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44 CHAPTER 2. CONFORMAL GEOMETRY

2.10.2 Koebe %-Theorem and Distortion Theorem

The Koebe ;i—-Theorem is one of the first and also one of the most powerful dis-
tortion theorems one meets in complex analysis. With the correct interpretation
this result implies universal distortion estimates in hyperbolic disks, satisfied by
all conformal mappings.

To find these we first consider the analytic function g(z) = z+bo+b1271+- - -,
which we suppose is conformal in the exterior of the unit disk and further that
9(z) # w for |z| > 1. Then the branch

h(2) = Va —w = 2 + 5 (b0 —w)z™ 4

is well defined and conformal in the exterior disk. Furthermore, for any r > 1
its restriction to {z : |z| > r} extends to a global mapping h € W5?(C). Thus
Theorem 2.10.1 gives

|w — bo| < 2 (2.67)

Often it is convenient to use this result in the following form.

Theorem 2.10.4. Suppose g : C — C is a homeomorphism, which is conformal
in the exterior of the unit disk. If g has the development g(z) = z+bo+byz7 1+ -+
for |z| > 1, then

9(D) C D(bo, 2)

The famous Koebe Tll—theorem is a quick consequence.
Theorem 2.10.5. Suppose that ¢ : D — C is conformal and normalized by
©(0) =0 and ¢'(0) = 1. Then
‘ 1

D(O, ;) C (D)

Proof. With our assumptions ¢(z) = z + ag 22 + - - - for z € D. The conjugate

1
g(z) = z—ag+ O(-z—), |z| > 1,

1
o)
never vanishes, and thus (2.67) implies the classical bound of Bieberbach,

las| < 2 (2.68)
Also if w ¢ ¢(ID), the function

wp(z)

— 24 (ag+ )2 22
e +(2+w) +0(2%)

p1(2) =
satisfies the assumptions of the theorem, and hence we have additionally

1
jaz + =] <2 (2.69)
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Combining the bounds shows that |{w| > 1/4 whenever w ¢ p(D). O

We may view Theorem 2.10.4 as the counterpart to Koebe’s result at oco. In
bounded domains the following form of Koebe’s --theorem applies in fact to all
conformal mappings, independently of their normahzatlon

Theorem 2.10.6. Suppose that f is conformal in a domain Q with f(Q) =
Q' CcC. Let 20 € Q. Then
|f (20)|dist(z0, Q) < dist (f(20), ) < lf (20)|dist(z0, O) (2.70)

The first inequality in (2.70) follows from Koebe’s theorem, applied to

_ f(zo+2d) — f(z)
‘p(z) - df;(zo) 1]
while the latter inequality is a conseqtrenceof-the—Schwarz fermmmra, applied to
1. D(f(20),d') — D(20,d), where d' = dist (f(z0), OY).

The Bieberbach bound (2.68) also provides us with uniform distortion esti-
mates as soon as we are able to express it in an invariant form. To reveal this
we introduce, for each mapping f conformal in D, the Koebe transform

F(F) — f(w)

d = dist(zo, 0),

14Tz
o(z) = W, zeD (2.71)
Here w € D is arbitrary.
An elementary calculation gives
o0 =1~ w20 (2.72)

(w)

Since ¢ is conformal in D with ¢(0) = 0 and ¢’(0) = 1, Bieberbach’s coefficient
estimate yields the following theorem.

Theorem 2.10.7. If f is conformal in the unit disk D, then

()
Py <®

We are now in a position to prove the first of the Koebe distortion theorems.
For our purposes an invariant formulation, such as the following, is the most
prefered.

web

Theorem 2.10.8. Suppose that f is conformal in the unit disk D and z,w € D.
Then

e—3pp(z,w) < ‘f’(z)l < e3p|)(z,w)

|f(w)
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Proof. Since f is conformal, the function g(z) = log f'(z) is analytic in D.
Theorem 2.10.7 tells us that |g'(2)| < 3dspyp(z), and the claim follows via an
integration,

[f'(2)]
lo —‘S z) — g(w)| < 3 pp(z,w O
It is remarkable that each of Theorems 2.10.5 — 2.10.8 is sharp, as the reader
may verify using the Koebe function fo(2) = 25z = 3 (32 ?_ 1 The function
(1-2) 4\1-=2 4

fo maps the unit disk D conformally onto C \ (—oo, ——%].

