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Exercise 8
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1. Let X be a non-empty set. Define C,,(X) to be the free abelian group gene-
rated on the set X" for n > 0 and C,(X) = 0 for n < 0. Prove that the

definition
n

O(wo, .- ) = Y (1) (w0, ., &y, )

i=0
defines a boundary operator that makes the collection C(X) = {C,(X), 0} a

chain complex. Prove that C'(X) has an augmentation ¢: Cy(X) — Z defined
by e(x) = 1 on generators.

For a fixed x € X and every n > 0 define homomorphism z: C,(X) —
Chnt1(X) by

x(zo, ..., xn) = (T, 0, ..., Tp).
Prove that

y, if n #0,

(8n+1113' + x@n)(y) = {y — g(y)l” ifn=020.

for all y € C(X). Deduce that the complex C/(X) is acyclic.

2. Suppose C, D are chain complexes and f,,, g,: C,, = D,, homomorphisms de-
fined for every n € Z. Suppose for every n € N there exists a homomorphism
H,: C, — D, with the property

Opi1H,+ H, 10, = f, — g, for all n € Z.

Prove that f — g = {f, — gu|n € Z} is a chain mapping.
Deduce that if g is a chain mapping, also f is. In other words mapping that
is homotopic to a chain mapping is a chain mapping itself.

3. Define a homotopy H,: C,(X) — C,41X by
Hp(0) = oy(Ha(Ar)),

where H, (A,,) is the image of id: A,, — A, under H,,: LC,(A,) — LC,11(A,) C
Cr(A,). Prove (using the corresponding property of H,,: LC,(A,) — LC,11(A,))
that H is a chain homotopy between id and barycentric subdivision operator
S:C(X) = C(X) .
4. Let
By ={x € S"|x,11 > 0} and

B_ ={z € 5"z 41 <0}.



Use homology and excision axioms to show that the inclusionsi: (B, S"™1) —
(S",B_) and j: (B_,S™ ') — (S", By) induce isomorphism in relative ho-
mology (for all dimensions).

5. a) Suppose U C R™ is open and x € U. Prove that
Jst Ho(U, U\ {z}) = Ho(R", R" \ {z})

for all n € N. Here 7 is an obvious inclusion of pairs.
b) Suppose U C R™ and V' C R™ are both open and there is a homeomorp-
hism f: U — V. Prove that n = m.(Hint: remove a point)

6. Suppose f: B' — B is a homeomorphism. Show that f maps interior B"
onto itself and the boundary S™~! also onto itself. (Hint: remove a point).

7. Show that U = S‘\{e, 1} is homeomorphic to R" via stereographic projection
through the north pole e, ;.
Stereographic projection of the point y € U is defined to be the unique point
in R™” C R""! which lies on the line spanned by y and e,;. Construct the
explicit formula for the stereographic projection and its inverse.

Bonus points for the exercises: 25% - 1 point, 40% - 2 points, 50% - 3 points,
60% - 4 points, 75% - 5 points.



