then also X is Hausdorff.

Proof. Let A = {ha: B' — Z} be the collection of attaching mappings.
Define
U=27Z\{h,(0) ]| ae A}

Then U is open in Z by the condition 2) above, hence also the restriction
q=plp~t: p7'U — U is a quotient mapping (exercise 4.4). Definer: U — Y
so that r|Y = id and the restriction of r on €, \ {ha(0)} is defined so that

Ta 0 ha(z) = ho(z/|z|) for all x € B,z # 0.

It is easy to check that r is well-defined and 7: ¢ is continuous. Since ¢ is a
quotient mapping, r is a continuous retraction r: U — Y.

Now suppose z,y € Z,x # y. If both z and y belong to Y they have disjoint
neighbourhoods V; and V5 in Y. Let U; = r~'V; and Uy = r~'V;. Then U,
and Uy are disjoint, € U; and x € Uy and Uy, U, are open in U, hence in
Z. Thus z and y have disjoint neighbourhoods in Z.

Next suppose =z € e, for some a. If y € e,, then x and y have disjoint
neighbourhoods in e,, since e, is homeomorphic to Hausdorff space B™.
Since e, is open in Z, these are also disjoint neighbourhoods of z and y in
Z.

If, on the other hand, y ¢ e,, let v’ = |f~!|(x) and choose r €]r’,1[. Then
ho(B(0,7)) is a neighbourhood of x and Z \ {h,B(0,7)} is a neighbourhood
of y. Clearly these sets are disjoint. O

Notice that we have also proved the following. Suppose Z is obtained from

Y by attaching n-cells. Then Y is so-called neighbourhood retract in 7
i.e. there exists a neighbourhood U of Y in Z and a retraction r: U — A.
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Suppose (X, A) is a CW-complex. For every n € N define the n-skeleton
X" of X by

X"=|J{ealae A} = [ J{ea | a € A}

m<n m<n

In other words X™ is precisely a union of all closed (or open) cells of dimension
smaller or equal to n. The elements of X (0-cells, which are just points) are
called vertices of a CW-complex X.

Lemma 4.1.4 easily implies that X™ is a subcomplex of X, in particular is a
CW-complex itself, with the set of characteristic mappings precisely

A" = Am.

m<n

Also the same lemma implies that X" is closed in X.
Clearly X" ' Cc X" for all n € N. In case n = 0 we interpet X! as an
empty set.

Proposition 4.1.9. X" is obtained from X"~ by attaching n-cells, via map-
pings {fataeca, -

Proof. We have to check that the conditions of Lemma 4.1.6 are satisfied.
Since X™ is a disjoint union of all open m-cells, m < n and X"~! is a disjoint
union of open m-cells, m < n, it follows that X" is a disjoint union of X"}
and open n-cells of X. Also condition 4) of CW-complexes implies that
fa(S"H = X" Ce,.

It remains to show the condition 2) of Lemma 4.1.6. Suppose A C X" is such
that AN X" is closed in X"~ and f;'A is closed in B" for all a € A,. We
want to prove A is closed in X™. Since X" is a CW-complex with the set of
attaching mappings U, ., Am, it is enough to prove that f,'A is closed in
B" for a € A,,, m < n. But in this case

fA = £ AN XY,

«
which is close since by assumption A N X" ! is closed in X*~! and f, is

continuous. O

Previous result provides a reason for the next definition.

Definition 4.1.10. Suppose X is a topological space and (X™),en s a count-

able collection of its subsets such that X =, .y X" and

X'cX,c...cX"c X", ..
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We say that (X™),en is a CW-filtration of X if

1) The topology of X is coherent with the collection (X™)nen, i.€. a subset
A C X is open/closed in X if and only if X™ N A is closed in X™ for all
n € N.

2) X" is obtained from X"' by attaching n-cells for all n € N. Here
X1 =0, hence X° is a discrete space.

Proposition 4.1.11. Suppose (X, A) is a CW-complex. Then its skeletons
{X"}en form a CW-filtration of X.

Proof. Condition 2) is proved in Proposition 4.1.9 above, so it remains to
show that the topology of X is coherent with the collection (X™),en.
Suppose A C X is such that AN X" is closed in X™ for every n € N. Let €,
be a closed n-cell of X. Then

Ane,=(ANnX")Ne,

is closed in €,. Since the topology of X is coherent with the collection of all
closed cells, the claim follows. O

Next we want to prove the opposite claim - every space with a CW-filtration
is a CW-complex in natural way. This provides another definition of a CW-
complex, which is often more convenient in practise. Notice that in the
definition of a CW-filtration we did not assume a priori that the space is
Hausdorff.

Suppose X has a CW-filtration (X™),en. Denote by A, the collection of
attaching mappings of the pair (X", X"~ 1). Define

A=A

neN

Proposition 4.1.12. Suppose X has a CW-filtration (X™),en. Then (X, .A)
(defined as in the previous paragraph) is a CW-complex.

Proof. First of all we need to show that X is Hausdorff. By Lemma 4.1.8 and
induction X™ is Hausdorff for every n € N. Also X" ! is a neighbourhood
retract of X™ i.e. there is an open subset U, of X" such that X"~! C U and
there exists a retraction r,,: U, — X"~!.

Now suppose z,y € X, x # y. Choose n € N such that z,y € X™. Let V,
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and W, be disjoint neighbourhoods of x and y in X™. We will construct by
induction a chain

VoCVenC...CVy, C Vs C.ls

W,cWy1C...CW,, CW,1 C...

such that V,,, W,, are open in X™ for all m > n and disjoint. This is done
as following. Suppose we already defined V,,_; and W,,,_;. Then we assert

vm = Tr_nlvm—lv
W =1 "Wy
Finally we put
V=_J V.
m>n
W= W
m>n

Then V and W are open neighbourhoods of z and y in X and they are dis-
joint.

Clearly every attaching mapping is injective when restricted to the open ball
B"™. Since X" is obtained from X"~! by attaching n-cells, it is disjoint union
of all open n-cells and X"~!. By induction it implies that X" is a disjoint
union of all open m-balls, m < n. Hence X is a disjoint union of open cells.

To check condition 3), let A be a subset of X such that f;'(A) is closed in
B" for every o € A,, n € N. We need to prove that A is closed in X. It is
enough to prove that AN X™ is closed in X" for every n € N and we prove
this by induction on n.

Ifn=0ANX"is closed in X° trivially, since X° is discrete, so its every
subset is closed in it.

Suppose B = AN X" ! is closed in X" '. Then (AN X")N X" = Bis
closed in X"~ ! and for every o € A,, we have

fHANX™) = A N fIHXT) = f21(A)

is closed in , B" by assumption. Here we used the fact that the image of f,

lies entirely in X", so f;1(X") =B .
Since X™ is obtained from X"~! by attaching n-cells, this implies that ANX"
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is closed in X™ and we are done.

