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1. Suppose V is a vetor spae. Show that the olletionK = {σi}i∈I of simpliesin V is a simpliial omplex if and only if1) For every simplex σ in K its every fae also belongs to K.2') For every x ∈

⋃
i∈I σi there is a unique i ∈ I suh that x is an interiorpoint of the simplex σi.Solution: Suppose K is a simpliial omplex and x ∈

⋃
i∈I σi. Then x ∈ σifor some i ∈ I. Suppose v0, . . . , vn are verties of σi. Then

x = t0v0 + t1v1 + . . .+ tnvn,where ti ≥ 0 for all i = 0, . . . , n and ∑n

i=0 ti = 1. De�ne
J = {i ∈ {0, . . . , n} | ti > 0}.Then J is non-empty and the simplex σ spanned by the simplies {vi‖ i ∈ J}ontains x as an interior point.Let us prove the uniqueness of σ. Suppose x int σ ∩ int σ′. Then in partiular

x ∈ σ∩σ′. Hene σ′′ = σ∩σ′ is non-empty, thus is a fae of σ and σ′. On theother hand σ′′ intersets the interior of σ ( and σ′) - at least in x. The onlyfae of a simplex, whih intersets the interior of the simplex is the simplexitself. Hene σ = σ′′ = σ. This proves the uniqueness.Suppose K is a olletion of simplies, that satis�es onditions 1) and 2').Suppose σ, σ′ ∈ K. Write verties of σ as a0, . . . , ak, b1, . . . , bn and the vertiesof σ′ as a0, . . . , ak, c1, . . . , cm, where bi 6= cj for all i = 1, . . . , n, j = 1, . . . , m.Let σ′′ be a fae of σ spanned by the verties {a0, . . . , ak}. By ondition 1)
σ′′ ∈ K Clearly σ ∩ σ′ is onvex and ontains points a0, . . . , ak, so

σ′′ ⊂ σ ∩ σ′.It remains to show the opposite inlusion. Suppose x ∈ σ ∩ σ′. Then
x = t0a0 + . . .+ tkak + r1b1 + . . .+ rnbn,

x = t′0a0 + . . .+ t′kak + r′1b1 + . . .+ r′nbn,as onvex ombinations. If some ri 6= 0 or some r′i 6= 0, it follows that xbelongs to the interior of two di�erent simplies, whih ontradits ondition2)'. Hene x ∈ σ′′. Thus we have shown that
σ ∩ σ′is either empty or is a ommon fae of σ and σ′.



22. Suppose L is a subomplex of a simpliial omplex K. Show thata) The weak topology on the simpliial omplex |L| is the same as the rela-tive topology on |L| indued by the weak topology of |K|.b) |L| is losed in |K|.Solution: First notie the following. Suppose σ ∈ K. Then
|L| ∩ σ =

⋃

i∈I

σi,where I is some subset of the set of all faes of σ and σi ∈ L for lal i ∈ I. Inpartiular I is �nite.Suppose C ⊂ |L| is losed in |L| with respet to the weak topology of |L|.Let σ ∈ K be an arbitrary simplex. Then
C ∩ σ = (C ∩ |L|) ∩ σ = C ∩ (|L| ∩ σ) = C ∩ (

⋃

i∈I

σi) =
⋃

i∈I

(C ∩ σi).Every C ∩ σi is losed in σi, sine C is losed with respet to the weak topo-logy of |L|. Moreover σi is losed in σ (being its fae). Hene C ∩ σi is losedin σ for all i ∈ I. Sine I is �nite, C ∩ σ is losed in σ as a �nite union oflosed sets. Sine this is true for every σ ∈ K, by the de�nition of the weaktopology C is losed in |K|. In partiular1) C is losed with respet to the relative topology on |L| and2) |L| is losed in |K|.Let C ⊂ |L| be losed in |L| with respet to the relative topology of |L| asa subset of |K|. Sine we already know that |L| is losed in |K| this impliesthat C is losed in |K|. By the de�nition of the weak topology this meansthat C ∩ σ is losed in σ for every σ ∈ K. In partiular this is true for every
σ ∈ L. Hene C is losed in the weak topology of |L|.3. a) Suppose σ is a simplex in R

m, with verties {v0, . . . , vn}. Prove that
diam σ = max{|vi − vj |},where | · | is a standard norm on R

m.b) Suppose K is a �nite simpliial omplex in R
m. Let σ′ be a simplex in a�rst baryentri division K(1), with verties {b(σ0), b(σ1), . . . , b(σn)}, where

