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CZO MAXIMAL TRUNCATION

DEFINITIONS

Bilinear Dini-type CZOs

DEFINITION

T is a ω-bilinear Calderón–Zygmund operator if it is a bilinear operator originally

defined as

T : S (Rn)×S (Rn)→S ′(Rn),

and for some 1≤ q1,q2 < ∞ it extends to a bounded bilinear operator from Lq1 ×Lq2

to Lq, where 1/q1 +1/q2 = 1/q, and if there exists a function K, defined off the

diagonal x = y = z in (Rn)3, satisfying

T(f1, f2)(x) =
∫∫

(Rn)2
K(x,y,z)f1(y)f2(z)dydz,

for all x /∈ suppf1∩ suppf2.
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DEFINITIONS

Bilinear Dini-type CZOs

DEFINITION

The kernel K must also satisfy, for some constants CK > 0 and τ ∈ (0,1), the

following size condition

|K(x,y,z)| ≤ CK

(|x− y|+ |x− z|)2n ,

and, the smoothness estimate

|K(x+h,y,z)−K(x,y,z)|+ |K(x,y+h,z)−K(x,y,z)|

+ |K(x,y,z+h)−K(x,y,z)|

≤ 1
(|x− y|+ |x− z|)2n ω

(
|h|

|x− y|+ |x− z|

)
,

whenever |h| ≤ τ max(|x− y|, |x− z|).
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Bilinear Dini-type CZOs

Here the function ω : [0,∞)→ [0,∞) will denote a modulus of continuity, that is,

ω is an increasing function,

ω is a subadditive function, i.e. ω(t+ s)≤ ω(t)+ω(s), and

ω(0) = 0.

DEFINITION

K is a Dini(a)-continuous kernel if ω satisfies the following condition:

||ω||Dini(a) :=
∫ 1

0
ω

a(t)
dt
t
< ∞.

In the case a = 1, we will denote ||ω||Dini(a) simply as ||ω||Dini.
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WEAK INEQUALITY

Weak inequality for a bilinear Dini-type CZO

LEMMA

Let T be a bilinear Dini-continuous Calderón-Zygmund operator. Then T is bounded

from L1×L1 to L
1
2 ,∞ and

‖T‖L1×L1→L1/2,∞ . ‖T‖Lq1×Lq2→Lq +‖ω‖Dini,

where |T‖Lq1×Lq2→Lq denotes the norm of the operator as in its definition.

This result was proved under the stronger Dini( 1
2 ) condition in [MN].

In [PT], the same result is proved under the bilinear geometric Hörmander

condition (BGHC), which is weaker than the Dini condition.

The precise constants were not considered in the previous proofs.
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WEAK INEQUALITY

Proof of weak inequality

Assume T : Lq1 ×Lq2 → Lq and WLOG that fi ≥ 0, i = 1,2.

Fix λ > 0 and let αi > 0 be numbers to be determined later.

Apply the Calderón-Zygmund decomposition to fi at height αiλ .

We obtain good and bad parts gi and bi, respectively, and families of cubes

{Qi
k}k with disjoint interiors such that fi = gi +bi and bi = ∑k bi

k verifying the

corresponding properties.

Set Ωi = ∪k4nQi
k.
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We have∣∣{x : |T(f1, f2)(x)|> λ}
∣∣≤ |Ω1|+ |Ω2|

+
∣∣{x ∈ (Ω1∪Ω2)

c : |T(g1,g2)(x)|>
λ

4
}
∣∣

+
∣∣{x ∈ (Ω1∪Ω2)

c : |T(g1,b2)(x)|>
λ

4
}
∣∣

+
∣∣{x ∈ (Ω1∪Ω2)

c : |T(b1,g2)(x)|>
λ

4
}
∣∣

+
∣∣{x ∈ (Ω1∪Ω2)

c : |T(b1,b2)(x)|>
λ

4
}
∣∣.
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WEAK INEQUALITY

First and second term. It is easy to see that

|Ω1|+ |Ω2| ≤ Cn

( 1
α1λ
‖f1‖L1 +

1
α2λ
‖f2‖L1

)
.

