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1. Let (U, z) be a chart on a Riemannian manifold and let f € C>(U)
be a smooth real valued function. Compute Hess f in local coordi-
nates and verify that Hess f is symmetric.

2. Let f be a smooth real valued function on a Riemannian manifold.
Prove that
Af =div(Vf) = trHess f
with respect to the Riemannian metric.

3. Let M be a Riemannian manifold. Suppose that f: M — R and
h: R — R are smooth. Show that

Hess(ho f) = (h" o f)df @ df + (I o f) Hess f.

4. Prove Lemma 8.22: Let M be an oriented Riemannian manifold, wy,
its Riemannian volume form, and V' € T (M). Then the divergence
of V,
divV =tr (X — VxV)
satisfies
LVwM = (le V)OJM
[Recall "Cartan’s magic formula“: Lya = diya + iy da.]

5. Let M be a Riemannian n-manifold, p € M, and r(z) = d(x,p).
Prove that 1
n pa—

Ar(z) = W + O(T(ZB))

as r — p.