It remains to show the condition 4) of CW-complexes. Let C' be a compact
subset of X" for some n € N. By the exercise 4.5a) C' intersects only finitely
many n— 1-cell, so it contains in the union of finitely many open n-cell e, and
the set C N X" 1. Since X is Hausdorff and C is compact, so it is closed, so
C'NX"!is a compact subset of X" ! and we may assume by induction that
it can be covered by finitely many open cells of dimension at most n —1. We
need only to check that the initial step in the induction is possible. But X
is discrete so its compact subsets are finite, hence can be covered by finitely
many 0-cells. Thus we have shown that every compact subset of X™ can be
covered by finitely many closed cell of dimension at most n. In particular for
every a € A, the set f,(S" 1) is a compact subset of X"~!, hence can be
covered by finitely many m-cells, where m < n. O

Examples 4.1.13. 1. Now we can finally prove that |K| is a CW-complez.
Indeed n-skeletons |K|" form a CW-filtration of |K|. Details are left to the
reader to fill in.

In particular | K| is always a Hausdorff space.

2. We have proved above that the projective n-plane RP"™ is obtained from
RP" ! by attaching a single n-cell. Hence we have a CW-filtration

RP’={0} cRP'=S'C...Cc RP"' CRP™

Hence RP™ is an n-dimensional CW-complex, which has exactly one m-cell
for every m < n.

4.2 Cellular homology

In the previous chapter we have shown that one can calculate the homology
of a polyhedron using only simplicial structure, which in many cases is very
useful computation technique. Now we would like to generalize this approach
for CW-complexes.

By analogy on simplicial homology we should start with a complex C'(X)
such that C, is a free abelian group on the set of n-cells of a CW-complex
X. However the next step - definition of a boundary operator is not so ob-
vious now, since our cells do not have any ” simplicial structure ”, so we
cannot talk about ”faces” of a cell. It turns out that the best approach is to

use singular homology theory which is already developed. For this we need
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to prove some basic homological properties of CW-complexes.

Suppose (X, A) is a CW-complex and n € N. Suppose f, € A, is an
attaching mapping f.: B — X™. By composing it with some (fixed) home-
omorphism A,, — B", we obtain a singular n-simplex g, € Cn(X™). More-
over, its boundary belongs to C,,_;(X™ '), hence there is a homology class
(9a) € Hp(X™, X771,

Lemma 4.2.1. Suppose X is a CW-complex. Then

a)

free abelian group on the set of all n — cells of X if m = n,

Hm(Xn,Xn_l) —
0, m # n.

Moreover {[ga] | @ € A,} is a basis of H,(X™, X"1).
b) H,(X"™) =0 if k > n.
c¢) The inclusion i: X" — X induces isomorphisms

if k< mn.

Proof. The proof of a) is very similar to the calculations made in the proof
of Lemma 3.4.2, and it is thus left to the reader.

b) and c¢) follow from a) with the help of long exact sequence of the pair
(X", X" 1), Indeed, that sequence and a) imply that the homomorphism
iv: Hy(X™ ') — Hp(X™) induced by inclusion is an isomorphism when & #
n,n— 1.

In particular it follows that if & > n

Hpy(X™) 2 Hy (X" 2 H(X™?) =2 Hy (X% =0,

since XV is a discrete space and k > 0.
On the other hand if £ < n and m > n, then

is an isomorphism. Since singular homology has compact carries, this implies
c) - details are left as an the exercise 4.7. O
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Now we define the cellular chain complex CV(X) of a CW-complex X
as following. We assert

O (X) = Hy(X7", X"

for all n € N. As a boundary operator 9: CSW(X) — CW(X) we use
the boundary operator &': H, (X", X" ') — H, (X" 1) = H,(X"?) from
the long exact singular homology sequence of the triple (X", X1 X"=2),
Recall that it can also be defined as a composition of the boundary opera-
tor 9: H,(X", X" ") — H, (X"") of the pair (X", X"!) and a mapping
Ju: Hy (XY — H, (X!, X"2) induced by the inclusion j: X"~ ! —
(X"~ X"=2) (Exercise 2.25).

/O
0 WX 2 H(X)
\ /
/ \ ,
Hpor (XL X7) WX, X7

First of all we need to show that & o @ = 0. Consider j,: H,_;(X"1) —
H, (X" 1 X" %) and 0: H, (X", X"2) —» H,_»(X"?). These homo-
morphism are two consecutive mappings from the long exact sequence of the
pair (X!, X"=2). By exactness their composition is zero. Hence also

o0 =j,00075,00=0.

It follows that (C°Y, 9) defined as above is a chain complex. It will be called
the cellular chain complex of the CW-complex X. The n-th homology of
this complex will be denoted HEW (X).
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By definition
HY(X) = 27" (X) /B (X)

where ZCW(X) = Kerd = Ker(j, o d). From the long exact homology
sequence of the pair (X™~!, X"=?) and Lemma 4.2.1a), it follows that j, is
an injection, thus

ZEW (X) = Ker(j, 00) = Kerd = Im(jo: Ha(X") > Ha(X", X)),

As above from the long exact homology sequence of the pair (X", X"!) and
Lemma 4.2.1a), it follows that j, is an injection, so defines an isomorphism

Jur Ho(X") = Z7V (X)),

Now we are finally ready to prove that cellular homology is isomorphic to
singular homology.

Proposition 4.2.2. Suppose X is a CW-complex andn € N. Leti: X™ — X
be an inclusion. Then the homomorphism p, = i, o (j.) ': Z¢W(X) —
H,(X) is a surjection, whose kernel is exactly BSW (X).

Hence p,, induces an isomorphism

HEW(X) = H,(X).

Proof. Since j,.: H,(X") — ZSW(X) is an isomorphism, to prove the first
claim, it is enough to show that i.: H,(X") — H,(X) is a surjection. Since
iy = k,ol,, where k: X" — X and [: X™ — X"*! are inclusions and k, is
an isomorphism by Lemma 4.2.1c), it is enough to show that [, is a surjec-
tion. But this follows from the long exact sequence of the pair (X" X™)
and Lemma 4.2.1a).

Now BEW(X) = Im 9 = Im(j.00). Since j, is an isomorphism onto Z¢W (X)),
its inverse maps BSY (X) onto Imd C H,,(X™), which, by exactness of the
long exact homology sequence of the pair (X" X™) equals Ker I, as defined
above. Since k, is an isomorphism, Ker [, = Keri,. It follows that BS" (X)
is a kernel of p,,.

