
Matematiikan ja tilastotieteen laitosIntrodu
tion to Algebrai
 TopologyFall 2011Exer
ise 3Solutions
1. Give a ∆-
omplex stru
tures with 2 triangles to the Mobius band and to theproje
tive plane, a

ording to the pi
ture below.
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Solution: It is enough to order verti
es in a linear manner (i.e. de�ne a linearorder in the set of all verti
es). One possible 
hoi
e is given in the pi
tures
below.
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Here we have ordered 2-simpli
es V = [v0, v1, v3], U = [v1, v2, v3] and alltheir fa
es. The edges [v0, v1] and [v2, v3] are identi�ed, as well as the diagonalof the square whi
h represents fa
es [v1, v3].This also for
es identi�
ations v0 ∼ v2 and v1 ∼ v3 on the verti
es. There areno other identi�
ations.
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Here we have ordered 2-simpli
es V = [v0, v2, v3], U = [v1, v2, v3] and alltheir fa
es. There are following identi�
ations on edges :
[v0, v2] ∼ [v1, v3],
[v0, v3] ∼ [v1, v2],and of 
ourse the 
ommon diagonal [v2, v3].These identi�
ations also for
e identi�
ations v0 ∼ v1 and v2 ∼ v3 on theverti
es. There are no other identi�
ations.2. Suppose K is a ∆-
omplex and σ is an n-simplex of K.Show that the restri
tion of the 
hara
teristi
 mapping fσ| int∆n to the in-terior of ∆n is a homeomorphism to its image and |K| is a disjoint union ofthe sets {fσ(int∆n)} (meaning that two sets are either the same or disjoint).Prove that the topology of |K| is 
o-indu
ed by the set of 
hara
teristi
 map-pings {fσ}σ∈K .Solution: Let us start with the last 
laim. Suppose U ⊂ |K| and let π : Z →
|K| be a 
anoni
al quotient mapping. Here

Z =
⊔

σ∈K

σ.Then by the de�nition U is open in |K| if and only if π−1U is open in Z. Sin
e
Z has a topology of disjoint union, π−1U is open in Z if and only if π−1U ∩σis open in σ for every σ ∈ K. Let i : σ → Z be a 
anoni
al in
lusion. Then

π−1U ∩ σ = i−1π−1U.Let α : ∆n → σ be a unique order-preserving simpli
ial mapping, where
n = dim σ. Sin
e α is a homeomorphism, i−1π−1U is open in σ if and on-ly if α−1i−1π−1U = f−1

σ U is open in ∆n.Hen
e U is open in |K| if and only if f−1
σ

U is open in ∆n for every σ ∈ K.This means pre
isely that the topology of |K| is 
o-indu
ed by the 
olle
tionof 
hara
teristi
 mappings {fσ}σ∈K .Next we prove that every 
hara
teristi
 mapping is 
losed. Sin
e ∆n is
ompa
t, this would be 
lear if we would knew that |K| is Hausdor�. Thepolyhedron is always Hausdor�, but it requires a proof, so we won't go intothat, and instead we will prove the 
laim dire
tly. Suppose C ⊂ ∆n is 
losed.Let σ be an n-simplex and σ′ be an arbitrary m-simplex of K. Let J be theset of all "
ommon fa
es"of σ and σ′ i.e. fa
es of σ whi
h in K are identi�ed



3with some fa
e of σ. For every σ0 ∈ J let σ′

0 be a fa
e of σ su
h that σ0 ∼ σ′

0.Then
f−1
σ′ (fσ(C)) =

⋃

σ0∈J

β−1(C ∩ σ′

0),where β : σ0 → σ′

0 is a unique simpli
ial homeomorphism that preserves orderof verti
es. Sin
e J is �nite and β−1C ∩ σ′

0 is 
losed in σ0, hen
e in σ′, we
on
lude that f−1
σ′ (fσ(C)) is 
losed in C. By the 
laim whi
h is already proveabove, fσ(C) is 
losed in |K|. Hen
e fσ : ∆n → |K| is 
losed.Next we use the following topologi
al fa
t (prove it, if its not familiar):suppose f : X → Y is a 
losed mapping and A ⊂ Y . Then the restri
tion

f | : f−1(A) : A is a 
losed mapping.We apply this fa
t to f : ∆n → |K| and A = fσ(int∆n), hen
e obtainingthat the restri
tion of f to f−1
σ

