PDEs 11
Demo 2

1. Let « be a constant such that 0 < a < 1. Define function u : B(0,1) = {y €
R%: |yl <1} - R as

u(z) = |x|a71~T17 for x = (x1,22) € By.
For which 1 < ¢ < oo does u belong to W14(B(0,1))?

2. Prove that if u € WP((0,1)) for some 1 < p < oo, then

fu(z) = u(y)| < o —y|'""7 (/01 /[P dt)é

for all z,y € (0,1).

3. Denote by U the open square {z € R? : |z1| < 1, |z3] < 1}. Define

11— w1 >0, 12| < 215

142 x1 <0, |za] < —21;
u(z) =

1—2o £L‘2>0,|-T1| < T2;

1— a9 xo < 0,|z1] < —22.

For which 1 < ¢ < oo does u belong to W14(U)?

4. Integrate by parts to prove

/ |Dul? da < (/ u? dw) (/ D2u|2dx)
Q Q Q
for all u € C§°(Q2).

5. Integrate by parts to prove

/ |Du|? dx < C (/ |u|P daz) (/ | D?ul? dw)
Q Q Q

for 2 <p < oo and all uw € C§°(Q2), where C = C(n,p) > 0.

6. Verify that

1
u(z) = loglog (1 + )
]

belongs to Wi (B(0,1)), B(0,1) C R™.



