
Delayed logistic with fixed maturation time t

Model with constant parameters 

ü Individual states

X : adult individual
Y : juvenile individual

ü Individual-level processes

X ö
b

X + Y HbirthL

X + X ö
g

X + † HcompetitionL

X ö
d

† HdeathL

Y ö
a

† HdeathL

Y ï
t

X HmaturationL

ü Population equation

„x

„t
= b xt ‰-a t - d x -

g

2
x2

where xt@tD := x@t - tD

ü Positive equilibrium

x =
2

g
Ib ‰-a t - dM > 0

ü Linearization about the equilibrium

„u

„t
= a u + b ut

where u := x - x and ut := xt - x and

a = d - 2 b ‰-a t < 0 and b = b ‰-a t > 0

Note that g has disappeared from the equation

ü Local stability

Note that b t =
1

2
Hd t - a tL, so that only the pink region in the figure

below can be realized. In other words, x is always stable and overdamped;



StabilityPlot =

ShowB

ParametricPlotB:
nt

Tan@ntD
,

-nt

Sin@ntD
>, 8nt, 0, p<, PlotStyle Ø 8Black, Thick<F êê Quiet,

Graphics@8Pink, Polygon@880, 0<, 8-10, 10<, 8-10, 5<<D<D,

Plot@-at, 8at, -10, 1<, PlotStyle Ø 8Black, Thick<D,

PlotA-‰at-1, 8at, -10, 10<, PlotStyle Ø BlackE,

PlotRange Ø 88-10, 10<, 8-10, 10<<, AxesOrigin Ø 80, 0<,

AxesLabel Ø :"at", "bt">, AspectRatio Ø 1, ImageSize Ø MediumF
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Model with fluctuating birthrate b

ü Population equation

„x

„t
= bt xt ‰-a t - d x -

g

2
x2

where bt@tD := b@t - tD Hfixed delay in driverL
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ü Linearization for small variations of b around the constant b

„u

„t
= a u + b ut + c vt

where u := x - x and v := b - b

a = d - 2 b ‰-a t and b = b ‰-a t and c = x ‰-a t

ü Transfer function

Â w uè = a uè + b ‰-Â w t uè + c ‰-Â w t vè

and hence for the transfer function we find

T@wD =
c ‰-Â w t

Â w - a - b ‰-Â w t
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ü Numerical example

a = 1; b = 10; g = 1; d = 1; t = 1;

x =
2

g
Ib ‰-a t - dM êê N

5.35759

a = d - 2 b ‰-a t; b = b ‰-a t; c = x ‰-a t;

T@w_D :=
c ‰-Â w t

Â w - a - b ‰-Â w t
;

ShowA
LogLogPlot@Abs@T@wDD, 8w, .01, 100<,
PlotPoints Ø 100, PlotStyle Ø 8Black, Thick<, PlotRange Ø 8.001, 1<D,

AxesLabel Ø 9"Log w", "Log»THwL»"=, ImageSize Ø MediumE
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Model with fluctuating juvenile death rate a

ü Population equation

„x

„t
= b xT ‰-ay t - d x -

g

2
x2

where ay@tD := ‡
-¶

+¶

a@t - sD y@sD „s Hdistributed delay in driverL and

where y@tD := t-1 for 0 § t § t

0 otherwise

Alternatively we can write ay = a * y HconvolutionL
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ü Linearization for small variations of a around the constant a

„u

„t
= a u + b ut + c vy

where u := x - x and v := a - a and hence vy = v * y

a = d - 2 b ‰-a t and b = b ‰-a t and c = -b t x ‰-a t

ü Transfer function

Â w uè = a uè + b ‰-Â w t uè + c ‰-Â w t vè y
è

where from the definition of the Fourier transform we find

y
è
@wD =

1 - ‰-Â w t

Â w t

Hence for the transfer function we find

T@wD =
c ‰-Â w t I1 - ‰-Â w tM

Â w t IÂ w - a - b ‰-Â w tM

Note that T@wD = 0 whenever ‰-Â w t = 1, i.e., for w t = 2 p k, k œ N

in which case the period of the driver is exactly an integer multiple
of the delay t
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ü Numerical example

a = 1; b = 10; g = 1; d = 1; t = 1;

x =
2

g
Ib ‰-a t - dM êê N

5.35759

a = d - 2 b ‰-a t; b = b ‰-a t; c = -b t x ‰-a t;

T@w_D :=
c ‰-Â w t I1 - ‰-Â w tM

Â w t IÂ w - a - b ‰-Â w tM
;

ShowA
LogLogPlot@Abs@T@wDD, 8w, .01, 100<,
PlotStyle Ø 8Black<, PlotRange Ø 8.001, 10<, PlotPoints Ø 100D,

AxesLabel Ø 9"Log w", "Log»THwL»"=, ImageSize Ø MediumE
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