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tion to Algebrai
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1. Prove that the singular homology has 
ompa
t 
arriers in the followingpre
ise sense.a) Suppose x ∈ Hn(X) (X a top. spa
e). Prove that there exists 
ompa
t

C ⊂ X su
h that x belongs to the image of
i∗ : Hn(C) → Hn(X)(where i : C → X in
lusion).b) Suppose C ⊂ X is 
ompa
t, i : C → X an in
lusion and x ∈ Hn(C) issu
h that i∗(x) = 0 ∈ Hn(X). Prove that there exists a 
ompa
t D ⊂ X su
hthat C ⊂ D and j∗(x) = 0 ∈ Hn(D), where j : C → D is in
lusion.Also prove a) and b) for redu
ed homology groups H̃n.2. Suppose K is a ∆-
omplex.a) Let C be a 
ompa
t subset of |K|. Show that there is a �nite sub
omplex

L of K su
h that C ⊂ L.b) Assume the theorem 3.4.3 (the equivalen
e of simpli
ial and singular ho-mologies) is true for all �nite sub
omplexes of K. Prove that i∗ : Hn(K) →
Hn(|K|) is an isomorphism for all n ∈ N. (Hint: a) and the previous exer
ise).3. Consider the Mobius band X triangulated as usual.

aa

b

ca) Cal
ulate the simpli
ial homology of the "boundary"i.e. a sub
omplexgenerated by the 1-simpli
es a, b, c.b) Dedu
e that Mobius band and S1 are not homeomorphi
 (remove apoint and use b)).4. a) Let n > 0, i ∈ {1, . . . , n + 1} and let ιi : Sn → Sn be de�ned by ιi(x) =
(x1, . . . , xi−1,−xi, xi+1, . . . , xn + 1). Show that that

(ιi)∗(x) = −x



2 for all x ∈ Hn(S
n), i = 1, . . . , n, assuming this is known for ιn+1 (provedin the le
ture notes). (Hint: use the fa
t that ιi = f ◦ ιn+1 ◦ f for somehomeomorphism f .)b) Let h : Sn → Sn, h(x) = −x. Prove that

h∗(x) = (−1)n+1x.for all x ∈ Hn(S
n).5. Suppose D = {0 = t0 < t1 < . . . < tn = 1} be a �nite subdivision of I = [0, 1].De�ne for every i = 0, . . . , n− 1 a path αi : I → S1 by

αi(t) = cos(2πti(1− t) + t2πti+1) + i sin(2πti(1− t) + t2πti+1).In other words αi is an ar
 that 
onne
ts xi = e2πti and xi+1 = e2πti+1 .De�ne γD ∈ C1(S
1) as

γD =

n−1∑

i=0

αi.Show that γD is a 
y
le. By indu
tion on n prove that [γD] = [γ] ∈ H1(S
1),where γ = γD0

, D = {0, 1}. (Hint: exer
ise 2.7).Con
lude that [γD] is a generator of H1(S
1) for every D.6. a) Suppose K is a simpli
ial 
omplex and L1 and L2 are sub
omplexes of Ksu
h that K = L1 ∪ L2. Show that (|K|; |L1|, |L2|) is a proper triad. (Hint:use the equivalen
e of simpli
ial and singular homologies).b)Show that (Sn;B+, B−) is a proper triad using a). Write down the Mayer-Vietoris sequen
e of this triad and use it to prove that Hn(S

n) ∼= Hn−1(S
n−1)for n > 1.
) Can you prove that (Sn;B+, B−) is a proper triad using the properties ofthe singular homology, su
h as homotopy axiom and Mayer-Vietoris sequen
efor the open 
overing by 2 sets?Bonus points for the exer
ises: 25% - 1 point, 40% - 2 points, 50% - 3 points,60% - 4 points, 75% - 5 points.