Now the last claim follows from the first and second claims by the first
isomorphism theorem of the group theory. O

Suppose X and Y are CW-complexes. A continuous mapping f: X — Y is

called cellular if f(X") — Y™ for all n € N. Cellular mappings are ana-
logues of simplicial mappings in the theory of simplicial complexes. Also the
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analogue of the simplicial approximation theorem is true for CW-complex -
it can be shown that any continuous mapping f: X — Y is homotopic to a
cellular mapping, also we won’t prove it in this course.

It is clear that a cellular mapping f: X — Y defines induced mappings
fo: COV(X) — CEY(Y) for every n € N. Those constitute a chain mapping
fEV COV(X) — COY(Y), hence define induced mappings f€V: HSW(X) —
HEY(Y).

It is easy to verify that the isomorphisms p,: HSW(X) — H,(X) and
P, HEW(Y) — H,(Y) commute with homomorphisms induced by cellular
mappings, i.e. a diagram

HEW(X) L2 H,,(X)

e

HEW (V) L 1, (Y)

is commutative. This can be also expressed by saying that homomorphisms p
are natural with respect to cellular mappings. The precise verification
of this fact is left to the reader.

Before going into the next example let us make the following observation.
Suppose X is a CW-complex that has only one vertex (i.e. X° is a single-
ton). Then the boundary operator 9: CFW(X) — C§W(X) is zero. This
is because C§W(X) = Z, so if O would not be zero, its image would be a
non-trivial subrgoup of Z, hence Ho(X) = HW(X) would be a finite group
Z,, for some n € N, in particular it is not free abelian group or it is a trivial
singleton group (in case n = 0. On the other hand we know that Hy(X) is
always a free abelian group, which is not trivial, unless X is empty.

Hence 9: CEW(X) — C§" (X) must be zero in this case.

Example 4.2.3. Suppose A is a set and fix an integer n > 1. For every
a € A take a copy S of a sphere S™ and let x,, be a "south pole” e,+1 € ST
Let X be a space obtained from disjoint union of spheres SI by identifying
points x, to one point x. Then X is a CW-complex - take as attaching
mappings for every a € A a quotient mapping fa: B — S, that maps S"
onto x and a constant mapping g: {0} — {x}. Then X has A amount of
open n-cells e, one 0-cell {z} and no cells in other dimensions. The notation
X = VaeaS? is used and the resulted space is often referred to as the wedge
sum of spheres S, a € A .

o’

Hence CYW(X) is a chain complex with CSW (X) =2 ZA4 a free abelian group
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on the set of all n-cells of X, C§W(X) = Z and other groups being trivial. If
n > 1 this already implies that all boundary operators of C“V(X) are zero.
If n =1 this follows from the observation above, since X has only one vertex.
Hence the cellular homology of X is

Y (X) =77,

with basis elements essentially attaching mappings fo: B" — St (up to a
homeomorphism A, — B,,),

HSW(X)=1Z

and all other homology groups trivial. Hence the same is true also for singular
homology.

Notice that in case o 1s a singleton and there is only one sphere, we obtain
the CW-structure on S™ from the example 4.1.2. With thus structure the
inclusion 1o S™ — X that maps S™ homeomorphically onto S” is a cellular
mapping and the map induced by it maps the generator of HCW(S") = Z
onto a generator [f,]. It follows that mappings (i)« define an isomorphism

Dacdla: Daca Hp(S") = Hy(X).

Conversely let p,: X — S™ be a ” projection to a-factor” of X i.e. a mapping
that maps S;; onto S™ as identity and maps all the other Sg to a point S.
Then po is a cellular mapping and induced mapping in n-th homology is an
algebraic projection of direct sum Z* onto a-factor Z.. This follows easily
from the fact that p, o i, = id, and p, o iz is a constant mapping for all
B # «a. Indeed a constant mapping induces zero mapping in the n-th homology
(because it factors through a singleton space, which has zero n-th homology),
so we obtain equations

(Pa)s © (o) = id,
(Pa)s 0 (ig) = 0,8 # a.
It is known from algebra that (p.) is then a projection.
In order to apply Theorem 4.2.2 one often needs to calculate the boundary
operator, which might be difficult if you do it directly from the definition.

Next we will show how to express boundary operator in terms of degrees of
certain mappings S — S™.

Suppose (X, A) is a CW-complex. The group C¢" (X) has a basis {f, | a €
A}, so it is enough to calculate O(f,) for every a € A,,. Moreover, since
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CEW(X) has a basis {f5 | 8 € A,_1}, there exists unique finitely supported
family {d.s}sea, , of integer coefficients such that

O(fa) = dapfs,

so it is enough to calculate coefficients d,gs.

For every 3 € A,_; define a mapping pg: X" ' — S"! as following. On
the complement of the open cell es we let ps be a constant mapping that
maps everything to a south pole —e,1;. On the closed cell eg we define pg so
that Pp o fﬁ . Fn_l
homeomorphism En_l/S"_2 — 571 and maps S™"2 to a south pole —e,1.
We can choose for instance g defined in explicitly in the Exercise 3.42.

In other words we identify the complement of eg to a point. It is easy to see
that pg is continuous. Moreover the diagram

— 5"~ ! is a canonical quotient mapping ¢ that induces a

H, (B"", 572
l(m)* &=
Hn—1(Xn_1,Xn_2)(zﬂ> n—l(Sn_la S)

commutes, since it commutes on the space-level. Now S"~! is an n — 1-
dimensional CW-complex, with S being its n—2-skeleton and ¢ the only char-
acteristic mapping in dimension n—1, so by Lemma 4.2.1a) [g] is the generator
of H,_1(S"1,S) = Z (up to a homeomorphism A, , — B" ). Moreover
up to the same homeomorphism [id] is a generator of H,_(B" ', S"2) 27
and ¢.[id] = [g], so it follows that g, above is an isomorphism.

It follows that (pg). takes a generator fs = (f3).[id] of H, (X!, X"7?)
to the generator of H,_1(S"*,S) = H,_1(S"') = Z and all other genera-
tors to zero. In other words (ps). can be thought of as a natural projection
CM(X) — Z to the S-summond.

The natural isomorphism H,_ (5", S) = H,_1(S"!) above comes from
a reduced exact homology sequence of the pair (S"7!,S) and the fact that
reduced homology groups of a singleton {S} are trivial.

Suppose x € H,_(X" !, Xn —2). Since H,_ (X", X"2) is free on the
basis {fs | 8 € A,_1}, there exist unique integers ng such that

T = Z ngfg.

From the algebraic observations above it follows that up to the choice of the
generator of H,_1(S",S) we have that ng = (3).(f5) € H,—1(S™1,S) = Z.
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Now consider the following commutative diagram.

