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The aim of this mini-course is to provide an introduction to the combination
of two probabilistic techniques. First the Stein’s method (1972). This is
a collection of probabilistic techniques which allow to compare probabil-
ity distributions by means of the properties of differential operators (for
more information, see [4]). Second the Malliavin calculus (1973). It’s an
infinite dimensional differential calculus (for a detailed text, see the book
[7]). Interestingly, the aforementioned techniques can be sweetly combined
in order to provide CLTs for non-linear functionals of an infinite dimen-
sional isonormal Gaussian process. As a substantial result, we will proof
an astonishing discovery (this is of one the main objectives of the course)
by Nualart-Peccati (2005)E] known nowadays as the fourth moment theorem,
stating that, for a sequence F), of random variables living in a fixed Wiener
chaos such that IE(F?) — 1, the sequence F,, converges in distribution to-
wards a standard Gaussian distribution if and only if IE(F?) — 3(= IE(N?),
where N ~ .47(0,1)). This new and efficient methodology, i.e. combining
the Malliavin calculus together with the Stein’s method, in literatures, is
called the Malliavin-Stein approach. For an exposition of this fertile line of
research, one can consult the following constantly updated webpage:

https://sites.google.com/site/malliavinstein/home

for many applications of Malliavin-Stein approach, as well as for asymp-
totic results that are somehow connected with the fourth moment theorem.
Moreover, the monograph [5] provides a quite detailed introduction to the
topics that will be discussed in the course.
The plan of the course is the following. Lecture 1 : Stein’s method, Gaussian
measure, stochastic integration and chaotic decompositions, Malliavin calcu-
lus. Lecture 2 : combination of the Stein’s method with the Malliavin calculus
and CLTs on the Wiener chaos. Lecture 3 : applications, new directions
(powerful Markov triplet approach [I} 2]) and generalizations (non-Gaussian
target distributions [6l 3]) as well as some important open problems if time
permits.

! NUALART, D., PEcCcATI, G. (2005) Central limit theorems for sequences of multiple
stochastic integrals. Ann. Probab. Volume 33, Number 1, 177-193.



Part 1
Gaussian approximation

1 INTRODUCTION

Typical example. Take W = {W;,t > 0} a standard BM started from
zero. This means that W is a centered Gaussian process such that Wy = 0,
W has continuous paths, and IE(W;W;) = s At for every ¢,s > 0. A result

by Julin (1979) says:
1 W2
/ —Ldt=00 as. (1)
+2
0

(Note that this is a property at around 0). Also, notice that for all € > 0 we

have f o
w.
B. = / —Ldt < 00
t2
€

Remark 1. Define a new process W by Wy = 0 and W,, = uWy y, for u > 0.

It can be easily shown that W is a standard Brownian motion, and using the
change of variable v = 1/t, it now follows that the property is equivalent
to the following statement:

o] W2
/ —;dt =00 as.
1t
By direct computations, one can show that (check it!)
[E(B.) = —loge, VarB.~\/—4loge, ase—0.

By setting B il
~  B.+loge

= —dloge’

one can ask the following natural question:

e€(0,1)

law

Problem 1. Prove that, as e — 0, we have B. =5 4°(0,1).

Later on, we will present two different solutions to the above problem.
One, using the classical method of moments/cumulant, and second, using
the techniques introduced in this course. It will turn out that using the
second approach, we are not only able to give a fruitful solution to the above
problem but also we can provide the following quantitative bound: there
exist constants C7 and C5 such that

C’l(\/—logs)_1 < dKol(BE,/\/’(O, 1)) < C’g(\/—logs)_l.



2 ELEMENTS OF STEIN’S METHOD

The typical route is the following (a) Stein’s lemma, then (b) develop a
heuristic, followed by (c) an equation whose solutions (and properties thereof)
will lead to bounds.

