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1. Suppose V is a vector space. Show that the collection K = {o;};c; of simplices
in V' is a simplicial complex if and only if
1) For every simplex ¢ in K its every face also belongs to K.
2’) For every = € |J,.; 0; there is a unique ¢ € I such that z is an interior
point of the simplex o;.

Solution: Suppose K is a simplicial complex and = € | J,.; 0;. Then z € o;
for some ¢ € I. Suppose vy, . .., v, are vertices of o;. Then

ZE:tQU0+t1U1+...+tnvn,
where t; > 0 for all i =0,...,n and ) . ,t; = 1. Define
J={i€{0,...,n} | t; > 0}.

Then J is non-empty and the simplex o spanned by the simplices {v;|| i € J}
contains x as an interior point.

Let us prove the uniqueness of o. Suppose xint o Nint ¢’. Then in particular
x € oNo’. Hence 0” = 0 N o’ is non-empty, thus is a face of o and ¢’. On the
other hand ¢” intersects the interior of o ( and ¢’) - at least in z. The only
face of a simplex, which intersects the interior of the simplex is the simplex
itself. Hence o = ¢” = o. This proves the uniqueness.

Suppose K is a collection of simplices, that satisfies conditions 1) and 2’).

Suppose 0,0’ € K. Write vertices of o as aq, ..., ax, b, ..., b, and the vertices
of 0" as ag,...,ag,c1,...,Cm, where b; # ¢; foralli=1,...,n, j=1,...,m.
Let 0" be a face of o spanned by the vertices {ao,...,a;}. By condition 1)
0" € K Clearly o N ¢’ is convex and contains points ag, .. ., ax, SO

o' cond.
It remains to show the opposite inclusion. Suppose = € o N ¢’. Then
x:t0a0+...+tkak+rlbl+...+7’nbn,

x=thag+ ... +thap + by + ...+ 7Dy,

as convex combinations. If some r; # 0 or some 7 # 0, it follows that z
belongs to the interior of two different simplices, which contradicts condition
2)’. Hence x € ¢”. Thus we have shown that

/
ocNo

is either empty or is a common face of o and o’.
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2. Suppose L is a subcomplex of a simplicial complex K. Show that

a) The weak topology on the simplicial complex |L| is the same as the rela-
tive topology on |L| induced by the weak topology of |K]|.
b) | L] is closed in |K]|.

Solution: First notice the following. Suppose ¢ € K. Then

|ILINo = U Tis
iel
where I is some subset of the set of all faces of ¢ and o; € L forlal7 € I. In
particular [ is finite.
Suppose C' C |L| is closed in |L| with respect to the weak topology of |L|.
Let 0 € K be an arbitrary simplex. Then

Cno=(CnlL)ne=Ccn(Lne)=Cn( o) = JCna).
iel iel
Every C'No; is closed in o;, since C' is closed with respect to the weak topo-
logy of |L|. Moreover o; is closed in o (being its face). Hence C'No; is closed
in o for all ¢ € I. Since I is finite, C'N o is closed in ¢ as a finite union of
closed sets. Since this is true for every o € K, by the definition of the weak
topology C'is closed in |K|. In particular

1) C is closed with respect to the relative topology on |L| and
2) |L] is closed in |K]|.

Let C' C |L| be closed in |L| with respect to the relative topology of |L| as
a subset of |K|. Since we already know that |L| is closed in | K| this implies
that C is closed in |K|. By the definition of the weak topology this means
that C'N o is closed in o for every o0 € K. In particular this is true for every
o € L. Hence C'is closed in the weak topology of |L]|.

a) Suppose o is a simplex in R™, with vertices {vo, ..., v,}. Prove that
diam o = max{|v; — v|},

where | - | is a standard norm on R™.

b) Suppose K is a finite simplicial complex in R™. Let ¢’ be a simplex in a
first barycentric division K, with vertices {b(c¢),b(c1),...,b(c,)}, where
0p < ...<o0, =0 € K. Prove that

diam o’ < diam o.

Solution: a) Let
M = max{|v; — v;|}.
It is enough to prove that for all z,y € o
lz—y| < M.
First that us prove this in special case y = v;, j = 0,...,n. Now
T =1tgvg + ...+ tyUn,

where ¢; > 0 for all ¢ and ) ¢; = 1. Then

|I‘—Uj‘ = |Ztﬂ]2 —Ztﬂ)j‘ S Zti\vi—vﬂ S (ZtZ)M: M.



Next suppose y = > tiv;. Then
o=yl =D tiw =Dt <D e —wl < Q)M =
b) By a) it is enough to show that

b(o;) — blo;)| < i diam o
J +1
n

for all 4, 5. We may assume ¢ < j. Since b(0;),b(0;) € 0;, by the proof of a)
we obtain

|b(0i) — b(0;)| < max{|b(o;) — vil},
where v goes through all the vertices v, ..., v; of 0;. Now

b(0;) —vk|—\21/l+1 = 1/ Do =) 1/ + D) (vm —w)| <

m#£k

< Z /(14 1)y — | < Z 1/(I+1)diamo =1/(l + 1) diam o.
m#k m#k
Also I < n, so

J(I+1)=1/(1+1/1) <1/(1+1/n) =n/(n +1).

Hence

. n .
diam o’ < : diam o.

n +

4. Suppose g is a simplicial approximation of the continuous mapping f: |K| —

| K'|. Show that
f(St(v)) < St(g(v))

for every vertex v € K.

