
Matematiikan ja tilastotieteen laitosIntrodution to Algebrai TopologyFall 2011Exerise 731.10-04.11.20111. a) Suppose X is a non-empty spae and x ∈ X . For every path-omponent
X

a
of X whih does not ontain x hoose a point y

a
∈ X

a
. Prove that the set

{[y
a
− x] | a ∈ A}is a basis for H̃0(X), whih is thus a free abelian group.Here A is a set of all path-omponents of X that do not ontain x.b) Suppose X = S0 = {1,−1} is a 2-point disrete spae. Show that

H̃0(X) ∼= Z with 1− (−1) a generator and H̃
n
(X) = 0 for n 6= 0.2. Prove that Mobius band has the same homotopy type as S1.3. a) Suppose Y is a ontratible spae and X is any spae. Suppose f : X → Yand g : Y → X are ontinuous mappings. Prove that both f and g are homo-topi to onstant mappings. Also prove that Y is path-onneted.b) Suppose Y is a non-empty spae. Prove that the following onditionsare equivalent:1) Y is ontratible.2) The set [X, Y ] is a singleton for any spae X .3) Y is path-onneted and the set [Y,X ] is a singleton for every non-emptypath-onneted spae X .4) Y has a homotopy type of a singleton spae.(Reminder: [X, Y ] is a a set of homotopy lasses of mappings f : X → Y ).4. a) Suppose f : (X,A) → (Y,B) is a mapping of pairs. Suppose that f : X → Yas well as f |A : A → B are homotopy equivalenes. Prove that

f∗ : Hn
(X,A) → H

n
(Y,B)is an isomorphism.b) Let

X =
⋃

n∈N+

{1/n} × I ∪ {0} × I ∪ I × {0}(so-alled "topologial omb spae ") and x0 = (0, 1). Prove that a onstantmapping f : (X, x0) → (x0, x0) is suh that its restitions to X → x0 and
x0 → x0 are homotopy equivalenes, but f is not a homotopy equivalene (asa mapping of pairs).5. (Updated!) Suppose K is a �nite ∆-omplex. For every geometri n-simplex
σ of K hoose a point x

σ
∈ int σ and let U = |Kn| \ {x

σ
|σ ∈ K

n
/ ∼}. Prove



2 that U is open in Kn and the inlusion |Kn−1| →֒ U is a homotopy equiva-lene.Dedue that the inlusion i : (|Kn|, |Kn−1|) → (|Kn|, U) indues isomorp-hisms in relative homology in all dimensions.6. Suppose C ′, C,D,D′ are hain omplexes, f, g, h : C → D, k,m : D → D′,
l : C ′ → C are hain mappings.a) Suppose H is hain homotopy from f to g, H ′ hain homotopy from gto h. Prove that H +H ′ is a hain homotopy from f to h. Dedue that therelation "f and g are hain homotopi"is an equivalene relation in the setof all hain mappings C → D.b) Prove that k ◦H is a hain homotopy from k ◦ f to k ◦ h and H ◦ l is ahain homotopy from f ◦ l to g ◦ l.) Suppose H ′′ is a hain homotopy from k to m. Then H ′′ ◦ f +m ◦H and
k ◦H +H ′′ ◦ g are hain homotopies from k ◦ f to m ◦ g.Bonus points for the exerises: 25% - 1 point, 40% - 2 points, 50% - 3 points,60% - 4 points, 75% - 5 points.