2.1 MOMENTS/CUMULANTS

During the lectures, the notion of cumulant is sometimes used. Recall that,
given a random variable Y with finite moments of all orders, i.e. IE|Y|" < oo
for all » > 1, and with characteristic function gy (t) := IE(e®®Y), t € IR, one
define the sequence of cumulants of Y, noted as {k,(Y) : r > 1}, as

T

kr(Y) = (—i)r%log oy (t) " > 1.
For instance,
r1(Y) =E(Y)
ko(Y) = Var(Y)
r3(Y) =IE(Y?3) — 3E(Y?)IE(Y) + 2IE(Y)?
ka(Y) = E(Y?) —4IE(Y)E(Y?) — 3IE(Y?)? + 12IE(Y)?IE(Y?) — 6[E(Y)™.

In particular, if IE(Y) = 0, then x3(Y) = IE(Y?) and ry(Y) = E(Y?) —
3IE(Y?2)2. Recall that for a standard Gaussian random variable N ~ .47(0, 1),
we have log pn(t) = —t2/2, and therefore r1(N) = IE(N) = 0, ro(N) =
Var(N) =1, and k,(N) =0 for all r > 3.

Remark 2. The following relation shows that moments can be recursively
defined in terms of cumulants (and vice-versa): fix r = 1,2,--- and assume
that IE|Y|"*! < oo, then

r

By =3 () Ret (VJE(Y™). 2)

s=0

The reader is referred to [8, Chapter 3] for a proof of relation , as well
as, for a self-contained presentation of more properties of cumulants and for
several combinatorial characterizations.



Exercise 1. Let N ~ .47(0,1). (a) Show that the moments sequence
{m,(N):=IE(N"): r > 1} of N satisfies in the following recursion formula

mey1(N) =rme_1(N), r>1. (3)
(b) Using induction and part (a) to prove that

(V) = {(% — DI ifr =2k

0 otherwise.

where the notation double factorial (2k—1)!! = (2k—1) x (2k—3) x---x 3 x 1.

The following lemma is a fundamental key to provide CLTs using the
method of moments/cumulants.

Lemma 1. The law of the random variable N ~ .A°(0,1) is determined by its
moments/cumulants, i.e if X be a random variable such that IE(X") = IE(N")

[or equivalently k. (X) = k. (N)] for all v > 1, then X W N

Proof. Let law(N) = « and law(X) = v. Then, it is enough to show that
their Fourier transforms are the same: [ e"y(dz) = [ €"“v(dz), for every
t € IR. Since m,(N) = m,(X) for all » > 1, using Taylor’s formula, triangle
inequality, the following elementary inequality

r . k r+1
- itx) |tz|
ezta: _ § : ( ‘ <

= k1T (r+1)!
and Cauchy-Schwarz inequality to write
‘/ eltm’}/(dl‘) _/ ezml/(dl‘)‘ < / eite _ (Ztl") "Y(da?)
R R R — K
1tx : (th)k
+/]R e —Z x ‘I/(d.%')
k=0

<( /}R m'y(dw))é
|22 1
+ (/}RMV(CZ:C))

[t[2rT2ma, 1o (N)
(r+1)12 ’




for every r > 1. Now, using Stirling formula r! ~ v277(%)" as r — oo, and
Lemma [2.1] one can infer that
i M2 (N)

Jim S = 0.

O]

b) The following lemma known as Stein’s lemma provides a useful character-
ization of one-dimensional standard Gaussian distributions.

Lemma 2. (Stein’s lemma) For a real-valued random variable Y we have
Y ~ A4(0,1) if, and only if for every f: IR — IR such that E|f'(N)| < oo,
we have

E(f'(Y)-Yf(Y))=0. (4)

Proof. The sufficient condition is trivial. For the other way, note that for all
polynomials the relation works. But this means that

EY™) =rE(Y"™ ).

Now, use Exercise and Lemma Another way is to take f complex
exponential and therefore determine the characteristic function of Y (do
it!). O

Theorem 1. (The method of moments/cumulants) Let F' be a real-
valued random variable whose law is determined by its moments/cumulants.
Assume that {F,}n>1 be a sequence of random variables in which each F,
has all moments/cumulants such that IE(EF)) — IE(F"), for every r > 1.
Then F,, converges in distribution towards F'.

b) Heuristic. Suppose that for “many” functions f we have
E(f/(Y) — Y f(Y)) ~ 0.

