Department of Mathematics and Statistics
Stochastic processes on domains

Suggestions to excercise problem sheet 1

1. Let Q© = [0, 1) be the unit interval and denote I; = [j27",(j+1)27") for j € Z and
n € Ny. Show that the finite family ¢, :={ [, U...[; : 0<j; <...j, <2"}is
a o-algebra on (2.

Suggestion. We need to check that ¢, contains €2, but since Q = IopU---U Ion_q it
isin ¥,.

Next if A € ¢, then A = I; U--- U, for some 0 < j; < ...j; < 21 Now
{0,...,27 =1} \ {41, -, jn} = {d1,...,99n_1 1} and therefore, A® = [;, U--- U
Ity | €90

Now since ¥, is finite, we only need to check that the finite unions are in ¥, since
{Ar,...,A;,...} ={B,..., By} for some B; € 9,. Let A= By U---U By where

B; = U I,
k=1
for 0 < ll,j <... lmj,j < 2™. Then
M M m;
A=UB;=U UL, €%.
=1 j=1k=1

2. Let Q@ = [0,1) and ¥, as in 1. Let . = £[0,1), P be the Lebesgue measure
on (©,.7) and £ : © — Ry be a Borel measurable. Show from the definition of

conditional expectation that

2" —1

B (€19 (@)= ¥ [we b2 [ (w)a

Suggestion. First we note that the random variable

2n—1

Z =3 2'¢|l]
§=0



where ¢; = E{[ ;] on the right-hand side is integrable since it is bounded. Then we
note that it is ¢,-measurable, since it takes finitely many values {2"co, ..., 2"con_1}
and moreover,

{Z = 2an} = Ij S gn

We still need to verify that
E[Al =E[A]Z.

Since every A € ¢, is of form [;, U---U I, it is enough to show
E[;|¢ =E[;]Z Vj=0,...,2" - 1.

The left-hand side is

E [[J ]5 =y
and the right-hand side is
2n—1
E [I]]Z == Z E [I] N Ik}2"ck = 2anE[Ij] = 2"27ncj = Cj-
k=0

Therefore, the right-hand side is equal to left-hand side for every j and the claim

follows.

3. Let f: R — R, be a simple, measurable function

:Z JIEAk

Let Y be bounded and positive random variable, X a real-valued random variable
and assume that X is ¥-measurable for some sub-o-algebra ¢4 C .%#. Show that the

conditional expectation f(X)Y with respect to ¢ is
E (f(X)Y|9) = [(X)E (Y|¥9)

almost surely.

Suggestion. Since f(X) is bounded and Y is bounded, the product f(X)Y is
bounded and therefore integrable. Furthermore, since Y is bounded, it is inte-
grable as well. So both E (f(X)Y |¥¢) and E (Y |¥) can be defined. Moreover,
F(X)E (Y |9) is integrable and ¢¥-measurable as a product of two ¥-measurable

functions, so the claim makes sense.



Next take any A € ¢. We want to show that
E([Alf(X)Y) =E(A]f(X)E (Y|9))

since then the claim follows. Since f is a simple function, this claim can be written

S GE(AX e AY) =S GE(AX € AE (Y|9)).

k=1 k=1
Now since X is ¥-measurable, we know that {X € A} € ¢ for every k, and there-
fore, {A, X € Ay} € ¢ in every k. But the definition of the conditional expectation

says that hence
E([AX e AJE (YY) =E([A X € A]Y)

for every k and the claim follows.

4. Let f: R — R, be a bounded, positive and measurable function (but not nec-
essarily simple) and otherwise assume the same as in 3. Show that the claim of 3.
holds in this case as well by using monotone convergence theorem.

Suggestion. Since f(X) is bounded and Y is bounded, the product f(X)Y is
bounded and therefore integrable. Furthermore, since Y is bounded, it is inte-
grable as well. So both E (f(X)Y |¥¢) and E (Y |¥) can be defined. Moreover,
F(X)E (Y |9) is integrable and ¢¥-measurable as a product of two ¥-measurable
functions, so the claim makes sense.