H,(B", 5" —= o~ f, (5"

A,
l(fa)* l(mx

Hn(X”,X"_l) 3 F[n—l(Xn 1) Ps gn_l(sn—l)

~__ | 2

Hn_l(Xn_l,Xn_2) ,

where A, = pgo fol: ST — S

It follows that (up to isomorphisms)

daﬁfﬁ = (pﬁ)*a(fa) = (pﬁ)*a(fa)*[D] = Aaﬁ(a[D])a

where D is a generator of H,(B",S" ') that corresponds to the identity
mapping under a fixed chosen homeomorphism A, — B,. It follows that
d(D) is a generator of H,_1(S""!). In other words the coefficient dns € Z
equals the degree of the mapping A,z: S"!' — S"! up to a sigh.

This makes sense also for n = 1, although we did not define a degree of a
mapping S — S° but this can be done as for n > 0, since the reduced group
Hy(S5°) is isomorphic to Z.

In practise however there is no need to apply this result in case n = 1, since
the boundary operator 9;: Hy (X!, X°) — Hy(X") is defined simply by the
familiar formula

al(fa) = fa(l) - fa(o)'

Also observe that although the calculation above identifies d,g only up to a
sigh, it makes no difference in practice, since we can always switch a basis
element f3 of CS (X) to —f5.

Example 4.2.4. Let us calculate the homology groups of the projective n-
plane RP™ using cellular homology. Since RP™ is a CW-complex that has
ezactly one cell in every dimension 0 < k < n, the complex C" (RP™) con-
tains groups CEW(RP") = Z[fi] 2 Z for 0 < k < n and trivial groups in
all other dimensions. It remains to calculate the boundary operators. We
have O(fi,) = dyfr_1, where dy, is a degree of the mapping Ay: S*~1 — Sk-1
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defined as above. Now what is this mapping?

Recall that RP* can be identified with a quotient space of B under the equiva-
lence relation ~ with x ~ —x for all v € S¥~1. In fact then the characteristic
mapping f: B' = RP* is precisely a quotient projection.

Now by the definition A = pr_1 0 (fe]): St — RP" 1 — S" ! is defined
as following. In the upper hemisphere B, of S"~! it is a mapping that maps
= (x1,...,3,) € By first to the class of [x1,...,x,_1] € RP" 1 = B"1/ ~/
and then by p*~' that identifies RP"2 to a south pole. This corresponds to
the composition of a standard homeomorphism p: B, = B"™! (projection)
and a quotient mapping g-: B = 57 that identifies boundary S™? to a
south pole. Moreover we can choose g as in the Ezxercise 3.42.

On the other hand in the lower hemisphere B— of S~ we first apply map-
ping t_toB,, 1(x) = —x, then mapping gop: By — S™ ' as above.

It follows that we can factor A as

A=pfoa,

where a: S"71 — S"TEA S and B STTEA SV — S are defined as
following.

Let iy,i9: S™1 — S A S"1 be inclusions onto the first and second sum-
mond.

The restriction of o on the upper hemisphere B, isi;0gop on the first copy
of S~ ! in the wedge sum S™ 1A S""! as above, while the restriction of a on
the lower hemisphere B— is iy 0gopot. Since both restrictions map equator
S~ = BN B_ onto the base point —e, 1 of ™t — S*LAS™L it follows
that o is well-defined and continuous.

Mapping B: S"~ 1 AS"L — S™=1 s defined to be identity on both summonds.
These definitions easily imply that indeed A = o, so A, = B, 0 a,.

By example 4.2.3 there is a commutative diagram

Hn—l(Sn_l) ©® Hn—l(Sn_1>

(fe,tofx) Wl

i
L
[
3
L
S~—
1%
=
L
W
7



where f: S"t — 8™ s defined as an Exercise 3.42 with the aid of the
mapping g and hence has degree 1.

Hence
Ay(x) = (idy ®idy)(fe, e © fi)(x) = (ids D idy)(x, (—=1)"x) = 2+ (=1)"x =

2z when n is even
0, when n s odd,

where we used the fact that degt = (—1)" (Exercise 8. 28). Hence deg A = 2
when n is even and 0 is n is odd.

Thus the cellular chain complex of RP™ is

0 727 2% 2.7 X7 0
if n is even and
0 7 %7 % 2.7 X 7 0

if n s odd.
From this we obtain immediately that

Z, for m =0,
Lo, for 0 <m <mn if m is odd ,
Z, form=n ifn is odd

0, otherwise.

H,(RP,) =

Compare this with the difficult and long calculation of the same groups in the
Ezxample 3.5.3, where we used Mayer-Viatoris sequence.

Example 4.2.5. The closed orientable surface M, of genus g is defined
as follows. Take a(regular) polygon with 4g sides and denote its vertices by
g, - .., Gag—1 10 counter-clockwise fashion. Hence the faces of polygon are
lai,ai41] for i = 0,...,4g — 1. To obtain M, we identify for every i =
0,4,...,4k,...,4(9 — 1), k < g and every i = 1,5,...,4k +1,...,4g — 3,
k < g the side [a;, a;1] with side [a;y3, a;1o] Teversing direction, i.e. the point
ta; + (1 —t)aj1, t € [0,1] with the point ta; 15+ (1 —t)a;1o. Here we denote
Q4g = Q.

The cases g = 1 and g = 2 are illustrated in the picture below.
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Notice that M, is a torus. We also define ” degenerated case ” My = S?.

It is not difficult to see that M, is a compact 2-manifold for every g € N. On
the other hand M, is a 2-dimensional CW-complex with one 2-cell o (cor-
responding to the whole space), 2g 1-cells, which we denote xg, 1, ..., Tog_1
and one 0-cell, which corresponds to all vertices of the polygon (check that
all vertices are identified with each other).

It follows that we can calculate the homology of My using cellular homology.
The chain complex C°Y(M,) has non-zero groups only in dimensions 0, 1
and 2, so the only boundary operators that need to be calculated are Oy and
0y. Since M, has only one vertex, Oy must be zero. On the other hand

where dj, is a degree of the mapping S* — S which goes once around S*
counter clockwise and then once in the opposite direction clockwise - because
x; occurs in the boundary of o twice - in different directions. It is easy to
check that this mapping has degree 0 (precise proof is left to the reader).
Hence also 0y = 0 and hence (cellular) homology of M, is

H2(Mg) =Z,
Hl(Mg) = Zzgv
Ho(Mg) = 7.

