
GEOMETRY OF CURVES AND SURFACES

Homework 10 (for the week Apr 11 - Apr 15)

Let γ be a regular but not necessary unit-speed curve on a smooth surface S.
Let kg denote the geodesic curvature of γ. Let N denote the unit normal vector
to S. Then

kg =
γ′′ · (N × γ′)
‖γ′‖3

(1) Consider the surface S parametrized by

x(u, v) = (u cos v, u sin v, v).

Find the geodesic curvatures of the following curves on S:
(a) α(t) = (a cos t, a sin t, t) = x(a, t), where a ∈ R,
(b) β(t) = (t cos b, t sin b, b) = x(t, b), where b ∈ R.

(2) Consider the cylinder S : x(u, v) = (cosu, sinu, v). Find the geodesic
curvature of the following curve on S:

α(t) = (cos t, sin t, a cos t) = x(t, a cos t).

For which values of a is the curve a geodesic?

(3) Let the surface S be as in Exercise 2. Find the geodesic curvature of the
following curve on S:

β(t) = (cosωt, sinωt, at+ b) = x(ωt, at+ b).

For which values of ω, a and b is the curve a geodesic?

(4) Let S be the sphere of radius R. Then

x(u, v) = (R cosu cos v,R sinu cos v,R sin v)

is a regular coordinate patch for S. Show that for x, Eu = 0 = Gu. Write
down the geodesic equations for a curve γ in the image of x.

(5) Let x(u, v) be a smooth coordinate patch with first and second fundamen-
tal forms

E(du)2 + 2Fdudv +G(dv)2, and L(du)2 + 2Mdudv +N(dv)2.

Show that
xuv = Γ1

12xu + Γ2
12xv +MNx,

where Nx is the unit normal vector of the patch,

Γ1
12 =

GEv − FGu

2(EG− F 2)
and Γ2

12 =
EGu − FEv

2(EG− F 2)
.
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