GEOMETRY OF CURVES AND SURFACES

Homework 10 (for the week Apr 11 - Apr 15)

Let v be a regular but not necessary unit-speed curve on a smooth surface S.
Let k, denote the geodesic curvature of v. Let /N denote the unit normal vector

to S. Then
7" (N x7')

1
(1) Consider the surface S parametrized by

kg =

x(u,v) = (ucosv,usinv,v).

Find the geodesic curvatures of the following curves on S:
(a) a(t) = (acost,asint,t) = x(a,t), where a € R,
(b) B(t) = (tcosb, tsinb, b) = x(t,b), where b € R.

(2) Consider the cylinder S: x(u,v) = (cosu,sinwu,v). Find the geodesic
curvature of the following curve on S:

a(t) = (cost,sint,acost) = x(t,acost).
For which values of a is the curve a geodesic?

(3) Let the surface S be as in Exercise 2. Find the geodesic curvature of the
following curve on S:
B(t) = (coswt,sinwt, at + b) = x(wt, at + b).
For which values of w, a and b is the curve a geodesic?
(4) Let S be the sphere of radius R. Then
x(u,v) = (Rcosucosv, Rsinucosv, Rsinv)
is a regular coordinate patch for S. Show that for x, £, = 0 = G,. Write
down the geodesic equations for a curve 7 in the image of x.

(5) Let x(u,v) be a smooth coordinate patch with first and second fundamen-
tal forms

E(du)? + 2Fdudv + G(dv)?, and L(du)? +2Mdudv + N (dv)?.
Show that
Xy = Fizxu + F%zxv + M N,,
where NN, is the unit normal vector of the patch,
GE, — FG, EG,— FE,
2(EG — F?) 2(EG — F?)
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