Can we conclude that Y is close — in some sense — to N? This is, a priori,
not clear since there are many ways to characterize N and not all lead to a
nice theory of probabilistic approximation. We will consider a very strong
measure of closeness in terms of the total variation (TV) distance.



2.2 DISTANCES BETWEEN PROBABILITY MEASURES

(i) The Kolmogorov distance: Let F and G be two IR%, (d > 1) valued
random variables. Let

Hiol = {h: RY >R : h(zy,--- ,xq) = ngll(_oo,%](xk), for some zq,- -+, z5 € R}.

The Kolmogorov distance between the laws of random variables F' and G,
noted as dkol(F, G), define as

dKol(F7 G) = Ssup
he Aol

E(h(F)) - E(h(G))

= sup_[IP(F € (=00, 21] X -+ x (=00, 24]
21, ,2d€R

—TP(G € (—00,21] X - % (—oo,zd])‘.

In particular (d = 1): dkol(F,G) = sup,cgr )IP(F <z)-PG< z)’ Note
that always dgo(F, G) < dpv(F,G).
(ii) The total variation distance:

Hry ={h:RY - R : h=1pfor some B € B(RY)}.

drv(F,G) = sup
he Ay

E(h(F)) ~ E(h(G))

= sup
BeB(R?)

P(F € B) ~IP(G ¢ B)‘.
(iii) The Wasserstein distance:

h(x) —h
Ay ={h: R 5 R : |hlip <13, |[Bllsp == sup [h(@) = hly)]
etyerd 11T = YllRe

dw (F,G) = D E(h(F)) = E(h(G))|.

Exercise 2. Let d > 1. Show that the topologies induced by three distance
dkol, dTv and dw on the set of probability measures on R? are strictly
stronger than the topology of the convergence in distribution, i.e.

law

dKol,TV,W(Fn;F) -0 = Fn — F.



Remark 3. The Fortet—Mourier distance (or bounded Wasserstein distance:
dr(F,G) = subpe s, [E((F)) = B(A(G))|, where s = {h s R? —
R : ||Allsc + ||P]ip < 1}. The dpm distance metrizes the convergence in

distribution, i.e.
law

dFM(Fn,F) — 0 < F, — F.
c) Stein’s equation for normal approximation. Let N ~ .47(0,1).
Consider a function h : IR — [0, 1] so that IE|h(N)| < co. The Stein equation
associated to the test function h is

f'(x) — 2 f(z) = h(z) — EL(N) ()

which is taken to hold at all x € IR. A solution is a function f; whose
derivative is a.e. defined and for which there exists a version which satisfies
. In particular we always speak of f’ in the weak sense. For a moment,
assume that fj is a solution of . Then, by taking expectation of both
sides (together with plugging in z =Y, where Y is a real-valued random
variable):

EA(Y) — EA(N) = E(f(Y) = Y (V).

Therefore, for any integrable random variable Y':

sup [ER(Y) = ER(N)| = sup  [B(f(Y) =Y f(¥)|  (6)

hesry fr hE€FHy

Note that the expression in the right hand side in above does not
involved the target random variable N at all!

Proposition 1. For every ¢ € IR, set

xX
fonla) = e 412 [ (n(w) — BR(N)e s
—0oQ
Then, f.p is a solution of the Stein’s equation. Moreover, the unique solution

12
satisfying in lim, oo €™ 2 f(x) = 0 is given by fr, = fon, i.e. ¢=0.

Proof. Note that, the Stein’s equation can be written as

eéi(e_;f(:vw = h(xz) — IER(N).



Now, take integral of both sides. For the second part, using dominated
convergence theorem (DCT) we have

T

lim (h(u) — IER(N))e™*/2du = 0.

|z| =00 J —co
Recall that IE|h(N)| < oo. O

The gist of the method is that it will transform the study of a non-smooth
object (the TV distance) in terms of smooth objects (the solutions fyp).
This happens through the following lemma.

Lemma 3. Let h: R — [0,1]. Then the solution fy of the Stein’s equation
associated to h satisfying in

filloo < V//2 and | fyllec < 2
(the Stein’s magic factors).

Note that these bounds are uniform over the whole family h. An immediate
consequence of Lemma [3]is the following.