σ0 < . . . < σn = σ ∈ K. Prove that
diam σ′ ≤

n

n+ 1
diam σ.Solution: a) Let

M = max{|vi − vj |}.It is enough to prove that for all x, y ∈ σ

|x− y| ≤ M.First that us prove this in speial ase y = vj, j = 0, . . . , n. Now
x = t0v0 + . . .+ tnvn,where ti ≥ 0 for all i and ∑

ti = 1. Then
|x− vj | = |

∑
tivi −

∑
tivj | ≤

∑
ti|vi − vj | ≤ (

∑
ti)M = M.



3Next suppose y =
∑

t′ivi. Then
|x− y| = |

∑
t′ix−

∑
t′ivi| ≤

∑
t′i|x− vi| ≤ (

∑
t′i)M = M.b) By a) it is enough to show that

|b(σi)− b(σj)| ≤
n

n+ 1
diam σfor all i, j. We may assume i < j. Sine b(σi), b(σj) ∈ σj , by the proof of a)we obtain

|b(σi)− b(σj)| ≤ max{|b(σj)− vk|},where vk goes through all the verties v0, . . . , vl of σj . Now
|b(σj)− vk| = |

l∑

m=0

1/(l + 1)vm −
∑

1/(l + 1)vk| = |
∑

m6=k

1/(l + 1)(vm − vk)| ≤

≤
∑

m6=k

1/(l + 1)|vm − vk| ≤
∑

m6=k

1/(l + 1) diamσ = l/(l + 1) diamσ.Also l ≤ n, so
l/(l + 1) = 1/(1 + 1/l) ≤ 1/(1 + 1/n) = n/(n+ 1).Hene

diam σ′ ≤
n

n+ 1
diam σ.4. Suppose g is a simpliial approximation of the ontinuous mapping f : |K| →

|K ′|. Show that
f(St(v)) ⊂ St(g(v))for every vertex v ∈ K.Solution: Suppose x ∈ St(v). Then there exists σ ∈ K suh that x ∈ int σand v is a vertex of σ. Suppose verties of σ are v0 = v, v1, . . . , vn. Then thereexist ti > 0, i = 0, . . . , n suh that ∑ ti = 1 and
x = t0v0 + . . .+ tnvn.Sine g is simpliial we have

g(x) = t0g(v0) + . . . g(vn),so g(x) ∈ int σ′, where σ′ is a simplex of K ′ spanned by g(v0), . . . , g(vn). Onthe other hand suppose σ′′ ∈ K ′ is a unique simplex that ontains f(x) inits interior. Then, sine g is a simpliial approximation of f , g(x) ∈ σ′′. Sinealso g(x) ∈ int σ′, σ′ is a fae of σ′′. In partiular g(v) is a vertex of σ′′. Hene
f(x) ∈ St(g(v)).5. Consider the boundary of the equilateral triangle σ as a 2-simplex with ver-ties v0, v2, v4. For odd i = 1, . . . 5 denote by vi the baryentre of the 1-simplex

[vi−1, vi+1], where we identify v6 = v0.LetK = K(∂σ). Let f : |K| → |K| be the unique simpliialmapping f : |K(1)| →
|K(1)| de�ned by f(vi) = vi+1. Prove that as a mapping f : |K| → |K| f doesnot have a simpliial approximation, but as a mapping f : |K(1)| → |K| f has



4 exatly 8 simpliial appoximations. List all approximations.
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b

b
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v0

v1

v2

v3

v4
v5Solution: Suppose K and L are simpliial omplexes and f : |K| → |L| isontinuous. By the Lemma 1.2.19 f has a simpliial approximation if andonly if for every vertex v of K there exists a vertex v′ ∈ L suh that

f(St(v)) ⊂ St(v′).Moreover any hoie of suh v′ = g(v) for every v ∈ K de�nes a uniquesimpliial approximation of f .First let us onsider f as a mapping |K| → |K|. Now f(St(v0)) looks likethis:
v0

v2

v3

v5On the other hand stars of all verties of K look like this:
v0

v2

v4 v0

v2

v4 v0 v4

v2

Star of v0 Star of v2 Star of v4So one sees immediately, that no vertex v ∈ K has the property
f(St(v0)) ⊂ St(v).