Example 4.2.6. The closed non-orientable surface N, of genus g (g >
1) is defined as follows. If g > 1 take a(regular) polygon with 2g sides, with
vertices ag, . .., ag.—1 (listed in counter-clockwise order). The faces of this
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polygon are [a;, a;+1] fori=0,...,4g—1. To obtain N, we identify for every
i=0,2,...,2k,...,42g—1), k < g the side [a;, a;11] with side [a;1+1, a;1o] the
point ta; + (1 — t)a;41, t € [0, 1] with the point ta;,s3 + (1 — t)a;12. Here we
denote asy = ay.

The cases g = 2 and g = 3 are illustrated in the picture below.

ay Z1
as
as T
= 5) T
T1\Y 2
\ N,
T T
b N
P
Qo To ax Qo To ay

We also define the ” degenerated case ” Ny = RP2.

It is not difficult to see that Ny is a compact 2-manifold for every g > 1. On
the other hand N, is a 2-dimensional CW-complex with one 2-cell o (corre-
sponding to the whole space), g 1-cells, which we denote xo, 1, ..., 24,1 and
one 0-cell, which corresponds to all vertices of the polygon (check that all
vertices are identified with each other).

It follows that we can calculate the homology of N, using cellular homology.
The chain complex CCW(NQ) has non-zero groups only in dimensions 0,1
and 2, so the only boundary operators that need to be calculated are Oy and
0,. Since N, has only one vertex, 01 must be zero. On the other hand

0s(0) = Z drTr,

0<k<g

where dy, is a degree of the mapping S* — S* which goes twice around S*
because x; occurs in the boundary of o twice with the same orientation. The
degree of this mapping is 2 (it is a mapping z v+ 2%, if complex numbers
notation is used). Hence

02(0') = 2(!13'0 + ...+ [L’g_l).

It follows that Dy is injection, whose image is the subgroup of CEW(N,) gen-
erated by the element 2(xo + ...+ x4_1). Since {xo,...,T4_1} is a free basis
of CEW(N,), it follows that also {xq, ..., Ty 9,To+ ...+ x4 1} is a free basis
of CEW(N,). Hence

Hy(N,) = Kerd, =0,
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Hl(Ng) = (Z[Io]@Z[Il]@ . EBZ[SL’Q_Q]@Z[SL’O—F . +l’g_1])/2Z[SL’0+ . .+Ig_1] = Zg_l@ZQ.
Hy(N,) = Z.

Surfaces M, and N, play important role in the problem of classification of
all compact 2-manifolds. In fact one can prove the following result.

Theorem 4.2.7. Suppose X is a compact connected 2-manifold without
boundary. Then there exists g such that X is homeomorphic to either M, or
N,.

For instance Klein’s bottle is a compact connected 2-manifold. Since N, is
the only orientable or non-orientable surface which has the same homology
groups as the Klein’s bottle, it follows from the Theorem 4.3.1 that Klein’s
bottle is homeomorphic to Ny. of course it it not difficult to see that also
directly from the definitions of both spaces - just apply the good old ”cut
and paste” technique.

By the calculations above different spaces M, and N, all have different ho-
mology groups, so no two of them are of the same homotopy type. This
observations combined with the result 4.3.1 leads to the following interesting
fact.

Proposition 4.2.8. Suppose X and Y are compact connected 2-manifold
withut boundary. If X andY are of the same homotopy type, they are actually
homeomorphic.

In other words the classification of compact 2-manifolds up to the homotopy
types is the same as the classification up to the homeomorphism. In partic-
ular as a special case we obtain the following 2-dimensional version of the
infamous Poincare conjecture:

A compact 2 manifold which has the same homotopy type as the sphere S?
is actually homeomorphic to it.

The corresponding statement is actually true in all dimensions - a compact
n-manifold which has the homotopy type of a sphere S™ is homeomorphic to
S™. This is known as the generalized Poincare conjecture. The cases
n =1 and n = 2 are classical results which were known for a long time. All
cases n > 4 were proved up to 1982. The remaining case n = 3 turned out
to be the most difficult one and it was exactly the case n = 3 which was
known under the name the Poincare conjecture and remained unsolved
for about a century. It was finally proved in 2003 by the eccentric Russian
mathematician G. Perelman.
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4.3 Classification of compact 2-mainfolds

The purpose of this Appendix is to outline the proof of the following result.

Theorem 4.3.1. Suppose X is a compact connected 2-manifold without

boundary. Then there exists g such that X is homeomorphic to either M, or
N,.

We will prove this theorem under assumption X is also a polyhedron of some
simplicial complex i.e. has a triangulation. This is not really a restriction,
since the following fact is true.

Proposition 4.3.2. Fvery compact 2-manifold without boundary has a tri-
angulation.

However the proof of this Proposition is too difficult and will be omitted.

Definition 4.3.3. Suppose K is a simplicial complex and x € |K|. The
simplicial neigbourhood of  N(z) is defined to be the subcomplex of K
generated by all the simplices that contain x. The link Lk(x) of x is defined
to be the subcomplex of N(x) formed by the simplices of N(x) that do not
include x.

Hence o € K is in N(x) if there exists ¢’ € K such that x € ¢’ and 0 < ¢'.
The simplex 0 € K is in Lk(z) if x ¢ o but there exists ¢’ € K such that
x € o' and o < ¢'. It is easy to see that

St(x) = [N(2)| \ |Lk(z)].

Lemma 4.3.4. Suppose x € |K|, K is a finite simplicial complex in a finite-
dimensional vector space V.. For everyy € |N(x)|,y # x there exists precisely
one r(y) € |Lk(z)| which lies on the half-line

{z+ty—=x)|t>0}.

The mapping r: |N(z)| \ {x} — |Lk(x)| (called the radical projection) is
a continuous retract and homotopy inverse on the inclusion i: |Lk(x)| —

IN(@)[\ £}
Proof. Since K is finite, |K| is bounded, so there exists
t'(y) =sup{t 2 0 | z +t(y —x) € [N(z)|}.
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Then ¢'(y) > 1 > 0 and r(y) = v+ t(y — z) € |[N(z)|, since |N(x)| is
closed. Let 7 € K be the carrier of r(y). If x € 7, we can continue half-line
{z +tly —x) | t > 0} further from r(y), which contradicts the definition
of r(y). Hence z ¢ 7, so r(y) € |Lk(x)|. To show the uniqueness of r(y),
it is enough to show that for all ¢ €]0,¢'[ the point z(t) = = + t(y — z) is
not in |Lk(z)|. Let o be the carrier of x. Since 7 is a carrier of r(y) and
r(y) € |Lk(x)]|, there exists simplex ¢’ which contains = and has 7 as one of
its faces. Since o is a carrier of x, o is also a face of ¢’. It follows that we
can assume that ¢’ is a simplex spanned exactly by all the vertices of 7 and
o. It is easy to see that the "open interval”

Jo, r(y)[={ +t(r(y) —x) [ £ €]0, 1]}
lies entirely in the interior of o', hence does not intersect |Lk(x)|.

