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1. Let α > 0. Compute the dilatations µL = ∂L/∂L and µR = ∂R/∂R where

L(x+ iy) = (α + 1)x+ iy

is the linear stretch mapping and

R(z) = z|z|α

is radial stretch mapping. Verify explicitly that µL = (ez)∗µR.

2. Write down a formula for the Jacobian of a map f : C → C in terms of the
complex derivatives ∂f and ∂f .

3. Construct an example of a map f : E → R2, with E ⊂ R2, that is weakly
quasisymmetric but not quasisymmetric.

4. Suppose u ∈ C2(Ω) where Ω = {z : r < |z| < 1}, with boundary values
u(reiθ) = 0, u(eiθ) = 1, 0 ≤ θ ≤ 2π. Find the optimal lower bound for the
energy

E (u) =

∫
Ω

|∇u|2dxdy.

5. Suppose u : Ω′ → R is a Lipschitz function. Given f ∈ W 1,p
loc with f(Ω) ⊆ Ω′,

show that u ◦ f ∈ W 1,p
loc .

A word on notation. Above,

∂f :=
∂f

∂z
, ∂f :=

∂f

∂z
.

If f is holomorphic, then

f ∗
(
µ(z)

dz

dz

)
= µ(f(z))

f ′(z)

f ′(z)
· dz
dz
.