Define for every n > 0 a simple function f,, such that
ful@) = 527" f(x) € I]
j=0

where I, = [727",(j + 1)27"). Now 0 < f,(z) < f(x) and! therefore, it is simple
and measurable (since f is measurable and thus { z : f(z) € [;,, } is measurable).
Moreover, f,(z) < fot1(2) since fo(x)[ f(z) € ;] = j27™ and

fan1(@)[ f(2) € [in] = furi(@)([ f(2) € Lojnsr | + [ (%) € Loji1n11])
= 2§27 f(z) € Iyjpar ]+ (25 + 127" [ f(2) € Lyjrimne1])
> 327" f(x) € Ljn]

since fn(z)[f(z) € Ijn] = 327" f(x) € I;\n] < f(x)] f(x) € I, ] for every j, and Ry =J I,
and so f(z) € I, for some j




So the sequence (f,) is monotonically increasing. Also f(z) — fu(x) < 27" so f =

lim,, ,o fn. Therefore, the monotone convergence theorem says that for every A € ¢

E([A]f(X)Y) = lim E([A]f,(X)Y).

n—oo

By problem 3. we know that
E([A)f,(X)Y) = E([A]f,(X)E (Y |9))
Now the monotone convergence theorem says (again) that
E([A)f(X)E (Y |9)) = lim E([A]f(X)E (Y|9))
Thus, we have shown that
E([AIf(X)E (V|9)) = E([A]f(X)Y)

for every A € 4 and we are done.

A random variable X = (X1,...,X;) is a d-dimensional Gaussian random variable

with zero mean, if its characteristic function p: R? — C is
px(A) =E exp (i( A, X)) = exp(—3( A, ZA))

for some positive definite symmetric matrix 3 = (E X;X; );; € R, Here (z,y) =
T1Yy1 + ... Tqyqa. A d-dimensional Gaussian random X variable with zero mean has
a density function if the covariance matrix ¥ (the matrix in 5.) is invertible. Then

the density function is
g(a) = (2m) |87 exp(—5(x, ©7'2))

where |¥| is the determinant of the matrix X. If (X, Xs, ..., Xy) is a d-dimensional
Gaussian random variable and E X;X; = 0 for all j # 1, then X, is independent
from (X, ..., Xq).

5. Show the Lemma 2.2 (i) from Lecture notes (page 14).
Suggestion. We want to show that X (¢) = B(t + h) — B(h) is a Brownian motion.

First let’s check the expectation:

EX(t) =EB(t+h) —EB(h) =0—0=0.



Next let’s compute the covariance. Let’s assume that 0 > ¢ < s and so min(t+ h, s +
h) =t + h and min(h, s + h) = min(h,t + h) = h and min(h, h) = h. Now
EX(t)X(s) =E(B(t+h) — B(h))(B(s+ h) — B(h))
=EB(t+h)B(s+h) + EB(h)B(h)
—EB(t+ h)B(h) —EB(h)B(s + h)
=({t+h)+h—h—-h=t
so the covariance checks. We need to still show the Gaussianity, so let {t; < --- < t,}

be time instances. We need to show that Z = (X(t1),...,X(t,)) is a Gaussian

random variable so let’s compute its characteristic function
0z(A\) =E exp (i(X, Z)) =E exp (1 Y_\j(B(t; + h) — B(h))).
7j=1

Let’s denote Y = (B(t; + h),..., B(t, + h), B(h)). This is Gaussian, since B is

Brownian motion. If yn = (A1,..., Ay, — X%, A;), then we know that

oy (1) = exp(—5 (1, Xyp))

but by construction ¢z(A) = ¢y (). So we only have to show that (p, Xyu) =
(A, XzA). Let’s denote ¥z = A and ¥y = C.
By construction, p; = A; for every j <mn+ 1 and p,11 = —37_; A;. Moreover,

by the previous computation
Aje = EX(8;) X (tr) =tjnn
and when j,k < n + 1 we have
Cix =EB({t; +h)B(ty+h) =tjpe+h=Ar+h

In other cases Cj; = h. Thus,

n+1
Z MJMk’C]k - Z )\ )\kz ]k:+h +22)‘]ﬂn+1h+ﬂ’n+1h
J,k=1 J,k=1 j=1

This is tedious, but now notice that

NELH = Z Aj Ak

J,k=1



and . .
QZAjMnH = -2 Z AjAg = _2M$L+17

j=1 k=1
and therefore,
n+1 n n
Y Gk = D NA(Ajp + 1) + D0 Ndch = 2p5 b+ g B
k=1 k=1 k=1
= Z )\j/\kAj,k+ Z )\j)\kh—,qu_lh: <>\, A/\)
Ji:k=1 j.k=1

and the claim follows.

