GEOMETRIC MEASURE THEORY AND SINGULAR INTEGRALS: EXERCISE
SET 1

Solutions by E. Vuorinen.

Exercise 5. Suppose n is an integer and p is a measure satisfying cr” < u(B(z,r)) < Cr"
forall z € spt pand 0 < r < diam(spt ). For z € spt pand 0 < ¢ < diam(spt ) define

o1 dist(y, L
i) =it [ S g
Lt B(z,t) t

and

dist(y, L
foolmt)=inf  sup L)
L yEspt uNB(z,t) t

where the infimum is taken over all the n-planes L C RY. Show that
Boo(,t) < OBy (x,26)/ "+,
(These are natural quantities which measure how "flat" the measure y is on B(z,t).)

Solution. Let x € sptp and t € (0,diam(spt i)]. We first make the observation that
Poo(x,t) < 1. Indeed, let L be any n-plane through x. Then

d(y, L -

yEspt pNB(x,t) t yEspt pNB(x,t) t

This, by the definition of S (z,t), proves the observation.
Assume now z € spt pand ¢t € (0, diam(spt p)/2]. Fix an n-plane L so that

1 d(y, L)
(0.1) / du(y) < 281(x, 2t).
20" Jp@ay ¢ @) 1w 26)
With this n-plane L, choose a point yy € spt ¢ N B(z,t) so that
d(yOaL) > 2—1 d(va)
t yEspt uNB(z,t) t

Suppose first d(yo, L) > 2t. In this case if y € B(yo, t), then d(y, L) > t. Using this, and
the fact that B(yo,t) C B(z,2t), we have

1 dy, L 1 d(y, L Blyo, t
" JBat) U " JB(yo.t) t

By our choice of L in (0.1) it follows that 3 (x, 2t) 2 1. Combining this with the observa-
tion fo(z,t) < 1 gives

Boolx, )" <1 < By (x,20).
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Suppose then d(yo, L) < 2t. If y € B(yo,d(yo,L)/2), then d(y, L) ~ d(yo,L). Since
B(yo,d(yo, L)/2) C B(x, 2t) we can estimate

_ y’ i d(va)
/ B(,2t) W) = g /B(ym dyo,)/2) b W)
Ay, L)p(B(yo, d(yo, L)/2))
tn+1
N (d(yo,L)>”+1
; .

By the choice of L and yy, this concludes the proof.