Solution: Suppose x € St(v). Then there exists 0 € K such that x € into
and v is a vertex of 0. Suppose vertices of o are vg = v, vy, ..., v,. Then there
exist t; > 0,4 =0,...,n such that > ¢; =1 and

l':tovo+...+tn2}n.

Since ¢ is simplicial we have

g(x) = tog(vo) + ... g(vn),

so g(x) € int o', where ¢’ is a simplex of K’ spanned by g(vp), ..., g(v,). On
the other hand suppose ¢” € K’ is a unique simplex that contains f(z) in
its interior. Then, since g is a simplicial approximation of f, g(x) € ¢”. Since
also g(x) € int 0/, 0’ is a face of ¢”. In particular g(v) is a vertex of ¢”. Hence

f(x) € St(g(v)).

5. Consider the boundary of the equilateral triangle o as a 2-simplex with ver-
tices vy, v, v4. For odd 7 = 1, ...5 denote by v; the barycentre of the 1-simplex
[Vi—1, Vi11], where we identify vg = vy.

Let K = K(do). Let f: |K| — | K| be the unique simplicial mapping f: |[K®| —
|KW| defined by f(v;) = vir1. Prove that as a mapping f: |K| — |K| f does
not have a simplicial approximation, but as a mapping f: |[K("| — |K| f has



exactly 8 simplicial appoximations. List all approximations.
V2
(> /\
1 Vs

)

Solution: Suppose K and L are simplicial complexes and f: |K| — |L] is
continuous. By the Lemma 1.2.19 f has a simplicial approximation if and
only if for every vertex v of K there exists a vertex v € L such that

f(St(v)) C St(v").

Moreover any choice of such v" = g(v) for every v € K defines a unique
simplicial approximation of f.

First let us consider f as a mapping |K| — |K|. Now f(St(vy)) looks like

this:
V2

U3

Vo Us

On the other hand stars of all Vertlces of K look hke th1s

/AN

Star of v, Star of vy Star of vy

So one sees immediately, that no vertex v € K has the property

f(St(vo)) C St(v).



In particular f does not have a simplicial approximation.

Now let us consider f as mapping |[K(M| — |K|. The stars of the vertices
of | K| are already drawn above. Let us draw the sets f(St(v) for all vertices

v of |[KW].
Vo \ U4 Vo Uy
f(St(vo)) f(St(v2)) f(St(va))
(%) V3 U1

F(St(vn))  f(St(vs)) f(St(vs))

We see immediately that for v = vy, v9, v4 there are exactly two choices of
a vertex v’ € K such that

f(St(v)) C St(v").

For instance for vy we can choose v = vy or v = vy. On the other hand
for v = vy, v3, v5 there is only one choice. This implies that there are exactly
2 -2 -2 = 8 simplicial approximations g. We have

g(v;) = v;11( mod 6) for odd 1,

g(v;) € {v;, vi42}( mod 6 for even i.

. a) Suppose m € N. Let K be a finite m-dimensional simplicial complex and
K’ be a simplicial complex whose dimension is > m. Show that every con-
tinuous mapping f: |K| — |K’| is homotopic to a mapping, which is not
surjective (Hint: simplicial approximation).

b) Suppose m < n. Prove that any continuous mapping f: S™ — S™ is ho-
motopic to a constant mapping.

Solution: a)Suppose f: |K| — |K’| is continuous. By the Simplicial Ap-
proximation Theorem f is homotopic to a simplicial mapping g: |K|™ — | K|
for some n € N. Now |K|™ is also m-dimensional. Since g is simplicial it maps
k-simplex to a simplex, whose dimension is < k, for all £ € N. In particular,
since |K|™ is m-dimensional it follows that g(|K|™) C |K'|™ # |K’|. Hence
g is not surjective.

b) S™ is a polyhedron of a finite m-dimensional complex, and S™ is a po-
lyhedron of a complex with dimension n > m. Hence by a) a continuous
mapping f: S™ — S™ is homotopic to a mapping g: S™ — S", which is not
surjective. Hence there exists y € S™ such that g(S™) C S™\ {y} = X. It is



a well-known fact that X is homeomorphic to R”, in particular contractible
to a point. Hence g is homotopic to a constant mapping.

. Suppose x € |K]|.
a)Define L = {0 € K|z ¢ o}. Show that L is a simplicial complex and

[\ L] = St(x).

Conclude that St(x) is an open neighbourhood of z in |K]|.
b)Suppose x € |K| and all the vertices of car(z) are vy, ..., v,.
Prove that

St(z) = U{inta | car(z) <o} = U{inta | vo,...,v, are vertices of o}.
and

St(x) = ﬂ St(v;).

Solution: a) L is clearly closed under faces, so is a simplicial subcomplex of
K. Let us prove that

[ K[\ | L] = St().
Suppose y € |K| and let 0 € K be the unique simplex such that y € Into.
Then y € St(z) if and only if x € o, which is true if and only if o ¢ L. Since
o is a carrier of y and L is a subcomplex the condition o ¢ L is equivalent to

y ¢ |L].
By exercise 2) |L| is closed, hence |K|\ |L| is open. Thus St(z) is an open
neighbourhood of z in |K].

b) If © € o, where o € K, then car(x) must be a face of o, which proves

that
St(z) = U{inta | car(z) < o}.

Now it is clear that car(x) < o if and only if vy, ..., v, are vertices of 0. By
applying this result to every vertex v; we obtain

St(v;) = | J{int o] v; € 0.}

SO

St(z) = ﬂ St(v;).



