
Matematiikan ja tilastotieteen laitosIntrodution to Algebrai TopologyFall 2011Exerise 3Solutions
1. Give a ∆-omplex strutures with 2 triangles to the Mobius band and to theprojetive plane, aording to the piture below.
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Solution: It is enough to order verties in a linear manner (i.e. de�ne a linearorder in the set of all verties). One possible hoie is given in the pitures
below.
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Here we have ordered 2-simplies V = [v0, v1, v3], U = [v1, v2, v3] and alltheir faes. The edges [v0, v1] and [v2, v3] are identi�ed, as well as the diagonalof the square whih represents faes [v1, v3].This also fores identi�ations v0 ∼ v2 and v1 ∼ v3 on the verties. There areno other identi�ations.
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Here we have ordered 2-simplies V = [v0, v2, v3], U = [v1, v2, v3] and alltheir faes. There are following identi�ations on edges :
[v0, v2] ∼ [v1, v3],
[v0, v3] ∼ [v1, v2],and of ourse the ommon diagonal [v2, v3].These identi�ations also fore identi�ations v0 ∼ v1 and v2 ∼ v3 on theverties. There are no other identi�ations.2. Suppose K is a ∆-omplex and σ is an n-simplex of K.Show that the restrition of the harateristi mapping fσ| int∆n to the in-terior of ∆n is a homeomorphism to its image and |K| is a disjoint union ofthe sets {fσ(int∆n)} (meaning that two sets are either the same or disjoint).Prove that the topology of |K| is o-indued by the set of harateristi map-pings {fσ}σ∈K .Solution: Let us start with the last laim. Suppose U ⊂ |K| and let π : Z →
|K| be a anonial quotient mapping. Here

Z =
⊔

σ∈K

σ.Then by the de�nition U is open in |K| if and only if π−1U is open in Z. Sine
Z has a topology of disjoint union, π−1U is open in Z if and only if π−1U ∩σis open in σ for every σ ∈ K. Let i : σ → Z be a anonial inlusion. Then

π−1U ∩ σ = i−1π−1U.Let α : ∆n → σ be a unique order-preserving simpliial mapping, where
n = dim σ. Sine α is a homeomorphism, i−1π−1U is open in σ if and on-ly if α−1i−1π−1U = f−1

σ U is open in ∆n.Hene U is open in |K| if and only if f−1
σ

U is open in ∆n for every σ ∈ K.This means preisely that the topology of |K| is o-indued by the olletionof harateristi mappings {fσ}σ∈K .Next we prove that every harateristi mapping is losed. Sine ∆n isompat, this would be lear if we would knew that |K| is Hausdor�. Thepolyhedron is always Hausdor�, but it requires a proof, so we won't go intothat, and instead we will prove the laim diretly. Suppose C ⊂ ∆n is losed.Let σ be an n-simplex and σ′ be an arbitrary m-simplex of K. Let J be theset of all "ommon faes"of σ and σ′ i.e. faes of σ whih in K are identi�ed



3with some fae of σ. For every σ0 ∈ J let σ′

0 be a fae of σ suh that σ0 ∼ σ′

0.Then
f−1
σ′ (fσ(C)) =

⋃

σ0∈J

β−1(C ∩ σ′

0),where β : σ0 → σ′

0 is a unique simpliial homeomorphism that preserves orderof verties. Sine J is �nite and β−1C ∩ σ′

0 is losed in σ0, hene in σ′, weonlude that f−1
σ′ (fσ(C)) is losed in C. By the laim whih is already proveabove, fσ(C) is losed in |K|. Hene fσ : ∆n → |K| is losed.Next we use the following topologial fat (prove it, if its not familiar):suppose f : X → Y is a losed mapping and A ⊂ Y . Then the restrition

f | : f−1(A) : A is a losed mapping.We apply this fat to f : ∆n → |K| and A = fσ(int∆n), hene obtainingthat the restrition of f to f−1
σ

(A) = int∆n is losed mapping to its image
fσ(int∆n). It remains to prove that it it injetion. But this follows from thefat that all non-trivial identi�ations inside a simplex an happen only onthe boundary.For the similar reason two simplies that have "ommon points"(in seneof identi�ations in K) in their interiors must be identi�ed, so their harate-risti mappings are the same. This implies that interiors are disjoint. Clearlyevery point of |K| belongs to some interior - just hoose the smallest (in senseof dimension) simplex whih image ontains that point.3. Suppose in an ordered triangle [v0, v1, v2] i.e. 2-simplex you identify two faes
[v0, v1] and [v1, v2] (preserving the ordering, as usual). What familiar spae isthis quotient spae homeomorphi with?Solution: Cut the triangle into two triangles along the line between v1and the midpoint x of [v0, v2]. This amounts to representing the spae asa polyhedron of a ∆-omplex generated by two 2-simplies - U = [v0, v1, x]and V = [v1, x, v2], with sides a = [v0, v1] ∼ [v1, v2] identi�ed, as well as theommon side b = [v1, x] also identi�ed.
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Next rotate V "upside down "to get the following situation:
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4 We see that if we now glue V to U along the original identi�ation [v0, v1] ∼
[v1, v2] we obtain a familiar looking square with vertial sides identi�ed "witha twist ". This is learly a Mobius strip.
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a4. Suppose X is a quotient spae of the ylinder S1 × I, with identi�ations
(x, 0) ∼ (−x, 0), x ∈ S1.a) De�ne a ∆-omplex struture on X . b) Prove that X is homeomorphi tothe Mobius strip.Solution: a) The ylinder S1×I an be obtained from the square I2 = [0, 1]2by identifying points (x, 0) and (x, 1) for all x ∈ I. The extra identi�ation
(x, 0) ∼ (−x, 0), x ∈ S1 then orresponds to identi�ations (0, y) ∼ (0, y +
1/2), 0 ≤ y ≤ 1/2. Hene we an represent X as a polyhedron of a ∆-omplex
X as following:
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The order of verties is given by their indies. K has 3 2-simplies A =
[v2, v3, v4], B = [v0, v2, v3], C = [v0, v1, v3] and all their faes. Exept for theobvious "ommon faes"obtained from the triangulation of a square we al-so have identi�ations [v0, v1] ∼ [v2, v4] (orresponding geometrial simplexis denoted b in the piture) and [v1, v3] ∼ [v3, v4] (orresponding geometrialsimplex is denoted a in the piture) on edges. These also fore identi�ations
v0 ∼ v2 and v1 ∼ v3 ∼ v4 on verties. There are no other identi�ations.b) Cut the square along the horizontal line y = 1/2 (whih is denoted c inthe piture below) to obtain two retangles.
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Now rotate the one below to get its "mirror image", then glue retanglesalong the edge a. As the piture learly suggests one ends up with the Mobiusstrip.
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5. Consider the triangle with "lokwise orientation"(de�ned on the boundaryin the geometri-intuitive fashion, as in the piture below).
v0

