
Matematiikan ja tilastotieteen laitosIntrodu
tion to Algebrai
 TopologyFall 2011Exer
ise 219.09-23.09.2011
1. Suppose V is a ve
tor spa
e. Show that the 
olle
tionK = {σi}i∈I of simpli
esin V is a simpli
ial 
omplex if and only if1) For every simplex σ in K its every fa
e also belongs to K.2') For every x ∈

⋃
i∈I

σi there is a unique i ∈ I su
h that x is an interiorpoint of the simplex σi.2. Suppose L is a sub
omplex of a simpli
ial 
omplex K. Show thata) The weak topology on the simpli
ial 
omplex |L| is the same as the rela-tive topology on |L| indu
ed by the weak topology of |K|.b) |L| is 
losed in |K|.3. a) Suppose σ is a simplex in R
m, with verti
es {v0, . . . , vn}. Prove that

diam σ = max{|vi − vj |},where | · | is a standard norm on R
m.b) Suppose K is a �nite simpli
ial 
omplex in R

m. Let σ′ be a simplex in a�rst bary
entri
 division K(1), with verti
es {b(σ0), b(σ1), . . . , b(σn)}, where
σ0 < . . . < σn = σ ∈ K. Prove that

diam σ′ ≤
n

n + 1
diam σ4. Suppose g is a simpli
ial approximation of the 
ontinuous mapping f : |K| →

|K ′|. Show that
f(St(v)) ⊂ St(g(v))for every vertex v ∈ K.5. Consider the boundary of the equilateral triangle σ as a 2-simplex with ver-ti
es v0, v2, v4. For odd i = 1, . . . 5 denote by vi the bary
entre of the 1-simplex

[vi−1, vi+1], where we identify v6 = v0.LetK = K(∂σ). Let f : |K| → |K| be the unique simpli
ialmapping f : |K(1)| →
|K(1)| de�ned by f(vi) = vi+1. Prove that as a mapping f : |K| → |K| f doesnot have a simpli
ial approximation, but as a mapping f : |K(1)| → |K| f hasexa
tly 8 simpli
ial appoximations. List all approximations.(see the pi
ture and the rest of the exer
ises on the other side!)
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v56. a) Suppose m ∈ N. Let K be an m-dimensional simpli
ial 
omplex and K ′be a simpli
ial 
omplex whose dimension is > m. Show that every 
ontinuousmapping f : |K| → |K ′| is homotopi
 to a mapping, whi
h is not surje
tive(Hint: simpli
ial approximation).b) Suppose m < n. Prove that any 
ontinuous mapping f : Sm → Sn is ho-motopi
 to a 
onstant mapping.7. Suppose x ∈ |K|.a)De�ne L = {σ ∈ K|x /∈ σ}. Show that L is a simpli
ial 
omplex and

|K| \ |L| = St(x).Con
lude that St(x) is an open neighbourhood of x in |K|.b)Suppose x ∈ |K| and all the verti
es of car(x) are v0, . . . , vn.Prove that
St(x) =

⋃
{int σ | car(x) < σ} =

⋃
{int σ | v0, . . . , vn are verti
es of σ}.and

St(x) =

n⋂

i=0

St(vi).Bonus points for the exer
ises: 25% - 1 point, 40% - 2 points, 50% - 3 points,60% - 4 points, 75% - 5 points.


