
The Lotka −

Volterra cannibalism

time budget model
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j=1

k H1 − xjL nj − δ xi

= εα R H1 − xiL − δ − H1 − xiL ‚
j=1

k

β@xjD xj nj + γ β@xiD xi ‚
j=1

k H1 − xjL nj

= A Hxi, EL;

where

E = HE1, E2, E3L
â

ât

E1 = r E1 1 −
E1

K

−α E1 E3 "Resource density"

E2 = ‚
j=1

k

β@xjD xj nj "cannibalism pressure"

E3 = ‚
j=1

k H1 − xjL nj "'prey' density"

Invader dynamics



1

m

â

ât

m = A Hy, EL = ε α E1 H1 − yL − δ − H1 − yL E2 + γ β@yD y E3

Invasion fitness

sE@yD = XA Hy, EL\ = ε α XE1\ H1 − yL − δ − H1 − yL XE2\ + γ β@yD y XE3\

Effective dimension of E

Principle of selective neutrality HR = E1 is assumed to be log − boundedL
0 = r 1 −

XE1\
K

−α XE3\ � XE1\ = K K1 −
α

r

XE3\O
Hence the effective dimension is 2, and

sE@yD = εα H1 − yL K K1 −
α

r

XE3\O − δ − H1 − yL XE2\ + γ β@yD y XE3\
= εα H1 − yL K − δ − H1 − yL XE2\ + Kγ β@yD y − εα K

α

r

H1 − yLO XE3\
and at most two resident types can coexist at a time.

Monomorphic resident population

XE2\ = β@xD x Xn\
XE3\ = H1 − xL Xn\ �XE2\ =

β@xD x

1 − x

XE3\

sE@yD = εα H1 − yL K − δ − H1 − yL β@xD x

1 − x

XE3\ + Kγ β@yD y − εα K
α

r

H1 − yLO XE3\;

0 = sE HxL�0 = εα H1 − xL K − δ − β@xD x XE3\ + Kγ β@xD x − εα K
α

r

H1 − xLO XE3\
�XE3\ = Hr Hδ + K H−1 + xL εαLL ë IK H−1 + xL εα

2
+ r x H−1 + γL β@xDM

�sE

mon@yD = sx@yD = εα H1 − yL K − δ − H1 − yL XE2\ + Kγ β@yD y − εα K
α

r

H1 − yLO XE3\
= −δ − K H−1 + yL εα − Hr x H−1 + yL Hδ + K H−1 + xL εαL β@xDL ë

IH−1 + xL IK H−1 + xL εα
2

+ r x H−1 + γL β@xDMM
+HHδ + K H−1 + xL εαL HK H−1 + yL α εα + r y γ β@yDLL ë

IK H−1 + xL εα
2

+ r x H−1 + γL β@xDM

Dimorphic resident population Hx1, x2L
0 = r 1 −

XE1\
K

−α XE3\
0 = εα H1 − x1L XE1\ − δ − H1 − x1L XE2\ + γ β@x1D x1 XE3\
0 = εα H1 − x2L XE1\ − δ − H1 − x2L XE2\ + γ β@x2D x2 XE3\
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� XE1\ = HK Hx2 H−α δ + r γ β@x2DL + x1 Hα δ + r γ H−1 + x2L β@x1D − r γ x2 β@x2DLLL ê
Hr γ Hx2 β@x2D + x1 HH−1 + x2L β@x1D − x2 β@x2DLLL

XE2\ = H−x2 HK α δ εα + r γ Hδ − K εαL β@x2DL +

x1 Hr γ Hδ − K εα + K εα x2L β@x1D + K εα Hα δ − r γ x2 β@x2DLLL ê
Hr γ Hx2 β@x2D + x1 HH−1 + x2L β@x1D − x2 β@x2DLLL

XE3\ = Hδ H−x1 + x2LL ê Hγ Hx2 β@x2D + x1 HH−1 + x2L β@x1D − x2 β@x2DLLL
sE

di@yD = sx1,x2
HyL = εα XE1\ H1 − yL − δ − H1 − yL XE2\ + γ β@yD y XE3\

Monomorphic resident

population HSimulationL
E3@x_D := Hr Hδ + K H−1 + xL ε αLL ë IK H−1 + xL ε α

2
+ r x H−1 + γL β@xDM;H∗ Note1: E3@xD=

H1−xL<n> which means the sign of E3@xD is same as the sign of <n> ∗L
H∗ Note2: if E3@xD>0H<n>>0L,

then the mutant has chance to invade the resident;

otherwise there is no resident, which means no mutation happens. Hence

we need focus on the case of E3@xD>0 ∗L
sx_@y_D := ε α H1 − yL K − δ − H1 − yL β@xD x

