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You may gain extra credit points by solving these exercises. More preci-
sely, these are counted to the numerator only when calculating the
percentage for extra credit points.

1. Let (X,Γ, µ) be a measure space and E ∈ Γ. Prove that
(a) ΓE = {A ∈ Γ: A ⊂ E} is a σ-algebra in E and
(b) µ|ΓE is a measure in E.

2. Let X be a nonempty set. Define µ∗ : P(X) → {0, 1} by setting
µ∗(∅) = 0 and µ∗(A) = 1 if A 6= ∅. Prove that µ∗ is an outer
measure. What are the µ∗-measurable sets?

3. Let I = [0, 1] × [0, 1] and f(x, y) = (x − y)/(x + y)3 when (x, y) ∈
I \ {(0, 0)} and f(0, 0) = 0. Compute the integrals∫ 1
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Is f integrable in I?

4. Let f : (0, 1)× (1,∞)→ R,

f(x, y) = e−xy − 2e−2xy.

Prove that∫ 1
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and comment on Fubini’s theorem.

5. For each A ⊂ Rn define

Ã = {(x, y) ∈ Rn × Rn : x− y ∈ A}.
Prove that m2n(Ã) = 0 if mn(A) = 0.

6. Prove that B ⊂ R is a Borel set if and only if it is a Borel set also
as a subset of the plane. More precisely,

BorR = {B ⊂ R : {(x, 0) : x ∈ B} ∈ BorR2}.
Is there a similar relation between σ-algebras LebR and LebR2?