Third term. Using Chebychev’s inequality and the boundedness properties of T and

gi, we have∣∣{x ∈ (Ω1∪Ω2)
c : |T(g1,g2)(x)|>

λ

4
}
∣∣

≤ 4q

λ q ‖T(g1,g2)‖
q
Lq

≤ 4q

λ q ‖T‖
q
Lq1×Lq2→Lq‖g1‖

q
Lq1 ‖g2‖

q
Lq2

≤ 4q

λ q Cn,q,q1,q2‖T‖
q
Lq1×Lq2→Lq(α1λ )q/q1

′
(α2λ )q/q2

′
‖f1‖

q/q1

L1 ‖f2‖
q/q2

L1 .
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Fourth and fifth∗ term. Denote the center of the cube Q2
k by ck. We get∣∣{x ∈ (Ω1∪Ω2)

c : |T(g1,b2)(x)|>
λ

4
}
∣∣

≤ 4
λ

∫ ∣∣∣∑
k

∫ ∫
Q2

k

(K(x,y,z)−K(x,y,ck))g1(y)b
k
2(z)dzdy

∣∣∣dx

≤ 4
λ

∑
k

∫ ∫ ∫
Q2

k

|K(x,y,z)−K(x,y,ck)| · |g1(y)| · |bk
2(z)|dzdydx

≤ 4
λ

∑
k

∫
Q2

k

∫ ∫
ω

( √
n`(Q2

k)

2(|x− y|+ |x− z|)

) |g1(y)| · |bk
2(z)|

(|x− y|+ |x− z|)2n dydxdz

≤ Cnα1 ∑
k

∫
Q2

k

∫ ∫
ω

( √
n`(Q2

k)

2(|y|+ |x− z|)

) |bk
2(z)|

(|y|+ |x− z|)2n dydxdz

≤ Cnα1 ∑
k

∫
Q2

k

∫ ∫
ω

(√n`(Q2
k)

2|x− z|

) |bk
2(z)|

(|y|+ |x− z|)2n dydxdz

≤ Cnα1 ∑
k

∫
Q2

k

∫
|x−z|≥n`(Q2

k)
ω

(√n`(Q2
k)

2|x− z|

) |bk
2(z)|
|x− z|n

dxdz

≤ C′nα1‖ω‖Dini‖f2‖L1 .



CZO MAXIMAL TRUNCATION

WEAK INEQUALITY

Last term. Denote by cl and ck the center of the cubes Q1
l and Q2

k , respectively. We

obtain, ∣∣{x ∈ (Ω1∪Ω2)
c : |T(b1,b2)(x)|>

λ

4
}
∣∣

≤ 4
λ

∫ ∣∣∣∑
k,l

∫
Q1

l

∫
Q2

k

(K(x,y,z)−K(x,y,ck))b
l
1(y)b

k
2(z)dzdy

∣∣∣dx

≤ 4
λ

∑
k,l

∫
(Ω1∪Ω2)c

∫
Q1

l

∫
Q2

k

|K(x,y,z)−K(x,y,ck)||bl
1(y)||b

k
2(z)|dxdydx

≤ 4
λ

∑
k,l

∫
Q2

k

∫
Q1

l

∫
(Ω1∪Ω2)c

ω

( √
n`(Q2

k)

2(|x− y|+ |x− z|)

) |bl
1(y)||b

k
2(z)|dxdydz

(|x− y|+ |x− z|)2n

≤ Cn

λ
∑
k,l

∫
Q2

k

∫
Q1

l

∫
(Ω1∪Ω2)c

ω

( √
n`(Q2

k)

2(|x− cl|+ |x− ck|)

) |bl
1(y)||b

k
2(z)|dxdydz

(|x− cl|+ |x− ck|)2n

≤ Cn ∑
k,l
|Q1

l ||Q
2
k |α1α2λ

∫
(Ω1∪Ω2)c

ω

(√n(`(Q2
k)+ `(Q1

l ))

2(|x− cl|+ |x− ck|)

) dx
(|x− cl|+ |x− ck|)2n

≤ C′n ∑
k,l

α1α2λ

∫
Q2

k

∫
Q1

l

∫
(Ω1∪Ω2)c

ω

(√n(`(Q2
k)+ `(Q1

l ))

2(|x− y|+ |x− z|)

) dxdydz
(|x− y|+ |x− z|)2n
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Combining the arguments above, we have∣∣{x : |T(f1, f2)(x)|> λ}
∣∣

.
1

α1λ
‖f1‖L1 +

1
α2λ
‖f2‖L1

+‖T‖q
Lq1×Lq2→Lq(α1)

q/q′1(α2)
q/q′2 λ

q−1‖f1‖
q/q1

L1 ‖f2‖
q/q2

L1

+α1‖ω‖Dini‖f2‖L1 +α2‖ω‖Dini‖f1‖L1

Thus, taking

α1 = λ
− 1

2
‖f1‖

1
2
L1

‖f2‖
1
2
L1

1

(‖T‖Lq1×Lq2→Lq +‖ω‖Dini)
1
2

α2 = λ
− 1

2
‖f2‖

1
2
L1

‖f1‖
1
2
L1

1

(‖T‖Lq1×Lq2→Lq +‖ω‖Dini)
1
2

,

we get

λ
∣∣{x : |T(f1, f2)(x)|> λ}

∣∣2 ≤ (‖T‖Lq1×Lq2→Lq +‖ω‖Dini)‖f1‖L1‖f2‖L1 .
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CZO MAXIMAL TRUNCATION