1 − x

E3@xD + γ β@yD y − ε α K
α

r
H1 − yLO E3@xD;

H∗ Fitness ∗L
ds@x_D := I∂y sx@yDM ê. 8y → x<;H∗ Selection gradient ∗L
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Pairwise invadability plot HPIPL
α = 1; γ = 0.2; δ = 0.1; ε = 0.05; r = 1; K = 10; β0 = 0; β1 = 1.5; p = 0.5;

β@x_D := β0 + β1 x
p
;

E3Neg =

RegionPlot@E3@xD < 0, 8x, 0, 1<, 8y, 0, 1<, PlotPoints → 100, PlotStyle → BrownD;

H∗ The function of E3Neg is to exclude the region

HBrown regionL that the resident does not exist. Then

left region Hthe region except for Brown regionL
corresponds to the case that mutation may happen ∗L

PIPint = RegionPlot@sx@yD > 0, 8x, 0, 1<, 8y, 0, 1<, PlotPoints → 100D;

H∗ The function of PIPint is to plot the region

HLightblue regionL in which mutant can invade the resident ∗L
Show@PIPint, E3Neg, Graphics@8Text@x1

∗
, 80.1, 0.13<D<D,

Graphics@8Text@x2
∗
, 80.3, 0.33<D<D, ImageSize → MediumD

H∗ Plot the functions of PIPint and E3Neg in one picture ∗L
Clear@α, γ, δ, ε, r, K, β0, β1, pD;

x1
*

x2
*
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1.0

H∗ In above picture, the blue represents "+" and the white represents "−". x1∗

and x2∗ are sigularities. Next we enlarge the regions for every singularity

to consider which case the singularity is in terms of "8 cases" ∗L
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α = 1; γ = 0.2; δ = 0.1; ε = 0.05; r = 1; K = 10; β0 = 0; β1 = 1.5; p = 0.5;

β@x_D := β0 + β1 x
p
;

E3Neg = RegionPlot@E3@xD < 0, 8x, 0.1, 0.11<,

8y, 0.1, 0.11<, PlotPoints → 100, PlotStyle → BrownD;

PIPint = RegionPlot@sx@yD > 0, 8x, 0.1, 0.11<, 8y, 0.1, 0.11<, PlotPoints → 100D;

Show@PIPint, E3Neg, Graphics@8Text@x1
∗
, 80.1045, 0.105<D<D, ImageSize → MediumD

Clear@α, γ, δ, ε, r, K, β0, β1, pD;

H∗ In above program, we focus on the region near sigularity x1∗ to study it ∗L

x1
*

0.100 0.102 0.104 0.106 0.108 0.110

0.100

0.102

0.104

0.106

0.108

0.110

H∗ In above picture, sigularity x1∗ is NOT ESS but Repellor ∗L
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α = 1; γ = 0.2; δ = 0.1; ε = 0.05; r = 1; K = 10; β0 = 0; β1 = 1.5; p = 0.5;

β@x_D := β0 + β1 x
p
;

E3Neg = RegionPlot@E3@xD < 0, 8x, 0.3, 0.32<,

8y, 0.3, 0.32<, PlotPoints → 100, PlotStyle → BrownD;

PIPint = RegionPlot@sx@yD > 0, 8x, 0.3, 0.32<, 8y, 0.3, 0.32<, PlotPoints → 100D;

Show@PIPint, E3Neg, Graphics@8Text@x2
∗
, 80.308, 0.308<D<D, ImageSize → MediumD

Clear@α, γ, δ, ε, r, K, β0, β1, pD; H∗ In above program,

we study the situation of sigularity x2∗
∗L

x2
*

0.300 0.305 0.310 0.315 0.320

0.300

0.305

0.310

0.315

0.320

H∗ In above picture,

sigularity x2∗ is NOT ESS but attracting. So it is Branching point ∗L

Dimorphic resident

population Hx1, x2L HSimulationL
E1@x1_, x2_D := HK Hx2 H−α δ + r γ β@x2DL + x1 Hα δ + r γ H−1 + x2L β@x1D − r γ x2 β@x2DLLL ê

