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1 Homework Set 1

1. If {A;} and {B;} are two classes of sets such that {A;} C {B;}, then show
that U{A;} C U{B;} and N{B;} C N{A4;}.

2. The symmetric difference of two sets A and B, denoted A A B, is defined
by AAB=(A—-B)U(B— A). Show that

(AAB)AC=AAN(BACQC)

AN(BAC)=(ANB)A(ANC)

3. If fis a mapping from a set X into a set Y, show that

f7H0) =0; f7YY) = X; B € By = f1(B1) € f(Ba); fTH(UiBi =
Uif~H(Bi); fH(niBi = nif ~H(By); 1B = (f1(B))"

4. Consider the following relations: m < n,m < n,m divides n. Are any of
these equivalence relations? Are any of the relations transitive, or symmetric

or reflexive?

2 Homework Set 2

1. The Cantor-Schroder-Bernstein Theorem states that if A < Band B < A,
then A and B are equinumerous. In the course of the proof given on page

29 of our textbook, the sets A and B are partitioned into sets A;, A., A,
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and B;, B., B,, respectively. First, prove that these are partitions, i.e. prove
that the disjoint union of A;, A., A, is A, and similarly for B. Describe the
bijections that exist between the subsets of A and the subsets of B, and prove
that they are bijections. How does this help you to finish the proof of the
CSB Theorem?

2. Problem 2 on page 35: If {4, };cr is a countable collection of countable
sets (i.e. [ is a countable set), prove that their union is countable, i.e. prove
that U;A; is countable.

3. Write 3/4 in binary and ternary notation.

4. Prove that the class of all subsets of the natural numbers is equinu-

merous with the half-open interval [0, 1).

3 Homework Set 3

1. Let X = {a,b,c} and let d(z,y) = 0, if z = y. d(z,y) = 1, otherwise.
Prove that (X, d) is a metric space.

2. Problem 1, p. 69 of the text: Prove that any point and disjoint closed
set in a metric space (X, d) can be separated by open sets, i.e. if x is a point
and F'is a closed set not containing x, then there exists a disjoint pair of
open sets Gy, Gy such that x € G, F C Gbs.

Prove that the statement obtained from the above by substituting a closed
set for the point z is still true, i.e. any two closed sets of (X,d) can be
separated by open sets.

3. Problem 2, p. 69 of the text: (X,d) is a metric space and A C X.
If x is a limit point of A, show that each open sphere centred on x contains
and infinite number of distinct points of A. Use this result to show that any
finite subset of X is closed.

4. problem 7, p. 69 of the text: (X, d) is a metric space and A C X. Show

that the complement of the closure of A = the interior of the complement of



A. Show that the closure of A = {z|d(z, A) = 0}.
5. Describe the interior of the Cantor set. (Hint: if a point z is in
the interior, then there is an open interval containing x which is entirely

contained in the Cantor set. Hmm....can that happen?)

4 Homework Set 4

1. Prove that if f is a continuous function from the reals to the reals satisfying
flx+y) = f(z)+ f(y), the for some real number m, f(z) = max.

2. Let X and Y be metric spaces and A a non-empty subset of X. If f
and ¢ are continuous mapping of X into Y such that f(x) = g(z) for every
x in A, show that f(x) = g(x) for every z in A.

3. Give an example of a function that is continuous but not uniformly
continuous.

4. Prove that if X and Y are metric spaces and f is a mapping of X into
Y, then f is continuous at zy if and only if z,, = 2o = f(x,) — f(xo).

5. Show that a Cauchy sequence is convergent if and only if it has a

convergent subsequence.

5 Homework Set 5

1. Let T} and T; be two topologies on a nonempty set X. Show that T3 N7T5
is also a topology on X.

2. Let X be a nonempty set and consider the class of subsets of X which
contain the empty set () and all sets whose complements are countable. Is
this a topology on X7

3. Let f be a continuous mapping of a topological space X into a topological
space Y. If Z is a subspace of X, show that the restriction of f to Z is

continuous.



4. Show that a subset of a topological space is dense if and only if it intersects
every nonempty open set.

5. Show that a subset of a topological space is closed if and only if it contains
its boundary.

6. Show that a subset of a topological space has empty boundary if and only
if it is both open and closed.

6 Homework Set 6

1. State and prove Lindel6f’s Theorem.

2. Let f: X — Y be a mapping of one topological space into another, and
let B be an open base in X. Prove that f is continuous if and only if the
inverse image of every basic open set is open.

3. Prove that any closed subspace of a compact space is compact.

4. Show that a continuous real function f defined on a compact space X
attains its infimum and supremum, ie. if a = inf{f(z) : + € X} and
b= sup{f(z) : € X} then there exists z1; and x5 in X such that f(x;) =a
and f(z3) = b.

7 Homework Set 7

1. In the Lebesgue Covering Lemma (p. 122 of the text), justify the assertion
at the end of the proof that B,, C S,(z) C G,.

2. Show that a compact metric space is separable. HINT: Let < X,d > be
a compact metric space. For each n, consider the collection {S}/,(2)}zex-
This is an open cover of < X,d >. By compactness, this open cover has a
finite subcover. Now consider the set of all the centres of the spheres that
make up this finite subcover. Try to find a countable dense subset of X from

here.



3. Prove that the unit interval is compact using the finite intersection prop-
erty characterisation of compactness: A topological space is compact if and
only if every class of closed sets with the finite intersection property has

non-empty intersection. (See p. 112 of the text.)

8 Homework Set 8

1. If {z,} is sequence of points in X, then the sequence is said to converge
to a point x if for every neighbourhood G of x there exists a positive integer
ng such that for all n > ng, x,, € G.
a.) Show that for the topological space with base set X and topology
consisting of {(), X'}, any sequence converges to every point of the space..
b.) Show that if X is a Hausdorff space then every convergent sequence
has a unique limit.
2. Give an example of a topological space that is T} but not Hausdorff.
3. Prove that in a Hausdorff space any point and disjoint compact sets can

be separated by open sets. (This is theorem C on p. 130.)

9 Homework Set 9

1. Problem 4 on p. 128: By considering the following sequence of functions,
(a subclass of C[0,1], i.e. all bounded continuous functions defined on the
unit interval) defined by f,(z) = nx for 0 < x < 1/n, f,(z) =1 for 1/n <
x < 1, show that C[0, 1] is not locally compact. (Definition: a space is locally
compact if each of its points has a neighbourhood with compact closure.)

2. Show that any finite 77 space is discrete.

3. If f is a continuous mapping of a topological space X into a Hausdorff
space Y, show that the graph of f is a closed subset of the product space
XxY