According to Theorem 2.10.8, one may consider the derivative of a conformal
mapping as almost constant on hyperbolic disks! It is to be expected that then,
with suitable interpretation, the mapping itself should almost be a similarity
when restricted to a subdomain bounded in the hyperbolic metric.

This fact turns out to be true and is perhaps most conveniently expressed
in the notation of the next theorem. Here note that a homeomorphism f in a
domain Q is a similarity if and only if

1(2) — F(w)| _ |z~ ]
FQ—f) ~[E—w

Theorem 2.10.9. Suppose that f is conformal in the unit disk D. Let 21,22
and w € D with

for all z,w,{ € (2.73)

pp(z1,w) + pp(z2, w) < M < 00

e 1) = )] ane |2 =
z1) — w aM |F1 — W
g e 2.74
FGa)— F@)l < el 270
Proof. We will use the Koebe transform (2.71) and evaluate ¢((;), where z; =
(¢ +w)/(1 +w¢;) and j = 1,2. Then ¢; = (z; — w)/(1 — Wz;). Hence

fz) = fw) _o(G) _z—w o(C1) ¢ l1-—wz
flz2) — flw) @) z-—w G @) l-wzn

To estimate the last expression we note that

1 —wWzy 1+l1z—1%:}1‘
bﬂl—mm’:gl%(Lﬂf%%Q

< p]l)(zla w) + p]D(Z27 w)

Since pp(¢;,0) = pp(z;, w), it remains to show that

e—3m(G0) ¢ k’% < e3pm((,0), ¢eD (2.75)

/3.C
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In fact, by Theorem 2.10.8

lq
|‘P(C)| |/ LPIE(Z)) /0 e3P1D(Z,0)|dzl < |C|e3p]|)((,0)

For the former of the inequalities in (2.75), note that this is clear if |¢(¢)| > 1/4.
Otherwise, by Koebe 1-theorem, the interval [¢(¢),0] C (D). As ¢'(z)dz has
a constant argument on ¢~ 1[¢(¢),0], we have

<] 9]
0(0)] = / 1¢'(2)]dz| > / =30 |dz| > [le=3 (0

Combining these estimates gives the inequality (2.74). |

The above theorem is an invariant version of the second Koebe distortion
theorem, expressing in a compact and quantitative manner the fact that locally
every conformal mapping is close to a similarity. Here, though, no claim is made
on the sharpness of (2.74) in terms of the exponent 4M. On the other hand,
an important fact in Theorem 2.10.9 is the conformal invariance; via a change
of variables it applies immediately to all mappings f conformal in a simply
connected domain .

We note also the following immediate consequence.

Corollary 2.10.10. Conformal mappings of the plane are similarities.

Proof. With a scaling, the estimate (2.74) holds in any disk D(0,r) = rD. If we
denote M, = prp(z1,w) + prp(21,w), then (2.74) attains the form

I =wl —an, () = F)l |21 = @l v,
|22 — wl S f(z2) — Fw)| Sl (2.76)

Fixing the points 21,22 and w but letting 7 — oo gives M, = prp(z1,w) +
prp(21,w) = pp(z1/r,w/r) + pp(21/m,w/r) — 0. Hence f satisfies (2.73). 0O

Bounds on the distortion of ratios such as in (2.74) quickly yield a large
spectrum of various geometric properties. Indeed, the geometric study of map-
pings requires general notions that allow such conclusions, and for much larger
classes than just (the very rigid) conformal mappings. These considerations will
lead in a natural manner to the concept of quasisymmetry, which is studied
and utilized in the next section. In this terminology, Theorem 2.10.9 tells us
that all conformal mappings are uniformly quasisymmetric in subdomains with
bounded hyperbolic diameter.
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52 CHAPTER 3. QUASICONFORMAL MAPPINGS

First we establish a fairly well-known and general theorem of Gehring and
Lehto [137] which asserts that an open mapping with finite partial derivatives at
almost every point is differentiable at almost every point. For homeomorphisms
the result was earlier established by Menchoff [258]. The proof must use prop-
erties of the plane, as it is false in higher dimensions, although certain analogs
exist; see [180]. Second, with the Gehring-Lehto result we are able to connect the
volume derivatives and the pointwise Jacobians J(z, f) and thereby to obtain a
first version of the change-of-variables formula.

