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1. Let X be a non-empty set. De�ne Cn(X) to be the free abelian group gene-rated on the set Xn+1 for n ≥ 0 and Cn(X) = 0 for n < 0. Prove that thede�nition

∂(x0, . . . , xn) =
n∑

i=0

(−1)i(x0, . . . , x̂i, . . . , xn)de�nes a boundary operator that makes the olletion C(X) = {Cn(X), ∂} ahain omplex. Prove that C(X) has an augmentation ε : C0(X) → Z de�nedby ε(x) = 1 on generators.For a �xed x ∈ X and every n ≥ 0 de�ne homomorphism x : Cn(X) →
Cn+1(X) by

x(x0, . . . , xn) = (x, x0, . . . , xn).Prove that
(∂n+1x+ x∂n)(y) =

{
y, if n 6= 0,

y − ε(y)x, if n = 0.for all y ∈ C(X). Dedue that the omplex C̃(X) is ayli.2. Suppose C,D are hain omplexes and fn, gn : Cn → Dn homomorphisms de-�ned for every n ∈ Z. Suppose for every n ∈ N there exists a homomorphism
Hn : Cn → Dn+1 with the property

∂n+1Hn +Hn−1∂n = fn − gn for all n ∈ Z.Prove that f − g = {fn − gn|n ∈ Z} is a hain mapping.Dedue that if g is a hain mapping, also f is. In other words mapping thatis homotopi to a hain mapping is a hain mapping itself.3. De�ne a homotopy Hn : Cn(X) → Cn+1X by
Hn(σ) = σ♯(Hn(∆n)),whereHn(∆n) is the image of id : ∆n → ∆n underHn : LCn(∆n) → LCn+1(∆n) ⊂

Cn(∆n). Prove (using the orresponding property ofHn : LCn(∆n) → LCn+1(∆n))that H is a hain homotopy between id and baryentri subdivision operator
S : C(X) → C(X) .4. Let

B+ = {x ∈ Sn|xn+1 ≥ 0} and
B− = {x ∈ Sn|xn+1 ≤ 0}.



2 Use homology and exision axioms to show that the inlusions i : (B+, S
n−1) →

(Sn, B−) and j : (B−, S
n−1) → (Sn, B+) indue isomorphism in relative ho-mology (for all dimensions).5. a) Suppose U ⊂ R

n is open and x ∈ U . Prove that
j∗ : Hn(U, U \ {x}) ∼= Hn(R

n,Rn \ {x})for all n ∈ N. Here j is an obvious inlusion of pairs.b) Suppose U ⊂ R
n and V ⊂ R

m are both open and there is a homeomorp-hism f : U → V . Prove that n = m.(Hint: remove a point)6. Suppose f : B
n
→ B

n is a homeomorphism. Show that f maps interior Bnonto itself and the boundary Sn−1 also onto itself. (Hint: remove a point).7. Show that U = S\{en+1} is homeomorphi to Rn via stereographi projetionthrough the north pole en+1.Stereographi projetion of the point y ∈ U is de�ned to be the unique pointin R
n ⊂ R

n+1 whih lies on the line spanned by y and en+1. Construt theexpliit formula for the stereographi projetion and its inverse.Bonus points for the exerises: 25% - 1 point, 40% - 2 points, 50% - 3 points,60% - 4 points, 75% - 5 points.


