
PDE II
Demo 1

1. Let 1 < p <∞ and p′ = p/(p− 1). Show that for all a, b ≥ 0 and ε > 0,

i) ab ≤ ap

p
+
bp
′

p′
;

ii) ab ≤ εap + C(ε)bp
′
,

where C(ε) = (εp)−
1

p−1 /p′.

2. Let 1 < p < ∞ and p′ = p/(p − 1). Let Ω ⊂ Rn be an open set. Suppose
that u ∈ Lp(Ω) and v ∈ Lp′(Ω). Show that∫

Ω

|uv| dx ≤
(∫

Ω

|u|p dx
) 1

p
(∫

Ω

|v|p
′
dx

) 1
p′

.

3. Let A ∈ Sn×n be a symmetric matrix. Suppose that A ≥ 0, that is, all of the
eigenvalues of A are nonnegative. Show that for all ξ, η ∈ Rn,

(Aξ, η) ≤ (Aξ, ξ)
1
2 (Aη, η)

1
2 .

4. Let Ω ⊂ Rn be an open set and u ∈ L2(Ω). Suppose that∫
Ω

uϕdx = 0

for all ϕ ∈ C∞0 (Ω). Show that u(x) = 0 for almost every x ∈ Ω (with respect to
the Lebesgue measure).

5. Let α be a constant such that 0 < α < 1. Define the function u : B(0, 1) =
{y ∈ R2 : |y| < 1} → R as

u(x) = |x|α−1x1, for x = (x1, x2) ∈ B1.

Define

A(x) =

(
x2
1+α2x2

2

|x|2 (1− α2)x1x2

|x|2

(1− α2)x1x2

|x|2
α2x2

1+x2
2

|x|2

)
.

Show that
i) α2|ξ|2 ≤ (A(x)ξ, ξ) ≤ |ξ|2, ∀x ∈ B1, ξ ∈ R2.
ii) u is a solution of

div (A(x)∇u) = 0 in B(0, 1) \ {0}.
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