3.3.1 The Differentiability of Open Mappings

We recall that a mapping f : @ C C — C is open if f(U) is open for every open
U cqQ.

To begin with we will need the following refinements of the concept of density.
Let E be a measurable subset of C. A point 2o = zg + iyg € E is called a point
of z-density if xo is a point of linear density of the set {z € R : z + iy € E}.
Similarly we have the notion of y-density. A point zq € E that is both a point
of z-density and of y-density will be called a point of zy-density. Of course,
as soon as we are able to establish the measurability of the set of points of
xy-density, then Fubini’s theorem implies that such points have full measure
in E. Indeed, the set E; consisting of points of z-density has full measure in
E for otherwise |E \ Ei| > 0 and by Fubini’s theorem we could find 1o such
that the set {x € R: z +14yo € E \ E1} has positive linear measure. But this
would contradict the Lebesgue density theorem on the real line. Analogously,
the set Ey of points of y-density is measurable with full measure and therefore
the intersection of these two sets has full measure. This is of course the set of
all points of zy-density.

To show the measurability of E, it is enough to consider closed sets E. We
denote by E,  the set of points z + iy € E such that

H({t € ab] :t+iy e E}) > (1— %)(b—a)

whenever
a<x<b and O0<b-—-a<

Nl

Then clearly
oo 00
El = ﬂ UEn,Im
n=1 k
and it suffices to show that the sets Ey, ;, are closed. Here, let z; = zj+1y; € En g

with z; — 2o = xo +1iyo. If a < xg < b with b —a < 1/k, then a < z; < b for all
j large enough, and since FE is closed,

HU({te [a,bl:t+iyo € BY) > H(NZ, UL, {t € [a,b]:t+iy; € E})

> (1—«71;)(6—a)
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Therefore 29 € E, which proves that E,, j is closed and hence that E; is
measurable. We argue in the same manner to see Fy is measurable. We have
thus established that the set of all points of zy-density in E is measurable with
full measure.

We next have the following lemma whose proof is an elementary argument
in linear density and measure theory.

Lemma 3.3.1. Lete > 0 and 29 = xo +iyo € E be a point of xy-density of E.
Then, for all z = a + ib sufficiently close to zp, there is a rectangle

R = [z1, T3] X [y1,y2]
containing z and such that
(.1'2—1'1)<2€|a—.’170|, (y2—y1)<2€|b—y()l

and such that the points x1 + iyg, T2 + 1Yo, To + iy1 and xo + iy all lie in E.

Xo+1Y,

z = a+ib

Xo+1Yy,

Zy=Xo+ 1Y, X, +1Y, X+ 1Yo

Choosing the rectangle R = [x1, z2] X [y1, y2]

Proof. We may assume that z¢o = yo = 0, and so zg is the point at the origin.
We may also assume a,b > 0. Let

E,={zeR:x+1i0€ E}, E,={yeR:0+iyc E}

Since x = 0 is a point of density of E,, each of the intervals (a — €a,a) and
(a,a+ €a) contains points of E, provided that a is sufficiently small, say a < 4.
We pick 1 € (a —¢€a,a) and z2 € (a,a+ €a) such that both 21 +i0 and z5 +i0
lie in E. Similarly, we find y; € (b—eb) and y, € (b, b+¢b) with both 0+4y; and
0+ iy2 € E, again provided b is sufficiently small. Now we have zo — 21 < 2ca
and yo — y1 < 2¢b, as desired. O

We shall now prove the following theorem.

22%



54 CHAPTER 3. QUASICONFORMAL MAPPINGS

Theorem 3.3.2. Let f : Q@ — C be a continuous open mapping. Then f is
differentiable almost everywhere in Q if and only if f has finite first partials
almost everywhere.