(A) = int∆n is 
losed mapping to its image
fσ(int∆n). It remains to prove that it it inje
tion. But this follows from thefa
t that all non-trivial identi�
ations inside a simplex 
an happen only onthe boundary.For the similar reason two simpli
es that have "
ommon points"(in sen
eof identi�
ations in K) in their interiors must be identi�ed, so their 
hara
te-risti
 mappings are the same. This implies that interiors are disjoint. Clearlyevery point of |K| belongs to some interior - just 
hoose the smallest (in senseof dimension) simplex whi
h image 
ontains that point.3. Suppose in an ordered triangle [v0, v1, v2] i.e. 2-simplex you identify two fa
es
[v0, v1] and [v1, v2] (preserving the ordering, as usual). What familiar spa
e isthis quotient spa
e homeomorphi
 with?Solution: Cut the triangle into two triangles along the line between v1and the midpoint x of [v0, v2]. This amounts to representing the spa
e asa polyhedron of a ∆-
omplex generated by two 2-simpli
es - U = [v0, v1, x]and V = [v1, x, v2], with sides a = [v0, v1] ∼ [v1, v2] identi�ed, as well as the
ommon side b = [v1, x] also identi�ed.
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Next rotate V "upside down "to get the following situation:
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4 We see that if we now glue V to U along the original identi�
ation [v0, v1] ∼
[v1, v2] we obtain a familiar looking square with verti
al sides identi�ed "witha twist ". This is 
learly a Mobius strip.
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a4. Suppose X is a quotient spa
e of the 
ylinder S1 × I, with identi�
ations
(x, 0) ∼ (−x, 0), x ∈ S1.a) De�ne a ∆-
omplex stru
ture on X . b) Prove that X is homeomorphi
 tothe Mobius strip.Solution: a) The 
ylinder S1×I 
an be obtained from the square I2 = [0, 1]2by identifying points (x, 0) and (x, 1) for all x ∈ I. The extra identi�
ation
(x, 0) ∼ (−x, 0), x ∈ S1 then 
orresponds to identi�
ations (0, y) ∼ (0, y +
1/2), 0 ≤ y ≤ 1/2. Hen
e we 
an represent X as a polyhedron of a ∆-
omplex
X as following:
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The order of verti
es is given by their indi
es. K has 3 2-simpli
es A =
[v2, v3, v4], B = [v0, v2, v3], C = [v0, v1, v3] and all their fa
es. Ex
ept for theobvious "
ommon fa
es"obtained from the triangulation of a square we al-so have identi�
ations [v0, v1] ∼ [v2, v4] (
orresponding geometri
al simplexis denoted b in the pi
ture) and [v1, v3] ∼ [v3, v4] (
orresponding geometri
alsimplex is denoted a in the pi
ture) on edges. These also for
e identi�
ations
v0 ∼ v2 and v1 ∼ v3 ∼ v4 on verti
es. There are no other identi�
ations.b) Cut the square along the horizontal line y = 1/2 (whi
h is denoted c inthe pi
ture below) to obtain two re
tangles.
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Now rotate the one below to get its "mirror image", then glue re
tanglesalong the edge a. As the pi
ture 
learly suggests one ends up with the Mobiusstrip.
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5. Consider the triangle with "
lo
kwise orientation"(de�ned on the boundaryin the geometri
-intuitive fashion, as in the pi
ture below).
v0