The verification of the continuity of r is left to the reader - it is enough to
check it for sets o\ {x}, where € K contains z. If y € |Lk(z)| clearly r(y) = y,
so r is a retraction. Moreover linear homotopy (y,t) — (1 —t)y + tr(y) is a
well-defined continuous homotopy from identity to ¢ o r. O

Proposition 4.3.5. Suppose K, L are finite simplicial complexes and f: | K| —
|L| is an embedding. Suppose x € |K| is such that f(x) € int f(|K|). Then
|Lk(x)| and |Lk(f(x))| have the same homotopy type.

Proof. Let o be a carrier of f(x) in L and let U be open subset of L such
that f(z) € U. Then

f(x) e UNSt(a) C[NL(f(2)],
so V = f~'UNSt(c) is an open neighbourhood of = that maps f into | N f(z)|.

For every A €]0, 1] define
AIN(z)| = {1 = Nz + Myl y € [N(2)]}-

Then x € AN (x)| and since |N(z)| is finite, hence bounded for ever ¢ > 0
there exists A €]0, 1] such that

(1=Nz+ Xy —z| =Xz —y|<e

forally € |[N(x)|. Here |-| denotes some norm in | K| induced by some embed-
ding of | K| in Euclidean space R™. In other words for every neighbourhood
W of x there exists A such that

NN (z)| © W.

171



In particular there exists A such that
AN(z)| Cc V= f'UNSt(o), in particular

f(x) e FAIN(2)]) C IN(f(2))].

Notice that there is a homeomorphism \: |N(z)| = A|N(z)|, AMy) = (1 —
Az + Ay. In particular A\(z) = x.

Similarly f(A|N(x)|) contains an open neighbourhood of f(x) in |L| (since
A|N(z)| contains an open neighbourhood of z in |K| and f is a homeomor-
phism to its image), so there exists p €]0, 1] such that

pIN(f ()] € FAIN(2)]) < [N (f ()]

[teration of the construction of A also implies the existance of v €]0, 1] such
that

FWIN(@)|) € plN(f(2)] € FAIN(2)]) < [N(f(2))]

We may clearly assume v < A.

Next we define mappings ¢: pu|Lk(f(x)| — f(v|Lk(z)|) and ¥: f(v|Lk(x)|) —
wu|LE(f(z)| and show that they are homotopy inverses of each other. To de-
fine ¢ observe the following.

pIN(f (@) < FAIN()]),

so in particular f~! takes p|Lk(f(x)| into AN (z)| \ {z}. We denote the
restriction of f~! defined as a mapping f~1: u|Lk(f(z)] — AN (z)|\ {z} by
the symbol f; . The radical projection A\|N(z)|\ {#} — A\|Lk(z)| defined as
in the previous Lemma we denote by ry: A|N(z)| \ {z} — A|Lk(x)|. Notice
that previous Lemma also implies that r) is a homotopy equivalence. Next
we scale A\|Lk(z)| — v|Lk(x) by vo A~L. Notice that this is essentially just a
linear movement of the point y € A|Lk(z)| on the half-line {(1—t)x+ty,t > 0}
that does not touch x. Now we are ready to define ¢ as a composition

¢p=fo(wororyofilh
The mapping 1 has a slightly simplier description - it is simply composi-

tion r, o j, where j: f(v|Lk(x)|) — p|N(f(x)| \ {f(z)} is an inclusion and
rp: | N(f(x)| \ {f(x)} = p|Lk(f(x)] is a linear radical projection.
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As a next step we construct a homotopy F': u|Lk(f(z)| x I — MN(z)|\ {=}
between the mapping f;*: u|Lk(f(z)| — A N(2)|\ {} and the mapping

ko(vor)orye fil,

where k — v|Lk(x)| — A|N(z)| \ {z} is an inclusion. In fact we only need
to homotope ko (v o A71) o7y to the identity mapping, and it is easy to see
that the linear homotopy will suffices for that.

Now [ takes A[N(x)| \ {«} into [N(f(x)| \ {f(x)}, so fF: p[Lk(f(x)] x
I — |N(f(z)] \ {f(z)} is a well-defined homotopy between the inclusion
Lo p|LE(f (z)] < IN(f(z)| \ {f(2)} and the mapping p~" o j o ¢.

Since by the previous lemma ¢ o r,: u|N(f(z)| \ {f(x)} — p|Lk(f(z)] —
p|N(f(z)]\ {f(z)} is homotopic to identity, we see that u~! o jo ¢ is homo-
topic to gt oior,0jo¢ = putoio(¢pg). On the other hand p='oiis
a homotopy inverse of 7, o i, so 1¢ is homotopic to 7, o o, which is easily
seen to be the identity of u|Lk(f(z)|. Hence ¢ ~ id.

Now
pop=fo(woloryofiltor,oj.

Since f~! takes u|N(f(x)|\{f(z)} into A|N(x)|\{z} we can subsitute f; 'or,
above by fy ' oi o rpu, which is homotopic to f, ', where fy*: u|N(f(z)|\
{f(x)} — MN(z)| is a mapping defined by f~!. Hence ¢ o ¢ is homo-
topic to the composition f o (vo A oryo f; ! 0oj. On the other hand
fytooj =j"of where f;': f(v|Lk(x)|) = v|Lk(z)| is defined by f~' and
j": v|Lk(x)] — A|N(x)| \ {z} is an inclusion. Definitions easly imply that
(voA 1) ory o is identity of v|Lk(x)|. Hence in the end we obtain that ¢
is homotopic to the identity of f(v|Lk(z)]).

We have shown that p|Lk(f(z))| and f(v|Lk(z)|) have the same homotopy
type. Since p|Lk(f(x))| is homotopic to |Lk(f(z))| and f(v|Lk(z)|) is ho-
motopic to |Lk(z)|, the claim is proved. O

Corollary 4.3.6. Suppose K is a finite simplicial complex such that |K| is
an n-manifold without boundary. Then |Lk(x)| has the same homotopy type
as S™7t for every x € |K]|.

Proof. Suppose x € |K| and let f: U — V be a homeomorphism, where U is
an open subset of R” and V' is a neighbourhood of z in |K|. We may assume
0 € U and = = f(0). Let 7 > 0 be such that B"(0,7) ¢ U. Now B’ (0,7)
has a triangulation as |K(c)|, where ¢ is an n-simplex. Now the restriction
fl: |K(o)| = K satisfies the conditions of the previous proposition for z, so
Sl | LE(0)] ~ |Lk(z)|. O
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Proposition 4.3.7. Suppose K is a finite simplicial complezx such that | K|
1s a 2-manifold without boundary. Then

1) |K]| is 2-dimensional and every point belongs to some 2-simplex.

