
Exercise 5:
The Lotka - Volterra cannibalism time budget model

Introduction

Resident dynamics:

„
„t R = r R I1- R

K M-aR ⁄j=1
k I1- xj M nj

„
„t ni = e aR H1- xiL ni - d H1- xiL ni - H1- xiL ni ⁄j=1

k bIxj M xj nj +

g bHxiL xi ni ⁄j=1
k I1- xj M nj - d xi ni for i = 1, ... , k

  

Feedback environment:

„R
„t = r R I1- R

K M-aR ÿ⁄j=1
k I1- xjM nj

1
ni

„ni
„t = e aR H1- xiL- d- H1- xiL ⁄j=1

k bIxj M xj nj + g bHxiL xi ⁄j=1k I1- xjM nj

= AHxi , EL for i = 1, ... , k

Rewrite:

1
ni

„ni
„t = e aE1 H1- xiL- d- H1- xiLE2 + g bHxiL xi E3

= AHxi , EL for i = 1, ... , k

E = HE1, E2, E3L

„E1
„t = r E1 I1- E1

K M-aE1 ÿE3 Hresource densityL

E2 = ⁄j=1
k bIxj M xj nj H"cannibalism pressure"L

E3 = ⁄j=1
k I1- xj M nj H"prey" densityL

Invader dynamics:

1
m

„m
„t = e aE1 H1- yL- d- H1- yLE2 + g bHyL y E3

= AHy , EL

  



1
m

„m
„t = e aE1 H1- yL- d- H1- yLE2 + g bHyL y E3

= AHy , EL

  

Invasion fitness:

sE HyL = XAHy , EL\

= e a XE1\ H1- yL- d XE2\+ g bHyL y XE3\

  

Effective dimension of E :

R = E1 is assumed to be log- bounded

ï 0 = r I1- XE1\
K M-a XE3\ ó XE1\ = K I1- a

r XE3\M

Hence, the effective dimension is 2, and

sE HyL = e aK H1- yL- d XE2\+ Ig b HyL y - e aK a
r H1- yLM XE3\

and at most two resident types can coexist at a time;

Monomorphic resident population:

XE2\ = bHxL x Xn\
XE3\ = H1- xL n   ï  XE2\ =

b HxL x
1-x XE3\

sE HxL = 0

ï 0 = e aK H1- xL- d b HxL x
1-x XE3\+ Ig bHxL x - e aK a

r H1- xLM XE3\

ï XE3\ = K r H1-xL2 a e

r x2 b Hd-H1-xL gL+K H1-xL2 a2 e

ï sE
mono

Hy L = -
K r Hx-y L a b Iy g+x Hg-2 y gL+x2 HH-1+y L g-dLM e

r x2 b HH-1+xL g+dL+K H-1+xL2 a2 e
= sx Hy L

Dimorphic resident population:

0 = e a K H1 - x1L - d XE2\ + Ig b Hx1L x1 - e a K a

r
H1 - x1LM XE3\

0 = e a K H1 - x2L - d XE2\ + Ig b Hx2L x2 - e a K a

r
H1 - x2LM XE3\

ï
XE2\ =

K r Hx1+x2-x1 x2L a b g e

d Ir Hx1+x2L b g+K a2 eM

XE3\ = K r a e

r Hx1+x2L b g+K a2 e

ï sE
di
Hy L = K r Hx1-y L Hx2-y L a b g e

r Hx1+x2L b g+K a2 e
= sx1,x2Hy L
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Questions

For the following default functions and parameter values : 

a = 1; g = 0.2; d = 0.1; e = 0.05; r = 1; K = 10;

b@xD = b0+ b1 xp

with

b0 = 0.; b1 = 1.5 ; p = 0.5;

Produce:

- Pairwise invadability plot, and classify the singularities in terms of the "8 cases";
- Mutual invadability plot, and indicate the direction of evolution by calculating the
  sign of the selection  gradients in the dimorphic population;
- Draw your conclusions with respect to the predicted evolutionary scenarios for
  different starting point for the monomorphic resident population.
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