Hr γ Hx2 β@x2D + x1 HH−1 + x2L β@x1D − x2 β@x2DLLL;

E2@x1_, x2_D := H−x2 HK α δ ε α + r γ Hδ − K ε αL β@x2DL +

x1 Hr γ Hδ − K ε α + K ε α x2L β@x1D + K ε α Hα δ − r γ x2 β@x2DLLL ê
Hr γ Hx2 β@x2D + x1 HH−1 + x2L β@x1D − x2 β@x2DLLL;

E3@x1_, x2_D := Hδ H−x1 + x2LL ê Hγ Hx2 β@x2D + x1 HH−1 + x2L β@x1D − x2 β@x2DLLL;

Sx1_,x2_@y_D := ε α H1 − yL E1@x1, x2D − δ − H1 − yL E2@x1, x2D + γ β@yD y E3@x1, x2D;

x1ds@x1_, x2_D := ∂y Sx1,x2@yD ê. 8y → x1<; H∗ Selection gradient for x1 ∗L
x2ds@x1_, x2_D := ∂y Sx1,x2@yD ê. 8y → x2<;H∗ Selection gradient for x2 ∗L
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Mutual invadability plot HMIPL
α = 1; γ = 0.2; δ = 0.1; ε = 0.05; r = 1; K = 10; β0 = 0; β1 = 1.5; p = 0.5;

β@x_D := β0 + β1 x
p
;

MIP = RegionPlot@sx2@x1D > 0 && sx1@x2D > 0,

8x1, 0, 1<, 8x2, 0, 1<, PlotPoints → 100D êê Quiet;

H∗ Note: sx@yD is the fitness in monomorphic population ∗L
H∗ The function of MIP is to plot the coexistence region

for x1 and x2 in which population with x1 can invade those

with x2 while population with x2 can invade those with x1 ∗L
antiMIP = RegionPlot@sx1@x2D < 0 Í sx2@x1D < 0, 8x1, 0, 1<,

8x2, 0, 1<, PlotPoints → 100, PlotStyle → WhiteD êê Quiet;

H∗ The function of antiMIP is to label region in which

coexistence can not happen to be white ∗L
grad = VectorPlot@If@sx1@x2D > 0 && sx2@x1D > 0,

8Sign@x1ds@x1, x2DD, Sign@x2ds@x1, x2DD<, 80, 0<D,

8x1, 0, 1<, 8x2, 0, 1<, VectorScale → SmallD;

H∗ The function of grad is to plot the direction of

evolution in dimorphic population ∗L

H∗ Sign@xD:=

−1, if x<0

0,

1

if x=0

if x>0

. Sign@x1ds@x1,x2D and Sign@x2ds@x1,x2DD

stand for the evolution direction of x1 and x2 respectively ∗L
H∗ Vector H0,0L means no evolution; H±1,0L means that only

x1 evolves to larger strategy or smaller strategy;

H0,±1L means that only x2 evolves to larger strategy or smaller strategy;

H±1,±1L means that both x1 and x2 evolve ∗L
H∗ The arrows in the picture stand for the sum of vector ∗L
Show@MIP, grad, antiMIP, ImageSize → MediumD
H∗ Plot MIP, grad and antiMIP in one picture ∗L
Clear@α, γ, δ, ε, r, K, β0, β1, pD;
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Conclusions

1L PIP shows the evolution of strategy x in the monomorphic population. There are

two singularities of which one is repellor and other is branching point.

2L MIP reprensents the evolution of strategies x1 and x2 in the dimorphic

population. From picture, there are two cases of evolution :

HIL : x1 = 1 and x2 = 0;

HIIL : x1 = 0 and x2 = 1.

In the model, althought x1 = 0 Hor x2 = 0L, the population with x1 Hor x2L
still exist. Hence final evolutionary outcome is dimorphism. And the

mechanism becomes

HIL : R
be captured

n2
be captured

n1 ;

HIIL : R
be captured

n1
be captured

n2 .
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