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(To be returned by Friday 13.03.2015)

Note. In the Problems 1-12 the j,k and n are always integers.

1. Suppose τ1 and τ2 are (Ft+)-stopping times. Show that Fτ+
1
⊂ Fτ+

2
.

2. Let X be a positive and integrable random variable. Show that the family

{ Y : |Y | ≤ X } is uniformly integrable. (Hint: estimate |Y |[ Y > m ] from

above by random variable depending only on X and m).

3. Assume that EX2
n ≤ M for every n. Show that { Xn : n ∈ N } is uniformly

integrable. (Hint: |Xn|m ≤ X2
n when |Xn| ≥ m.)

4. Assume Xn → X in almost surely and { Xn : n ∈ N } is uniformly integrable.

Show that Xn → X in L1-sense. (Hint: let φn(x) = x[ |x| ≤ n ] + n[ x > n ]− n[ x <
−n ] and writeXk−X = (Xk−φn(Xk))−(X−φn(X))+(φn(Xk)−φn(X)) = I1+I2+I3

and estimate term Ij each separetely).

5. Let Xt = Bt∧s be a stopped 1-dimensional Brownian motion at time instance

s ∈ (0,∞) (i.e. at constant stopping time). Show that Xt = E (X∞ |Ft) for every

t ∈ (0,∞) and deduce that X is uniformly integrable martingale. (Hint: X−t and

−X+
t are supermartingales if X is a martingale, see Lemma 5.2. and Theorem 5.3.)

6. Define

p0(t, x, y) = 1√
2πt

(e−
(x−y)2

2t − e−
(x+y)2

2t )

for every t > 0, and x, y ∈ R and x, y ≥ 0. Verify that

∂tp0(t, x, y) = 1
2∂

2
yp0(t, x, y) and p0(t, 0, y) = 0

for every t > 0 and x, y > 0. This is the transition probability density function of

1-dimensional killed BM which is killed at zero.



Note. In Problems 7, 8 and 9 the (Ft) is a given filtration and (Xt) is a right

continuous (Ft)-supermartingale.

7. Let τ be a simple stopping time, say τ ∈ {t1, . . . , tn}. Show that Xτ is Fτ -

measurable and Fτ = Fτ+ .

8. Let s ≤ t < u and τ a stopping time. Show that

E ([ τ > t ](Xu −Xt) |Fs) ≤ 0

(Hint: You can use the fact that E (Z |H ) = E (E (Z |G ) |H ) for every σ-

algebras H ⊂ G and then you can apply the supermartingale property).

9. Let τ and be a simple stopping time, say τ ∈ {t1, . . . , tn}. Let us assume that

s = t0 ≤ t1 < t2 < · · · < tn. Show that and

E (Xτ |Fs) ≤ Xs.

(Hint: show

Xτ −Xs =
n−1∑
k=0

[ τ > tk ](Xtk+1 −Xtk)

and use this identity with Problem 8.)

10. Let Xt = esBt−s2t/2. Show that it is a martingale with respect to the history of

Brownian motion. Hint: you are on right track if you have arrived to

E (Xu |Ft) = esBte−s
2u/2E esBu−t

11. Let τa = inf{ t > 0 : Bt = a } be the first hitting time of 1-dimensional

Brownian motion to the point a. Let a < x < b and Xt = Bτa∧τb
t . Show that Xt is a

bounded martingale for every x ∈ (a, b).

12. Assume the same as in 11. Show that

aPx ( τa < τb ) + bPx ( τb < τa ) = x

and show that

Px ( τa < τb ) = b− x
b− a

= 1−Px ( τb > τa ) .

(Hint: Optional Stopping Theorem for a bounded martingale. For the latter explain

first why Px ( τa = τb ) = 0 and then you have two equations for the probabilities).