DEFINITION

Maximal truncation of a bilinear CZO

DEFINITION

Given a bilinear Calderón-Zygmund operator T , the maximal truncation of T is

defined as the operator T] given by

T](f1, f2)(x) = sup
ε>0
|Tε (f1, f2)(x)| ,

where Tε is the ε-truncation of T

Tε (f1, f2)(x) =
∫
|x−y|2+|x−z|2>ε2

K(x,y,z)f1(y)f2(z)dydz.



CZO MAXIMAL TRUNCATION

COTLAR’S INEQUALITY

Cotlar’s inequality for T]

LEMMA

Let T be a bilinear Dini-continuous Calderón-Zygmund operator with kernel K.

Then, for all η ∈ (0, 1
2 ), there exists a constant C such that

T](~f )≤ cη ,n(CK + ||ω||Dini + ||T||Lq1×Lq2→Lq)M (~f )+Mη (|T(~f )|),

where

Mη (f )(x) = M(|f |η )1/η , η > 0.
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COTLAR’S INEQUALITY

Proof

Let us begin defining the following maximal truncation

T̃](f1, f2)(x) = sup
ε>0

∣∣∣T̃ε (f1, f2)(x)
∣∣∣,

where

T̃ε (f1, f2)(x) =
∫

max{|x−y|,|x−z|}>ε

K(x,y,z)f1(y)f2(z)dydz.

Since

sup
ε>0

∣∣∣∣∣∣
∫

max{|x−y|,|x−z|}≤ε

|x−y|2+|x−z|2>ε2

K(x,y,z)f1(y)f2(z)dydz

∣∣∣∣∣∣. CKM (f1, f2)(x),

it suffices to show the desired inequality with T] replaced by T̃].
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COTLAR’S INEQUALITY

Proof

Notice that we can write for x′ ∈ B(x,ε/2),

T̃ε (f1, f2)(x) =
∫

max{|x−y|,|x−z|}>ε

(K(x,y,z)−K(x′,y,z))f1(y)f2(z)dydz

+T(f1, f2)(x
′)−T(f 0

1 , f
0
2 )(x

′),

where f 0
i = fi1B(x,ε).
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Proof

For the first term, using the regularity assumptions on the kernel, we get∣∣∣∫
max{|x−y|,|x−z|}>ε

(K(x,y,z)−K(x′,y,z))f1(y)f2(z)dydz
∣∣∣

≤
∫

max{|x−y|,|x−z|}>ε

ω

( |x− x′|
|x− y|+ |x− z|

) |f1(y)||f2(z)|dydz
(|x− y|+ |x− z|)2n

=
∞

∑
k=0

∫
2kε<max{|x−y|,|x−z|}≤2k+1ε

ω

( |x− x′|
2kε

) 1
(2kε)2n |f1(y)||f2(z)|dydz

. M (f1, f2)(x)
∞

∑
k=0

ω

( |x− x′|
2kε

)
. M (f1, f2)(x)

∞

∑
k=0

∫ 2k

2k−1
ω(
|x− x′|

εt
)

dt
t

= M (f1, f2)(x)
∞

∑
k=0

∫ |x−x′ |
2k−1ε

|x−x′ |
2kε

ω(u)
du
u

= M (f1, f2)(x)
∫ 2|x−x′ |

ε

0
ω(u)

du
u
≤ ‖ω‖DiniM (f1, f2)(x),

where the last step holds since |x− x′| ≤ ε/2.
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Proof

Next, taking the Lη average over x′ ∈ B(x,ε/2), we arrive at

|T̃ε (f1, f2)(x)|. ||ω||DiniM (f1, f2)(x)+Mη (|T(f1, f2)|)(x)

+

(
1

|B(x,ε/2)|

∫
B(x,ε/2)

|T(f 0
1 , f

0
2 )(x

′)|η dx′
)1/η

.

