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1. Prove that one can not, in general, choose the set F in Egorov’s
theorem so that µ(X \ F ) = 0.

2. Give an example of functions f ∈ L1(R) and g ∈ L1(R) such that
the function

y 7→ f(x− y)g(y)

is not integrable for all x ∈ R.

3. Let f : Rn → R be continuous and gε = m
(
B(0, ε)

)−1
χB(0,ε). Prove

that gε ∗ f(x)→ f(x) as ε→ 0+.

4. Suppose that f ∈ Lp(Rn), 1 ≤ p ≤ ∞, and g ∈ L1(Rn). Prove that
f ∗ g(x) exists for a.e. x ∈ Rn, f ∗ g ∈ Lp(Rn), and

‖f ∗ g‖p ≤ ‖f‖p‖g‖1.

5. Let g ≥ 0 be a measurable function in Rn. Suppose that there exists
a constant C such that ‖f ∗ g‖p ≤ C‖f‖p for every non-negative
f ∈ Lp(Rn). Prove that C ≥ ‖g‖1.

6. Prove the following covering theorem: Let {B(xi, ri)}, i ∈ I, be a
finite collection of balls in a metric space (X, d). Then there exists
J ⊂ I such that the balls B(xi, ri), i ∈ J, are mutually disjoint and⋃

i∈I

B(xi, ri) ⊂
⋃
i∈J

B(xi, 3ri).


