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1. Let Aij : Rm → R, i, j = 1, . . . , n, be smooth mappings and denote
A = (Aij). Prove that in the open set {x ∈ Rm : detA > 0} we have

∂

∂xk
log detA = tr

(
∂A

∂xk
A−1

)
for all k = 1, . . . ,m. [Recall that the trace of an n× n matrix (aij)
is the sum of the diagonal entries

∑n
i=1 aii.]

2. Let M be a Riemannian manifold and let U ⊂ M be an open set.
The divergence of a vector field X ∈ T (U), denoted by divX, is the
trace of the linear map Y 7→ ∇YX. Thus divX : U → R,

(divX)(p) = tr(v 7→ ∇vX), v ∈ TpM.

Suppose that (U, x), x = (x1, . . . , xn), is a chart. Express divX in
local coordinates.

3. Prove the claims (a), (d), and (e) in Lemma 4.19. That is: Suppose
(U,ϕ) is a normal chart at p. Show that
(a) If v = viei ∈ TpM , then the normal coordinates of γv(t) are

(tv1, . . . , tvn) whenever γv(t) ∈ U .
(d) If ε > 0 is so small that expp is diffeomorphic in B(0, ε) ⊂ TpM ,

then the set {x ∈ U : r(x) < ε} is the normal ball expp
(
B(0, ε)

)
.

(e) If q ∈ U \ {p}, then
(
∂
∂r

)
q

is the velocity vector (= γ̇) of the

unit speed geodesic from p to q (=unique by (a)), and therefore
| ∂
∂r
| ≡ 1.

4. Prove the claims (c) and (f) in Lemma 4.19. That is: Suppose (U,ϕ)
is a normal chart at p. Show that
(c) The components of the Riemannian metric (with respect to the

normal chart) at p are gij(p) = δij.
(f) ∂kgij(p) = 0 and Γkij(p) = 0.

5. Complete the proof of Theorem 4.24: Suppose that M is a connected
Riemannian manifold and define the function d : M ×M → R by

d(p, q) = inf
γ
`(γ),

where the infimum is taken over all admissible paths from p to q.
Show that
(a) d(p, q) <∞ for all p, q ∈M,
(b) d(p, q) ≤ d(p, z) + d(z, q) for all p, q, z ∈M,
(c) the metric space topology = the manifold topology.