For the last term, using Kolmogorov’s inequality, we obtain for any η ∈ (0, 1
2 ),( 1

|B(x,ε/2)|

∫
B(x,ε/2)

|T(f 0
1 , f

0
2 )(x

′)|η dx′
)1/η

= ||T(f 0
1 , f

0
2 )||Lη (B(x, ε

2 ),
dx

|B(x,
ε

2 )|
)

≤ Cη ||T(f 0
1 , f

0
2 )||L1/2,∞(B(x, ε

2 ),
dx

|B(x,
ε

2 )|
)

≤ Cη ||T||L1×L1→L1/2,∞M (f1, f2)(x).
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+

(
1

|B(x,ε/2)|

∫
B(x,ε/2)

|T(f 0
1 , f

0
2 )(x

′)|η dx′
)1/η

.

For the last term, using Kolmogorov’s inequality, we obtain for any η ∈ (0, 1
2 ),( 1

|B(x,ε/2)|

∫
B(x,ε/2)

|T(f 0
1 , f

0
2 )(x

′)|η dx′
)1/η

= ||T(f 0
1 , f

0
2 )||Lη (B(x, ε

2 ),
dx

|B(x,
ε

2 )|
)

≤ Cη ||T(f 0
1 , f

0
2 )||L1/2,∞(B(x, ε

2 ),
dx

|B(x,
ε

2 )|
)

≤ Cη ||T||L1×L1→L1/2,∞M (f1, f2)(x).
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Combining all the terms, we finally arrive at

|T̃ε (f1, f2)(x)| ≤ cn(||ω||Dini +Cη ||T||L1×L1→L1/2,∞)M (f1, f2)(x)

+Mη (|T(f1, f2)|)(x),

which taking into account the relationship between T] and T̃] and that

‖T‖L1×L1→L1/2,∞ . ‖T‖Lq1×Lq2→Lq +‖ω‖Dini,

leads to the desired result.
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Weak inequality for the maximal truncation

COROLLARY

Let T be a bilinear Calderón–Zygmund operator with Dini-continuous kernel K.

Then

||T]||L1×L1→L1/2,∞ . (CK + ||ω||Dini + ||T||Lq1×Lq2→Lq).

We need to recall the definition of the adjacent dyadic systems Du,

Du := {2−k([0,1)u +m+(−1)k 1
3 u) : k ∈ Z,m ∈ Zn}, u ∈ {0,1,2}n.

LEMMA (HYTÖNEN-RONCAL-TAPIOLA, 2015)

If Q0 ∈ ∪u∈{0,1,2}nDu, then for any ball B := B(x,r)⊂ Q0 there exists a cube

QB ∈ ∪u∈{0,1,2}nDu such that B⊂ QB ⊆ Q0 and `(QB)≤ 12r.
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WEAK INEQUALITY

Proof

Fix η ∈ (0,1/2). Note that Cotlar’s inequality together with the weak boundedness

of the multilinear maximal function and bilinear Calderón–Zygmund operators and

the fact that Mη ◦T : L1×L1→ L1/2,∞ gives us the desired result.

It is enough to prove that Mη ◦T : L1×L1→ L1/2,∞. Indeed,

M(f )h
3n

∑
u=1

Mu(f ),

where

Mu(f ) := sup
Q3x

Q∈Du

1
|Q|

∫
Q
|f (y)|dy.

Therefore,∣∣∣{x : M(|T(f1, f2)|η )(x)
1
η > λ}

∣∣∣≤ 3n

∑
u=1

∣∣∣{x : Mu(|T(f1, f2)|η )(x)
1
η > λ/3n}

∣∣∣.
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Proof

Denote

Eu := {x ∈ Rn : Mu(|T(f1, f2)|η )(x)
1
η > λ/3n}.

We can find a collection of maximal dyadic cubes {Qj}j such that Eu = ∪jQj and

1
|Qj|

∫
Qj

|T(f1, f2)|η > λ
η (3n)−η ,

which means that

|Eu| ≤ (3n)η
λ
−η

∫
Eu

|T(f1, f2)|η , u = 1, . . . ,3n.

Now using Kolmogorov’s inequality and the fact that T : L1×L1→ L1/2,∞, and

assuming that η < 1/2, we get∫
Eu

|T(f1, f2)|η . ‖T(f1, f2)‖
η

L
1
2 ,∞(Eu,

dx
|Eu | )
|Eu| ≤ ‖f1‖

η

1 ‖f2‖
η

1 |Eu|1−2η
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Combining both estimates, it follows that

|Eu| ≤ λ
−η (3n)η‖f1‖

η

1 ‖f2‖
η

1 |Eu|1−2η ,

which is exactly,

λ |Eu|2 ≤ cn,η‖f1‖1‖f2‖1.
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