
Matematiikan ja tilastotieteen laitosIntrodution to Algebrai TopologyFall 2011Exerise 4Solutions1. Let A be a set. For every a ∈ A de�ne fa : A → Z by
fa(x) =

{

1, if x = a,

0, otherwise .Prove that the set {fa | a ∈ A} is a basis of the abelian group Z(A).Solution: Suppose g ∈ Z(A) and let B = {a1, . . . , ak} be its arrier. For
i = 1, . . . , k denote ni = g(ai). Then

g = n1fa1 + . . .+ nkfak =
k

∑

i=1

nifai .Hene {fa | a ∈ A} generates Z(A).Suppose a1, . . . , ak ∈ A are di�erent elements and n1, . . . , nk ∈ Z are suhthat
g = n1fa1 + . . .+ nkfak =

k
∑

i=1

nifai = 0.Then
ni = g(ai) = 0for all i = 1, . . . , k.Hene {fa | a ∈ A} is independent.2. Prove that a free abelian group G is torsion-free i.e. for every g ∈ G and

n ∈ N the equation
ng = 0is true if and only if n = 0 or g = 0.Conlude that Zn, n > 1 or Q/Z are not free abelian.Solution: Let A be a basis of G. Suppose x = n1a1 + . . .+ nkak ∈ G, where

ai ∈ A for all i = 1, . . . , k, ni ∈ Z.Now
nx = (nn1)a1 + . . .+ (nnk)ak = 0if and only if nni = 0 for all i, sine A is independent. If n 6= 0, this impliesthat ni = 0 for all i = 1, . . . , k. In this ase x = 0.

Zn is learly not torsion-free, for n > 1, sine n1̄ = 0 in Zn. Also Q/Z isnot torsion-free, sine for example n 1̄
n
= 0 in Q/Z.



23. Suppose A ⊂ Q ontains at least 2 points. Show that A is not independent.Conlude that Q is not a free abelian group, although it is torsion-free.Solution: Suppose x, y ∈ A, x 6= y. Then x = a/c, y = b/d, where a, b, c, d ∈
Z, c, d 6= 0 and at least one of the numbers a or b is not zero.Now

(bc)x+ (−ad)y = 0,where at least one of the numbers bc or −ad is not equal to zero. Hene A isnot independent.It follows that if Q is free abelian group, its basis has at most 1 element.It annot have 0 elements, sine then Q would be trivial group {0}. Suppose
Q has a basis {x}, where x = a/b. We may assume that a, b > 0. Sine {x}is a basis of Q, every element of Q equals nx for some n ∈ Z. In partiular itfollows that there exists n > 0 suh that

1

b+ 1
= n

a

b
.This implies that

b = na(b+ 1),whih is impossible. Hene Q is not free.4. a) Let G be an abelian group and denote
2G = {2g | g ∈ G}.Prove that 2G is a subgroup of G and show that if G ∼= H , then G/2G ∼=

H/2H .b) Suppose A and B are sets, A is �nite. Prove that Z(A) ∼= Z(B) if and onlyif B is �nite and has the same amount of elements as A.Solution: a) 2G is learly non-empty. If x = 2a, y = 2b ∈ 2G, a, b ∈ G then
x− y = 2(a− b)(notie that ommutativity of the addition is essential here). Hene 2G is asubgroup of G.Suppose f : G → H is an isomorphism. Then learly f(2G) ⊂ 2H (sine f isa homomorphism). By the same reasoning f−1(2H) ⊂ 2G, i.e. 2H ⊂ f(2G).Hene
f(2G) = 2H.Sine f learly indues isomoprhism G/2G and H/f(2G) = H/2H , the laimis proved.b) Suppose Z(A) ∼= Z(B). Then by a) also

Z(A)/2Z(A) ∼= Z(B)/2Z(B).Now onsider a mapping h : Z(A) → Z
(A)
2 de�ned to be a natural projetion

Z[a] → Z2[a] on every summond Z[a] of Z(A). h is learly a surjetion and itskernel is exatly 2Z(A). Hene there is an isomorphism Z(A)/2Z(A) ∼= Z
(A)
2 . Ofourse for the same reason Z(B)/2Z(B) ∼= Z

(B)
2 .



3Hene if Z(A) ∼= Z(B), then also Z
(A)
2

∼= Z
(B)
2 . If A is a �nite set, then Z

(A)
2is �nite and ontains exatly 2|A| elements. If A is in�nite, then Z

(A)
2 is alsoin�nite.Hene it follows that if A is �nite, also B must be �nite and 2|A| = 2|B|.Sine the exponential funtion is an injetion, this implies that |A = |B|.The onverse statement is almost trivial, so we skip the preise proof.5. ℄ a)Let G be a free group on 3 free generators a, b, c. Show that {c−a, b−a, a}is also a basis of G.b) Let G be a free group on 4 free generators a, b, c, d. Prove that the set

{a + c+ d, b− a + d, d} is independent.Solution: a) To show that the set {c−a, b−a, a} generates the whole groupit is enough to show that it generates at least the generators a, b, c. But
a = a,

b = (b− a) + a,

c = (c− a) + a.It remains to show that the set is independent. Suppose
n(c− a) +m(b− a) + la = 0.Then
(l − n−m)a +mb+ nc = 0.Sine {a, b, c} is independent, this implies that m = n = l−n−m = 0. Hene

n = m = l = 0.b) Suppose
n(a + c+ d) +m(b− a + d) + ld = 0.Then

(n−m)a +mb+ nc+ (n+m+ l)d = 0.Sine {a, b, c, d} is independent, it follows that
n−m = m = n = n +m+ l = 0,whih implies easily that n = m = l = 0.6. Suppose {α, β} is a basis of a group G. Prove that {α± β, β} is also a basisof G.Solution: Sine α = (α± β)∓ β, it follows that the set {α± β, β} generates

G.On the other hand if
n(α± β) +mβ = 0,then nα + (m± n)β = 0, whih implies that n = 0 = m± n.7. Suppose X is a topologial spae. Singular 1-simplies in X are mappings

f : I = [0, 1] → X and are also alled pathes in X . If f(0) = f(1) the path
f is alled the loop. Show that as an element of C1(X) the path f is a yleif and only if it a loop.Suppose f, g : I → X are pathes and g(0) = f(1). Then we an de�ne theirprodut f · g : I → X by



4 (ontinues on the other side)
(f · g)(t) =

{

f(2t), if 0 ≤ t ≤ 1/2,

g(2t− 1), if 1/2 ≤ t ≤ 1.Prove that in this ase f + g − f · g is a boundary element in C1(X) byonstuting the expliit 2-simplex in X , whose boundary is f+g−f ·g. (Hint:see the piture below.)
f

g

f

g
f

g

Conlude that if f and g are loops, then
[f ] + [g] = [f · g] ∈ H1(X).Solution: Sine

∂(f) = f(1)− f(0),it follows that f : I → X is a yle if and only if f(0) = f(1).Suppose f, g : I → X and f(1) = g(0). De�ne H : ∆2 → X by
H(x, y) = f · g(y + x/2) =

{

f(2y + x), if y ≤ −1
2
x+ 1

2

g(2y + x− 1), if y ≥ −1
2
x+ 1

2
.Then it is easy to see that

∂H = f + g − f · g.Bonus points for the exerises: 25% - 1 point, 40% - 2 points, 50% - 3 points,60% - 4 points, 75% - 5 points.


