
Matematiikan ja tilastotieteen laitosIntrodution to Algebrai TopologyFall 2011Exerise 5Solutions1. Consider S1 as a polyhedron of a ∆-omplex, generated by a single 1-simplex,whose verties are identi�ed. Calulate the simpliial homology of this omplex.Verify that the result is the same as alulated in the letures using the trian-gulation of S1 as a boundary of a 2-simplex.Solution: Let us �rst make the following observation, whih will also beuseful while solving other exerises.Suppose K is a ∆-omplex, that has only one (geometrial) vertex x. Then
∂1 : C1(K) → C0(K) is zero mapping, hene

H1(K) = C1(K)/ Im ∂2 and
H0(K) ∼= C0(K) = Z[x] ∼= Z.Indeed in this ase for every 1-simplex [v, w] ∈ K, we must have v = w, so

∂1([v, w]) = w − v = 0.Now our ∆-omplex has only one edge a and only one vertex x. Hene
Hn(K) = 0 for n 6= 0, 1. Moreover by the observation above

H1(K) = C1(K)/ Im ∂2 = Z[a]/{0} ∼= Z and
H0(K) ∼= Z.Here we used the fat that there are no 2-simplies, so ∂2 is a zero mappingas well.2. Calulate the homology groups of the Klein bottle, using the familiar ∆-omplex struture given in the piture below.
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Solution: In this omplex there is only one vertex again, so
H0(K) ∼= Zand H1(K) = C1(K)/ Im ∂2. Now C1(K) = Z[a]⊕ Z[b]⊕ Z[c], while

∂2(U) = a+ b− c = α,

∂2(V ) = a− b+ c = β.Now
∂2(nU +mV ) = nα +mβ = (n +m)a+ (n−m)b+ (m− n)c = 0



2 if and only if n +m = n−m = 0, i.e. if and only if n = m = 0. This showsthat1)∂2 is an injetion, hene H2(K) = 0, as a quotient of a trivial group Ker ∂2.2) {α, β} is an independent set, whih is then a basis of the free abelian group
Im ∂2.Aording to the exerise 4.6 {α + β, α} = {2a, a + b − c} is also a basisfor Im ∂2. On the other hand the appliation of this exerise to the set {a, b}�rst implies that Z[a]⊕ Z[b] = Z[a]⊕ Z[a + b], hene

C1(K) = Z[a]⊕ Z[b]⊕ Z[c] = Z[a]⊕ Z[a+ b]⊕ Z[c].Another appliation of the exerise 4.6 shows that Z[a+ b]⊕Z[c] = Z[a+ b−
c]⊕ Z[c], hene

C1(K) = Z[a]⊕ Z[a + b− c]⊕ Z[c].Now it follows that
H1(K) = (Z[a]⊕Z[a+b−c]⊕Z[c])/(Z[2a]⊕Z[a+b−c]) ∼= Z[a]/2Z[a]⊕Z[c] = Z2⊕Z.3. Calulate the homology groups of the torus, using the ∆-omplex struture
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Solution: One again there is only one vertex, so
H0(K) ∼= Z and

H1(K) = C1(K)/ Im ∂2.We have
∂2(U) = a+ b− c = ∂2(V ).Hene

∂2(nU +mV ) = (n+m)(a + b− c) = 0if and only if n = −m. It follows that
H2(K) = Ker ∂2 = Z[U − V ] ∼= Zand Im ∂2 is a free group Z[a + b− c].As in the similar exerise we easily see that
C1(K) = Z[a]⊕ Z[b]⊕ Z[a + b− c].Hene

H1(K) = (Z[a]⊕ Z[b]⊕ Z[a + b− c])/(Z[a+ b− c]) ∼= Z[a]⊕ Z[b] ∼= Z⊕ Z.



34. Calulate the homology groups of the Mobius band using the ∆-omplexstruture as in exerise 3.3, having one triangle with two sides indenti�ed.
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Solution: Again there is only one vertex, so
H0(K) = Zand H1(K) = C1(K)/ Im ∂2. There is only one 2-simplex U

∂2(nU) = n(2a− b),whih implies that ∂2 is injetion, hene H2(K) = 0. Here b = [v0, v2]. Also
Im ∂2 = Z[2a − b]. Exerise 4.6 implies that {a − b, a} is a basis for C1(K).Another appliation of the same exerise then implies that also {a−b+a, a} =
{2a− b, a} is a basis for C1(K). Hene

H1(K) = (Z[2a− b]⊕ Z[a])/Z[2a− b] ∼= Z[a] ∼= Z.5. Find two short exat sequenes of the form
0 // Z

f
// C

g
// Z2

// 0,

0 // Z
f

// C ′
g

// Z2
// 0,where C and C ′ are not isomorphi as groups.Solution: Consider the sequene

0 // Z
f

// Z
g

// Z2
// 0,where f(n) = 2n, g(n) = n mod 2 and the sequene

0 // Z
f ′

// Z⊕ Z2

g′
// Z2

// 0,where f ′(n) = (n, 0) and g′(x, y) = y. Then sequenes are exat. Clearly Z isnot isomorphi to Z ⊕ Z2, for example beause one of the groups is torsionfree and the other is not.6. Suppose H is a free abelian group, G is an abelian group and f : G → H is asurjetive homomorphism. Prove that there is a homomorphism f ′ : H → Gsuh that f ◦ f ′ = id.Solution: Let A ⊂ H be a basis of H . For every a ∈ A hoose an element
ba ∈ G suh that f(ba) = a. This is possible, sine f is a surjetion. Nowby the universal property of the basis there exists a (unique) homomorphism
f ′ : H → G with the property f ′(a) = ba. Now for every a ∈ A we have

f(f ′(a)) = f(ba) = a.



4 This implies that f ◦ f ′ oinides with identity on the elements of basis. Thisimplies that f ◦ f ′ = id.7. This exerise has moved to the next exerise session.Bonus points for the exerises: 25% - 1 point, 40% - 2 points, 50% - 3 points,60% - 4 points, 75% - 5 points.