Proof. If f is differentiable almost everywhere, then f has finite first partials
almost everywhere. It is the converse that we need to establish. Thus we assume
that the partials f, and f, exist and are finite at almost every point of Q. It
will be enough to prove that f is in fact differentiable at almost every point of
a given compact subset X C Q. Let ¢ be a real number, 0 < |t| < dist(X, 6Q).
We define, for those z = z + iy at which both partials exist and are finite, the
function

Ale) = [JEHEDIED g )+

f(:r,y—l—t)—f(x,y)
t

- 1)

(3.4)
It is easy to see that the set where F; is defined is a Borel set [316, p. 70]. Thus
F; is a Borel function defined almost everywhere on X and it follows that the
functions
gn(2) = sup Fy(2)
0<|t|<1/n

are also Borel for sufficiently large n (as it suffices to let ¢ run through only
rational values). From our assumption on the partial derivatives of f, we see
that

gn(z) — 0, almost everywhere as n — oo

Now by the theorems of Egoroff and Lusin, there is an increasing sequence of
compact subsets X7 C X, C --- C X with

o0
X - JX|=0
v=1

for which we have for each v that the functions f,, f, are continuous in X, and
Fy(z) —» 0, uniformly on X,

Of course, it will now suffice to fix a v, put £ = X, and prove that f is
differentiable at any z¢ € F that is an zy-density point of E.
Let 0 < € < 1. We aim to prove the estimate

[f(2) = f(20) = fz(20)(z — 20) — fy(20)(y — Yo)]
< e(d+ [ fz(20)] + [ fy(20))(|1z — 20| + [y — w0l) (3.5)

whenever z €  is sufficiently close to zp. This is enough to ensure the differen-
tiability of f at zp.
Now, for all z € E sufficiently close to zg, we have

Ifz(2) = fa(20)l <&, |fy(2) = fy(20)l <&, (3.6)

23 c
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while |Fi(2)| < € if t is small. Next

|f(2) = f(20) — fu(20)(x — o) — fy(20)(y — vo0)|
< |f(2) = f(z +iyo) — fy(x + iyo)(y — vo)|
+ |f(z +1y0) — f(20) — fu(20)(x — 20)|
+ [fy(z + iy0) — fy(20)|ly — wol

We now assume that z is sufficiently close to zy so as to be able to apply (3.6).
Accordingly, we arrive at the estimate

|f(2) = f(20) — fu(20)(z — 20) — fy(20)(y — v0)|
< Fy—yo(x + ZyO)[y - yOl + Fa:—a:o(ZO)lx - $0| + 5[2] — fl/()l
< 2e(|z — zo| + |y — yol) (3.7)

whenever z = x + iy € Q is sufficiently close to zy and in addition z + iy € E.
Similarly, we have this same estimate whenever z = z + iy € Q, zg +iy € E
and z is sufficiently close to zg.

Up to this point we have not used the fact that f is open, and we do so now.
That f is open implies that f satisfies the maximum principle—maxima occur
on the boundary. In particular, for each point 2z € Q close to zp, let R be the
rectangle given by Lemma 3.3.1. Using the maximum principle, we find that the
expression

1£(€) — f(20) — fz(20) (v — o) — fy(20)(v — yo)|

considered as a function of { = u+ v takes its maximum value on the boundary
of R. Hence at the maximum point ¢ € OR,

|f(2) = f(20) — fz(20)(z — x0) — fy(20)(z — o)
< [F(Q) — f(20) — fz(20) (v — 0) — fy(20)(v — yo)|
+ [fo(20)|lu — x| + | fy(20)||v — |

Furthermore, for each boundary point ( = u + iv € R, either u + iyy € E or
zo + iv € E. In view of the estimate in (3.7),

|£(¢) = f(20) = fu(20)(u — x0) — fy(20)(v — yo)| < 2e(|u — zo| + [v — yo|)

As |u —z| < €|z — x| and |v — y| < €|y — yol, the above estimates prove (3.5),
establishing the theorem. O

We note that in the proof we used only the maximum principle on rectangles,
an apparently weaker condition than assuming f is open.

The above theorem applies, in particular, to Sobolev homeomorphisms.

Corollary 3.3.3. Every homeomorphism f € V[/'lf)c1 (Q) is differentiable almost
everywhere.