5In partiular f does not have a simpliial approximation.Now let us onsider f as mapping |K(1)| → |K|. The stars of the vertiesof |K| are already drawn above. Let us draw the sets f(St(v) for all verties
v of |K(1)|.

v0

v2

v4 v0 v4

f(St(v0)) f(St(v2)) f(St(v4))

v1

v2

v3 v5

v3

v4 v0

v1

v5

f(St(v1)) f(St(v3)) f(St(v5))We see immediately that for v = v0, v2, v4 there are exatly two hoies ofa vertex v′ ∈ K suh that
f(St(v)) ⊂ St(v′).For instane for v0 we an hoose v′ = v0 or v′ = v2. On the other handfor v = v1, v3, v5 there is only one hoie. This implies that there are exatly

2 · 2 · 2 = 8 simpliial approximations g. We have
g(vi) = vi+1( mod 6) for odd i,

g(vi) ∈ {vi, vi+2}( mod 6 for even i.6. a) Suppose m ∈ N. Let K be a �nite m-dimensional simpliial omplex and
K ′ be a simpliial omplex whose dimension is > m. Show that every on-tinuous mapping f : |K| → |K ′| is homotopi to a mapping, whih is notsurjetive (Hint: simpliial approximation).b) Suppose m < n. Prove that any ontinuous mapping f : Sm → Sn is ho-motopi to a onstant mapping.Solution: a)Suppose f : |K| → |K ′| is ontinuous. By the Simpliial Ap-proximation Theorem f is homotopi to a simpliial mapping g : |K|(n) → |K|for some n ∈ N. Now |K|(n) is alsom-dimensional. Sine g is simpliial it maps
k-simplex to a simplex, whose dimension is ≤ k, for all k ∈ N. In partiular,sine |K|(n) is m-dimensional it follows that g(|K|(n)) ⊂ |K ′|m 6= |K ′|. Hene
g is not surjetive.b) Sm is a polyhedron of a �nite m-dimensional omplex, and Sn is a po-lyhedron of a omplex with dimension n > m. Hene by a) a ontinuousmapping f : Sm → Sn is homotopi to a mapping g : Sm → Sn, whih is notsurjetive. Hene there exists y ∈ Sn suh that g(Sm) ⊂ Sn \ {y} = X . It is



6 a well-known fat that X is homeomorphi to R
n, in partiular ontratibleto a point. Hene g is homotopi to a onstant mapping.7. Suppose x ∈ |K|.a)De�ne L = {σ ∈ K|x /∈ σ}. Show that L is a simpliial omplex and

|K| \ |L| = St(x).Conlude that St(x) is an open neighbourhood of x in |K|.b)Suppose x ∈ |K| and all the verties of car(x) are v0, . . . , vn.Prove that
St(x) =

⋃
{int σ | car(x) < σ} =

⋃
{int σ | v0, . . . , vn are verties of σ}.and

St(x) =

n⋂

i=0

St(vi).Solution: a) L is learly losed under faes, so is a simpliial subomplex of
K. Let us prove that

|K| \ |L| = St(x).Suppose y ∈ |K| and let σ ∈ K be the unique simplex suh that y ∈ Intσ.Then y ∈ St(x) if and only if x ∈ σ, whih is true if and only if σ /∈ L. Sine
σ is a arrier of y and L is a subomplex the ondition σ /∈ L is equivalent to
y /∈ |L|.By exerise 2) |L| is losed, hene |K| \ |L| is open. Thus St(x) is an openneighbourhood of x in |K|.b) If x ∈ σ, where σ ∈ K, then car(x) must be a fae of σ, whih provesthat

St(x) =
⋃

{int σ | car(x) < σ}.Now it is lear that car(x) < σ if and only if v0, . . . , vn are verties of σ. Byapplying this result to every vertex vi we obtain
St(vi) =

⋃
{int σ‖ vi ∈ σ, }so

St(x) =
n⋂

i=0

St(vi).