v1

v2Go through all the permutations of the set {0, 1, 2} and show that even per-mutations preserve the lokwise orientation, while odd permutations swithit to the ounter-lokwise orientation.Solution: There are 6 permutations. We use the notation (a0a1 . . . an) for ayli permutation that takes ai to ai+1 (mod n) and leaves the other elements�xed.
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Sine id, (012) and (021) are even and the other permutations are odd, wesee that the laim is true.6. Consider an ordered tetrahedron with verties v0, . . . , v3. Draw all the pairsof 2 dimensional faes and make sure that 0-fae and 2-fae have the samegeometri orientation, 1-fae and 3-fae also have the same geometri orien-tation, while in all the other ases orientation is di�erent (one lokwise, theother ounter-lokwise).
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Solution:
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7. Suppose K is a ∆-omplex. De�ne its �rst baryentri subdivision K(1) (as a
∆-omplex) by miming the de�nition for the simpliial omplexes.a) Show that K(1) is a ∆-omplex L that has the following property:1)Every geometrial n-simplex of L has exatly n+1 verties i.e. no vertiesof the same simplex are identi�ed.Show that if a ∆-omplex L has the property 1), all the harateristi map-pings of all simplex are bijetive.b) Suppose L is a ∆-omplex that has property 1). Prove that its baryentrisubdivision L(1) has the property of a simpliial omplex - the intersetionof two geometri simplies is either empty or a ommon fae of both simplies.Conlude that every polyhedron of some ∆-omplex is a polyhedron ofsome simpliial omplex.Solution: The de�nition of the baryentri subdivision is ompletely ana-logial to the simpliial ase - we de�ne K ′ to be the set of all simplies of



8 the form conv{b(σ0), . . . , b(σn)}, where σ0 < σ1 < . . . < σn ∈ K. Sine eve-ry simpliial mapping takes a baryentre to the baryentre, it is easy to seethat identi�ations on K de�ne identi�ations in K ′ in a natural way. Mo-re preisely conv{b(σ0), . . . , b(σn)} ∼ conv{b(σ′

0), . . . , b(σ
′

n
)} if σi ∼ σ′

i
for all

i = 0, . . . , n.Clearly |K ′| is homeomorphi to |K| in a natural way.Now if σ0 < σ1 < . . . < σn ∈ K, then b(σn) ∈
∫
σn, while b(σi) ∈ ∂σn forall i = 0, . . . , n − 1. Hene b(σn) 6= b(σi for i 6= n. Continuing by indutionwe see that all verties of a simplex in K ′ are di�erent in |K ′|.Suppose L is a ∆-omplex with property 1). Let σ be an n-simplex of L. If

fσ is not injetion, then some di�erent faes of σ are identi�ed. This impliesimmediately that orresponding verties are identi�ed, in partiular σ has atmost n verties, whih is a ontradition with property 1).Hene every geometrial simplex in |L| "looks like "a simplex. But still twodi�erent simplies an have more that one ommon side, that is why L is notneessarily a simpliial omplex yet.Consider simplies σ = conv{b(σ0), . . . , b(σn)}, σ
′ = conv{b(σ′

0), . . . , b(σ
′

m)}in L′, where σ0 < σ1 < . . . < σn ∈ L, σ′

0 < σ′

1 < . . . < σ′

m ∈ L′. Suppose
σn and σm are identi�ed. Then, after the identi�ations, σ and σ′ are twosimplies in the �rst baryentri subdivision of a simplex, whih is a simpliialomplex. In partiular intersetion of two simplies is a ommon fae (or emp-ty).Next suppose σn and σm are not identi�ed. Then their intersetion is asubset of their boundaries. Now the intersetion σ ∩ ∂σn is a simplex in abaryentri subdivision of σn−1 and σ′ ∩ ∂σ′

m is a simplex in a baryentrisubdivision of σ′

m−1. Now by indution we may assume that the laim is truefor these simplies. Sine the laim is lear in ase on of the simplies hasdimension 0, we are done.To be preise we have proved that L′ has the property of a simpliialomplex: intersetion of two simplies in |L| is a ommon side (or empty).Formally it is still a olletion of simplies whih may lie in di�erent vetorspaes.Let A be the set of all geometri verties of |L′|. Construt a vetor spae
V = R

(A) withA as a basis and make a opy of L′ in V in an obvious way. Thenthis opy will be a simpliial omplex, whose polyhedron is homeomorphi tothe polyhedron of L′ in an obvious way.