21
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3.8. CHANGE OF VARIABLES 77

Certainly, we may find simple functions u, < u converging almost every-
where to u, and for these u, we have

IRECECHE Jutw) = [ utw

The only problem we have to overcome then is to show that w, (f(2)) — u(f(2))
almost everywhere. This is clear from Theorem 3.7.5. O

The most convenient way to present the chain rule is in terms of the Royden
algebra R(Q) of a domain . Recall that the elements of this algebra are the
continuous and bounded functions with distributional derivatives in L?(Q2),

R(Q) = C(Q) N L=(Q) N Wh2(Q)
Here, and throughout this monograph, we use the notation
WhP(Q) = {v: Vv € LP(Q,C?)}

for the homogeneous Sobolev space, that is, for the space of (locally integrable)
functions with LP-integrable gradient. No assumptions are made here on the
LP-integrability of the function itself.

For a bounded domain, however, R(2) C W12(Q). The Royden algebra is a
Banach algebra with the norm

o]l = [[vlloo + [IV0ll2

According to the next result, quasiconformal mappings of Q preserve the
Royden algebra R(f2). In fact, the reader may easily verify that a quasiconformal
f: Q — € induces an algebra isomorphism Ty : R(Q') — R(Q), T¢(v) =vo f.
Somewhat deeper lies the fact that every algebra isomorphism of the Royden
algebra is of this type [230].

Theorem 3.8.2. Let f : Q@ — Q' be a K-quasiconformal mapping and let
u € R(SY). Then the composition v =uo f lies in the Royden algebra R(S2) with
derivative

Vu(z) = D' f(2)Vu(f(z)), almost everywhere in (3.39)

Further, we have the esttmate
/ |Vu(2)|? dz < K/ |Vu(z)|? dz (3.40)
Q Q

Proof. The main point is showing that uo f has square-integrable distributional
derivatives, and the argument is a variation of Lemma 3.5.2. We first assume
that ug € C°° (V') converge to u locally uniformly and in W?(€2). From Lemma
3.5.2 we have ugo f € W12(Q) and at the points of differentiability of f, hence
almost everywhere,

V(ug o f)(2) = D' f(2)Vup(f(2)),

L6A



78 CHAPTER 3. QUASICONFORMAL MAPPINGS

which we may write equivalently in the integral form
- [ Ve ustr(e) = [ o)D) Tualr2) (3.41)

for every test funtion ¢ € C§°(Q).

Here passing to the limit as § — oo on the left hand side poses no difficulty
whatsoever as ug(f(z)) — u(f(2)) locally uniformly. However, we must justify
passing to the limit on the right hand side. We do this as follows, using the fact
that f is K-quasiconformal to give |D*f 12 < KJ(z, f).

/Q D £(2)Vus(f(2)) - DHF(2)Vulf(2)]
- /Q D £(2) (Vg — Vul(F(2))P

N

K [ 3G, DIIVus - VGNP
Q
= K [ |Vug—Vul?
[ 1vus v

by the change-of-variable formula (3.38). Now,

/ |Vug — Vul|> -0 as §— oo

Q/
We end up with the identity
- [ Vel = [ oDt VusE) (3.42)
Q Q

for every CS°(Q)-test function. Directly from the definition of the Sobolev space
we see that v(z) = u(f(z)) lies in the algebra wi2(Q) N C(Q) N L*(Q), and
its gradient is as given at (3.39). The integral inequality is immediate from the
change-of-variable formula of Theorem 3.8.1. O

3.9 Quasisymmetry and Equicontinuity

Next, we set about proving Theorem 3.1.3. We first establish the result for qua-
sisymmetric mappings, which will in turn establish the desired result. First, let
us prove that a family of normalized quasisymmetric mappings is equicontin-
uous. We shall use this fact a bit later on in the book. We draw the reader’s
attention to Section 2.9.4 where the definition of equicontinuity is given.

Theorem 3.9.1. Let A C C with 0,1 € A. Then the family of all n-quasi-
symmetric maps f : A — C with f(0) =0 and f(1) =1 is equicontinuous.

Proof. Let ag € A. Then for any a € A,

Flao) = f@) _ (lao—al\ ., V()= f@)] _ (lao—a
|f<ao>—f<1>|<”<|ao—'1|) nd |f<ao>—f<o>1<"< jao] )

Fé 8B
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