6. Show the Lemma 2.2 (ii) from Lecture notes (page 14).

Suggestion. We want to show that {B(t2) — B(t1),...,B(t,) — B(t,—1)} is an
independent family of random variables where ¢; < --- < t,,. Now that we know that
this is Gaussian, we only need to show that E (B(t;41) — B(t;))(B(tk+1) — B(tx)) =0
for j # k. But this is simple by assuming that ¢; < ¢;4; < ¢ < tx4; which we can

do by symmetry between j and k in the following computation, and so
E (B(tj+1) — B(t))(B(tr+1) — B(tr)) = E(B(tj41)B(tr+1)) + E (B(4;)B(tx))
—E (B(tj+1)B(tx)) — E(B(t;)B(tk+1))
- tj+1 + tj - tj+1 - tj - O
7. When d =1 and X = B, use integration by parts to show that
EBXN =tNoN - )=t 2N —1) x 2N —3) x...3x 1

for every N > 1.
Suggestion. Denote Iy = E B2V, Then

1 9,1 1 2,1
1y _1ay
Ing1 :ct/xQNa:Qe 27t dx = —ctt/szxaz(e 2" ) dx
R R

Now since the exponential goes to zero faster than any polynomial we don’t get any

boundary terms from integration by parts and so

15, 1,5,
Ing = ct/xQNxQeth "dr = ctt/ e 2% 9,0 N dy = (2N + D)tly
R R



This gives a recursive equation for Iy, which can be solved by

Nl]’ N-1

JN:hHJI—“_IIthjH)—JltN LN — 1)l
j=1 4J j=1

But since I, = E B? = min(t,t) = t, the claim follows.

8. Using 7. show the Lemma 2.2 (iii) and (iv) from Lecture notes (page 14).
Suggestion. The (iii) is being done already, since we know that B(t) — B(s) ~
B(t — s), and so E (B(t) — B(s))*> = EB(t — s)? = (t — s). Furthermore, the

E (B(t) — B(s))*N =E(B(t—5)*") = (2N — D!t — )Y < ynlt — sV

by choosing vy = (2N — 1)!L.

9. A m-system on a set S is a family . # () of subsets of S such that VA, B € .¥ :
AN B e #. Show that the set _#; = { (—o0,z]: x € R } is a m-system on R.
Suggestion. Since (—o0,0] € _#; we can be sure that _#; # 0.

Let A,B € _#,. Then there are real numbers z,y € RA such that A = (—o0, ]
and B = (—o0,y|. Since AN B = (—oo, min(z,y)] and min(z,y) € R, we have that
ANB e 7. Therefore, ¢ is a m-system.

10. Let f: R — R, be a simple, measurable function

= 2: J?E.Ak

Show that the time stationary Markov property for (X;) with respect to (.%#;) implies
that
E.(f(Xe)| Fs) = Ex, [ (Xi—s)

Suggestion. We have that
E.(f(X:)| %) = anEo([ X € Ay] | ZakP (X: € Ar| Fs).
Therefore, by the time stationary Markov property

E.(J(X)] 7)) =3 aPx. (Xis € A) =3 axBx, [Xis € Ay] = Ex. f (Xo0).

k=1 k=1



11. Let f: R — Ry be a bounded, positive and measurable function (but not
necessarily simple) and otherwise assume the same as in 10. Show that the claim of
10. holds in this case as well by using monotone convergence theorem.

Suggestion. Define for every n > 0 a simple function f,, such that
falz) =427 f(z) € L]
=0

We already know by Problem 4. that these converge monotonically to f. So, by

monotone convergence

E, ([A]lf(Xy) = lim E; ([A]fn(Xy)) = lim E, ([A]E.(fo(Xe) | 7))

n—o0

for every A € #,. Now by the Problem 10. we can write
nlgglo E; ([AJE.(fu(X0) | 7)) = nlglgo E; ([AEx, fu(Xi)).
By using the monotone convergence theorem twice we get

lim E, ([A]Ex, fu(Xi-)) = E, ([A] lim Ex, fu(Xi)) = E, ((A]Ex, f(Xi_.)).
Now since Ex, f(X;_s) is Fs-measurable, we get the claim. If the second usage of
the monotone convergence theorem seems somewhat dangerous, don’t worry, since

E. (4] Jin Bx. £,(Xi-) = [ lim Bx. fu(Xi) P (o)

n— 00 n—00
A

For every w € 2 fixed, the integration inside is with respect to some P, for some
z € S so the monotone convergence theorem can be used pointwise for every w.

The 12. is the original 10. This will be also be part of the next excercise sheet.

12. Let (P, ) be as in Lemma 3.13 in Lecture notes (page 22). Let

-----

/"L(xtl tn)(Al’ tee 7An) = / Ptlaw( d:[:l) cee / Ptn_tn—hxn—l(dxn)
Aq An

Show that family of measures { pf, , . i x € RL0 <t < --- < t, } satis-
fies the consistency condition for Kolmogorov Extension Theorem and deduce that

therefore, there exists a stochastic process (X;) such that P,(X; € A) = uf(A).