2) Every 1-simplex of | K| is a common face of exactly two 2-simplices in K.

Proof. Suppose dim K > 2. Since K is finite, there exists then a maxi-
mal simplex 0 € K of dimension m > 2. For any x € int o we have then
Lk(z) = S™ 1. On the other hand by the previous corollary LK (x) has the
homotopy type of S'. Hence S™ ! has the same homotopy type as S*. But
since m > 2, this contradicts Corollary 3.3.3.

1) now follows from 2), since every vertex belongs to some 1-simplex (other-
wise it would be a discrete point, which would contradict the fact that |K|
is a 2-manifold).

Suppose 7 is a 1-simplex, and let o1, ..., 0, are all different 2-simplices, that
contain 7 as a face. We have to prove that n = 2. Let x be a point in
the interior of 7. It is easy to see that Lk(z) is the union of all 1-faces of
simplices o1, ...,0, , except for 7, which is homeomorphic to the union of n
copies of the unit interval [0, 1] with end points 0 and 1 identified together
in all copies - see the picture below. Here ag and a; denote end points of 7.

a1

Qo

It is easy to see that this implies that H,;(Lk(x)) is a free abelian group Z"*
with n — 1 free generators. On the other hand previous proposition implies
that H(X) = H{(S')=7Z. Hencen — 1 =11ie n=2. O

Proposition 4.3.8. Suppose K is a finite 2-dimensional simplicial complex
such that |K| is connected, Lk(x) is connected for all x € K and every 1-
simplex is a face of exactly two 2-simplices. Then there exists k > 2 such
that | K — is homeomorphic to a space obtained from 2k-polygon by identifying
edges in pares.
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Proof. Start with any 2-simplex oy of K and its fixed 1-face 7. Now there
exists exactly one other simplex oy which also has 7 as a face. The union
01U o2 is a subspace of | K| homeomorphic to a square (because o; and o
intersect exactly at 7).

We continue this process by adding new triangles to already constructed
subspace o1 U ... U o, which looks like a polygon with possible some iden-
tification of exterior edges. Some edges might be identified with some other
edge, which cannot be ”interior” edge, since otherwise it would face 3 trian-
gles. If some edge in o1 U...U gy, is a face of only one simplex o; we can
continue process and glue a new triangle o, 1.

After a finite amount of steps this process stops and we obtain a subcomplex
L such that |L| is homeomorphic to a polygon with every edge identified with
exactly one other edge. For this reason polygon must have even amount of
faces.

The proposition is proved if we can show that in fact L = K. Make a counter-
assumption, then there exist a vertex a ¢ L. Since K is connected, there
exists edge-path ay, . .., a, connecting a to a vertex b = a,, € L (see exercise
9). Choosing the last vertex a; ¢ L we may assume that a and b = a;4; span
1-simplex 7. We will obtain a contradiction by showing that |Lk(b)| is not
connected. Now b belongs to some 1-simplex of L, so there is a vertex ¢ in
Lk(b) N L. We will show that there is no edge-path in Lk(b) from ¢ to a.
Suppose ¢ = cg, ..., ¢, = a is such edge-path. Again we may assume that
¢ = ¢; is the last vertex from L in this path, so d = ¢;;1 is not in L and ¢, d
span a simplex 7/ € K. Since ¢,d € |Lk(b)|, there is a 2-simplex ¢ € K with
vertices b, c,d. o is not in L, since d is not. On the other hand construction
of L shows that every 1-simplex of L is a face of exactly two simplices of L.
In particular the simplex spanned by b, ¢ is a face of two simplices in L and
also a simplex ¢. This contradicts the assumption. O

Now it only remains to show that if a space is obtained from 2n-polygon by
identifying edges in pares, it is homeomorphic to M, or N, for some g.

Suppose ag, . . ., as,_1 are vertices of 2n-sided polygon P and suppose X is
obtained from P by identifying edges in pares. Now every edge (c,d) of P
is identified in X with some other edge (¢, d’). For each such pair of edges,
denote both edges by the symbol like x; for some index i. The reversed
edge (d,c) = (d',c) is then denoted by z;'. Using these symbols we can
describe X by the sequence of symbols x; going through all the edges in
order the vertices are listed - (ag,a1), (a1,as),. .., (a;, aix1), - ., (agn_1, ao).
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For instance torus can be desribed by the sequence zyz~'y~!, the projective
plane by zyxy, Klein’s bottle by zyzy~! - see the pictures below.

Qg xr ay Qo - ai Qg

~ N i @
- 7 P
=\ Yy YA v v Y
-
> < < a
a3 - a2 g T as as N 2
Torus RP? Klein's bottle

More generally the space My, g > 1 corresponds to the sequence miyw Yt oy tyy
and the space Ny, g > 2 - to the sequence x12122%5 . .. Xy Ty. My = S? corre-

sponds to the sequence zz~!yy~!. To see this triangulate S? as a boundary of

3-simplex with vertices A, B, C, D and observe that simplices on this bound-

ary can be fitted together in the following picture.

C X B

-_—
T~

> D

B y

Proposition 4.3.8 shows that every polyhedron | K| that satisfies assumptions
of this proposition can be described by a finite sequence of symbols such as
x or 7', in which each letter occurs exactly twice and there are at least
two different letters. We will call such sequences admissible. Clearly each
admissible sequence defines a quotient space of the 2k-polygon. Some differ-
ent admissible sequences define the same space up to a homeomorphism. In

fact the next goal is to show that each admissible sequence can be modified
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to a sequence corresponding to M, or Ny, altering the space only up to a
homeomorphism.

We first define elementary rules to alter admissible sequences.

By capital letters like A we will denote finite(possibly empty) subsequences
of an admissible sequence. If A = o ... a,, we denote by A~! a sequence
oz;l . .ozz_lozl_l.

1)Rule 1 : Replace ABxCDxE by AyDB™'yC~'E, where y is a new sym-
bol.

2) Rule 2 : Replace ABxCDx 'E by AyDCy~'BE.

3)Rule 3 : Replace Azz~'B or Az~'xB by AB, provided AB contains at
least two different letters (each occurring twice, of course).

Proposition 4.3.9. The application of Rules 1-3 to an admissible sequence
gives a new admissible sequence whose corresponding space is homeomorphic
to the space corresponding to the original sequence.

Proof. Rule 1 : If BC' and ADFE are non-empty, the following picture shows
the validity of the claim:

B

If BC is empty there is nothing to prove. If ADFE is empty, replacement of
BxzCx by yB~lyC~! corresponds to the change of orientation on all edges
and putting 27! = y.

