
Matematiikan ja tilastotieteen laitosIntrodution to Algebrai TopologyFall 2011Exerise 1021.11-25.11.20111. Suppose (X ;U, V ) is a proper triad suh that U ∩V 6= ∅. Prove the existeneof the redued exat Mayer-Vietoris sequene
. . . // H̃n+1(X)

∂
// H̃n(U ∩ V )

i∗
// H̃n(U)⊕ H̃n(V )

j∗
// H̃n(X)

∂
// H̃n−1(U ∩ V ) // . . .(Hint: ordinary Mayer-Viatoris+Lemma 3.1.7).2. Construt the expliit formula for the mapping g de�ned in the proof of theBrouwer's �xed point Theorem (theorem 3.4.6) and show that g is ontinuousretrat Bn

→ Sn−1.3. a) Suppose V is an open subset of Rn, n ≥ 2 and x ∈ V . Using exisionproperty show that H1(V, V \ {x}) ∼= H1(R
n,Rn \ {x}) and dedue that

H1(V, V \ {x}) = 0.Using this, prove that V \ {x} is path-onneted, if V is path-onneted.b) Suppose n ≥ 2 and S ⊂ R
n is homeomorphi to Sn−1.Prove that R

n \ S has exatly two path omponents U and V , where U isbounded, V is not and S = ∂U = ∂V .What happens if n = 1?4. Suppose U is an open subset of Rn and f : U → R
n is a ontinuous injetion.Prove that f is open, in partiular V = f(U) is open and f : U → V is ahomeomorphism.(Hint: Invariane of Domain and loal ompatness of Rn.)5. Suppose M is an m-manifold, N is an n-manifold. Prove that1) If m > n there are no ontinuous injetions M → N .2) If m = n and M has no boundary, then any ontinuous injetion f : M →

N is an open embedding, i.e. a homeomorphism to the image f(M), whih isopen in N (and is a subset of intM).3) If M ∼= N , then m = n.6. Suppose M is an n-manifold. Prove that1) The sets ∂M and intM are disjoint.2)intM is open in M and itself is an n-manifold without boundary.3)∂M is losed in M and is an (n − 1)-manifold without boundary (if non-empty).7. Let M be a Mobius band. Prove that M is a manifold with boundary and
∂M ∼= S1. What is the dimension of M as a manifold?Let i : ∂M →֒ M be inlusion. Prove that i∗ : H1(∂M) → H1(M) is essentiallya homomorphism Z → Z, n 7→ 2n. Conlude that ∂M is not a retrat of M .



2Bonus points for the exerises: 25% - 1 point, 40% - 2 points, 50% - 3 points,60% - 4 points, 75% - 5 points.