v1

v2Go through all the permutations of the set {0, 1, 2} and show that even per-mutations preserve the 
lo
kwise orientation, while odd permutations swit
hit to the 
ounter-
lo
kwise orientation.Solution: There are 6 permutations. We use the notation (a0a1 . . . an) for a
y
li
 permutation that takes ai to ai+1 (mod n) and leaves the other elements�xed.
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Sin
e id, (012) and (021) are even and the other permutations are odd, wesee that the 
laim is true.6. Consider an ordered tetrahedron with verti
es v0, . . . , v3. Draw all the pairsof 2 dimensional fa
es and make sure that 0-fa
e and 2-fa
e have the samegeometri
 orientation, 1-fa
e and 3-fa
e also have the same geometri
 orien-tation, while in all the other 
ases orientation is di�erent (one 
lo
kwise, theother 
ounter-
lo
kwise).
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Solution:
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7. Suppose K is a ∆-
omplex. De�ne its �rst bary
entri
 subdivision K(1) (as a
∆-
omplex) by miming the de�nition for the simpli
ial 
omplexes.a) Show that K(1) is a ∆-
omplex L that has the following property:1)Every geometri
al n-simplex of L has exa
tly n+1 verti
es i.e. no verti
esof the same simplex are identi�ed.Show that if a ∆-
omplex L has the property 1), all the 
hara
teristi
 map-pings of all simplex are bije
tive.b) Suppose L is a ∆-
omplex that has property 1). Prove that its bary
entri
subdivision L(1) has the property of a simpli
ial 
omplex - the interse
tionof two geometri
 simpli
es is either empty or a 
ommon fa
e of both simpli
es.Con
lude that every polyhedron of some ∆-
omplex is a polyhedron ofsome simpli
ial 
omplex.Solution: The de�nition of the bary
entri
 subdivision is 
ompletely ana-logi
al to the simpli
ial 
ase - we de�ne K ′ to be the set of all simpli
es of



8 the form conv{b(σ0), . . . , b(σn)}, where σ0 < σ1 < . . . < σn ∈ K. Sin
e eve-ry simpli
ial mapping takes a bary
entre to the bary
entre, it is easy to seethat identi�
ations on K de�ne identi�
ations in K ′ in a natural way. Mo-re pre
isely conv{b(σ0), . . . , b(σn)} ∼ conv{b(σ′

0), . . . , b(σ
′

n
)} if σi ∼ σ′

i
for all

i = 0, . . . , n.Clearly |K ′| is homeomorphi
 to |K| in a natural way.Now if σ0 < σ1 < . . . < σn ∈ K, then b(σn) ∈
∫
σn, while b(σi) ∈ ∂σn forall i = 0, . . . , n − 1. Hen
e b(σn) 6= b(σi for i 6= n. Continuing by indu
tionwe see that all verti
es of a simplex in K ′ are di�erent in |K ′|.Suppose L is a ∆-
omplex with property 1). Let σ be an n-simplex of L. If

fσ is not inje
tion, then some di�erent fa
es of σ are identi�ed. This impliesimmediately that 
orresponding verti
es are identi�ed, in parti
ular σ has atmost n verti
es, whi
h is a 
ontradi
tion with property 1).Hen
e every geometri
al simplex in |L| "looks like "a simplex. But still twodi�erent simpli
es 
an have more that one 
ommon side, that is why L is notne
essarily a simpli
ial 
omplex yet.Consider simpli
es σ = conv{b(σ0), . . . , b(σn)}, σ
′ = conv{b(σ′

0), . . . , b(σ
′

m)}in L′, where σ0 < σ1 < . . . < σn ∈ L, σ′

0 < σ′

1 < . . . < σ′

m ∈ L′. Suppose
σn and σm are identi�ed. Then, after the identi�
ations, σ and σ′ are twosimpli
es in the �rst bary
entri
 subdivision of a simplex, whi
h is a simpli
ial
omplex. In parti
ular interse
tion of two simpli
es is a 
ommon fa
e (or emp-ty).Next suppose σn and σm are not identi�ed. Then their interse
tion is asubset of their boundaries. Now the interse
tion σ ∩ ∂σn is a simplex in abary
entri
 subdivision of σn−1 and σ′ ∩ ∂σ′

m is a simplex in a bary
entri
subdivision of σ′

m−1. Now by indu
tion we may assume that the 
laim is truefor these simpli
es. Sin
e the 
laim is 
lear in 
ase on of the simpli
es hasdimension 0, we are done.To be pre
ise we have proved that L′ has the property of a simpli
ial
omplex: interse
tion of two simpli
es in |L| is a 
ommon side (or empty).Formally it is still a 
olle
tion of simpli
es whi
h may lie in di�erent ve
torspa
es.Let A be the set of all geometri
 verti
es of |L′|. Constru
t a ve
tor spa
e
V = R

(A) withA as a basis and make a 
opy of L′ in V in an obvious way. Thenthis 
opy will be a simpli
ial 
omplex, whose polyhedron is homeomorphi
 tothe polyhedron of L′ in an obvious way.