Rule 2 : This is proved in the same way, so the verification is left to the
reader.

Rule 3 : By starting from the different vertex on the boundary, if possible,
we may assume that both A and B represent at least 2 edges. The proof is
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then illustrated by the following picture:

X X
B
> =
A

O

7 2

Now we can start reducing admissible sequence to the ” regular ” repre-
sentations. Each letter x in an admissible sequence occurs twice. These
occurrences are called a similar pair if both have the same orientation i.e.
if sequence is of the form AzBxC or Az~ 'Bxz~'C (in which case we can
replace 7! with new letter y. Occurrences are called a reversed pair if

they have opposite orientations, i.e. sequence is of the form AzxBz~'C or
Ax~'BaxC.

Take an admissible sequence and apply the following 4 steps to it:
Step 1: Replace the sequence by the sequence AB, where A is of the form

L1199 .. . Ty

and B contains only reversed pairs. This is done by induction and repeated
application of the Rule 1, where we assume C' is already of the form

L1129 ... TpXy

CDzExF — CyD 'yE™'F — C22DE™'F.

-1 -1

Step 2: Two reversed pairs y,y~ and z,z7" are called interlocking if they
1 _1 .« ..

occur in the sequence in the form ---y--- 2.y --- 2
Next we replace AB by the sequence AC'D, where C' is of the form

—1_-1 -1 -1
C=yizyy 21 - Yr2Yy, 2

and D contains only non-interlocking reversed pairs. This is accomplished
by several applications of the Rule 2, where we assume that E is already in
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the form like AC:

EFaGbHa 'Ib='J — EcGbHc 'FIb='J
— BEcGdFIHc'd™'J — EeFIHGde 'd™'J
— Eefe ' f'FIHG.

Step 3: If A is non-empty, we can convert all interlocking reversed pairs into
similar pairs. This uses Rule 1, but in reverse

Frzaba™'b'G + Fybla 'ya 'b7'G
— FyaytaccG + FyyddecG.

Step 4: Finally consider D which consists only of non-interlocking reversed
pairs. Let the closest pair in D be the pair of edges x and ~!. Suppose
there is at least one symbol y between x and 2~ 1.If y~! is not between x and
7!, x and y form an interlocking pair, which is impossible. If, on the other
hand y~! is also between z and z~!, then y and y~! are closer then x and
271, which is also contradiction. Hence we can cancel out zz~! by Rule 3,

provided what remains contains at least two letters.

Let us look at what we have after all these steps. If A is non-empty and
contains at least two similar pairs, we can get rid of all reversed pairs in
Steps 3 and 4 hence in the end we arrive at the sequence of the form

T1T2 ... TnlYg G = 2,

which corresponds to the surface Ny, g > 2.

If A contains exactly one similar pair, we can perfome Step 3, so in case there
were at least one interlocking pair, we arrive at the same type of sequence
as above. If, on the other hand, there are no interlocking reversed pairs, at
the Stage 4 we can get rid of all reversed pairs except for the last one, so we

arrive at the sequence

x:cyy_l.

A single application of the Rule 1 in reverse changes this to xy~
corresponds to the projective plane Nj.

We are left with the case A is empty, i.e. there are no similar pairs. If there
is at least one interlocking reversed pair, Step 4 allows us to get rid of all
non-interlocking reversed pairs, hence we arrive at the sequence of the form

Lyy~!, which

-1, -1 -1, -1
xlylxl yl “‘Igygxg yg )
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which corresponds to the surface M,, g > 1.

Finally if there are only non-interlocking reversed pairs, we can cancel out
of them, except for two, hence in the end we obtain sequence zz~lyy~! or
the sequence zyy'z~!. But the latter defines the same space as zx~'yy—*

)
which we already noticed to be homeomorphic to S? = M, above.

This concludes the proof of the following proposition.

Proposition 4.3.10. Suppose X is a topological space. Then the following
conditions are equivalent:

1) X is a compact connected 2-manifold.

2) X = |K|, where K is a 2-dimensional finite simplicial complex with fol-
lowing properties:

- Fvery 1-simplex of K is a face of exactly two 2-simplices.

- |Lk(x)| has the homotopy type of S* for all x € K.

3) X = |K|, where K is a 2-dimensional finite simplicial complex with fol-
lowing properties:

- Every 1-simplex of K is a face of exactly two 2-simplices.

- |Lk(z)| is connected for all x € K.

4) X is obtained from a 2k-sided polygon (k > 2) by identifying edges in
PaTs.

5) X is homeomorphic to My or Ny for some g.

4.4 Exercises

1. Prove lemma 4.1.3
2. Prove lemma 4.1.5.

3. Suppose Z is obtained from Y by attaching n-cells. Show that the
set of open cells depend only on the pair (Z,Y) (Hint: consider
components of X \ Y). Assuming Z is Hausdorff show that the
same is true for closed cells.

4. Suppose p: X — Y is a quotient mapping and A C Y is open or
closed. Show that p|p™'A: p7*A — A is a quotient mapping.
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10.

11.

12.

a) Suppose Z is obtained Y by attaching n-cells and C' is a com-
pact subset of Z. Then Z intersects only finitely many open cells
of Z.

b) Suppose X is a CW-complex and C' is a compact subset of Z.
Then there exists n € N such that C' C X".

Prove Lemma 4.2.1a).

Prove Lemma 4.2.1c), assuming the result is already proved for a
finite-dimensional CW-complexes (Hint: use exercise 4.5 and the
fact that singular homology has compact carries).

Suppose (X, A) is a CW-complex and (X;,A4;), ¢ € I is a col-
lection of subcomplexes of X. Prove that (|, ; Xi,U,,;A) and
(U, Xis U, ; A) are both subcomplexes of X.

Suppose X is a CW-complex and A is a path-component of X.
Prove that A is a subcomplex of X.

Suppose X is a CW-complex. Prove that the following claims are
equivalent:

1) X is connected.

2) X is path-connected.

3) X! is path-connected.

4) Every two vertices in X° can be joined by a path that lies in X*.

Suppose K is a simplicial complex and a,b are vertices of K.
An edge-path from a to b is a finite sequence of vertices a =

ag, . ..,a, = b of K such that for all ¢ = 0,...,n a; and a;;4
belong to the same 1-simplex 7;. In this case also the sequence
Toy - -+, Tn_1 is also called an edge-path from a to b.

Prove that | K| is connected if and only if for every pair of vertices
a,b € K there is an edge-path from a to b.

Suppose ¢ € N (¢ > 1). Show that M, (IN,) is a connected
compact 2-manifold without boundary, which can be triangulated.
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