Corollary 1. Let Y be a real-valued random variable such that IE]Y| < oo.
Then

dry(Y,N) < sup
feFrv

where Frv={f : |flle < V72 and |flo <2},

Let to stress that we have explicitly transformed the non-smooth problem,
the lhs of @, into a smooth one, the rhs of @ Moreover, the bounds in
Lemma [3] are independent of the target Gaussian random variable N, and
just depends on (a functional of) a nice Y! Once we have this, is it true
that the rhs is easier to evaluate than the lhs? This is Stein’s intuition and
it turns out to be true in many different and complicated cases. There are
several techniques for working out this quantity : exchangeable pairs (Stein,
1972); dependency graphs; zero-bias transforms (Goldstein - Reinert 1995).
Here we are going to develop tools to evaluate the Stein bound when Y is a
(sufficiently regular) functional of a infinite-dimensional Gaussian field (e.g.
the Brownian motion, the fractional Brownian motion,...). The answer for
this is through Malliavin calculus.

E(f'(Y)) - E(Y f(Y))

)




Proof. (of Lemma [3) First remark that |h(u) — IEA(N)| < 1. Then we easily
get (with ® the Gaussian CDF)

| fn(2)] < €*/? min{®(x),1 - &(x)}

= emg/Q/ e_yQ/Qdy = S(x).
|

x|

A direct computation shows that S attains its maximum at z = 0, and also
S(0) = \/m/2. Hence, |fy| < S(0) = /m/2, and the first claim follows.

For the second bound, we can simply write out f;, to get

4@ = [Ae) ~ RO e [ (1) R

—00

o0
<1+ |$|ez2/2/ eV 2y = 2.

|z

O

Exercise 3. Stein’s bound for the Kolmogorov distance (a) For every
z € R, write f, = fl(—oo,z]’ that is, f, is the solution of the Stein’s equation
associated to the indicator function h = 1(_, ;). Also, ® stands for the
cumulative distribution function of a .4#7(0, 1) random variable. Show that

Vames B@)[l - d(2)] if x < 2,

J2(z) = 22
) V2me T ®(2)[1 — ®(z)]  if 2> 2.

(b) Prove that, for every z € IR, f,(z) = f_.(—x) (this implies that, in
the estimates below, one can assume that z > 0 without loss of generality).
(c) Compute the derivative - [z f.(z)], and deduce that the mapping z
xf.(z) is increasing.

(d) Show that lim, oo xf,(x) = ®(2) — 1 and also that lim,_, 1 zf.(z) =
D(z).
(e) Use part (a) to prove that

[\/ﬂxe%@(m) +1][1 - 2(2)] if z <z,

filx) = 2 ‘
[V2rzez (1 — ®(x)) — 1]P(2) if > 2.

(f) Use part (e) in order to prove that

0< fl(z) <zfi(x)+1-®(2) <1, ifz<z,



and

—1 < zf.(z) —®(2) < fl(x) <0, ifzr >z

to deduce that || f]]|s < 1.
(g) Use part (f) to show that z — f,(z) attains its maximum in = = z.

Compute f,(z) and prove that f,(z) < @ for every z € IR, to complete a
proof of the following theorem.

Theorem 2. Let z € IR. Then the function f. is such that || f.]|co < @

and || fllloo < 1. Therefore, for N ~ A°(0,1), and for any integrable random

variable F,

dgo(F,N) < sup [E[f'(F)] — E[Ff(F)]],

J€TF Kol

where Fcor={f : | flloc < 25, [/l < 1}.

Part 11
Gaussian measures and chaos

Take (Q2, F,IP) an underlying probability space.

2.3 DEFINITION AND FIRST PROPERTIES

We first define Gaussian measures.

Definition 1. Take (A, A, 1) a measure space (Polish, i.e. metric, separable
and complete) with p positive, o-finite and non-atomic measure. A Gaussian
measure over (A, A) with control p is a centered Gaussian family

G ={G(B); u(B) < oo}
such that

E(G(B)G(C)) =pu(BnNC), wp(B)<ooandu(C) < oo.

10



A couple of remarks : (i) If A = R™ and p is the Lebesgue measure
then W; = GJ0,¢] is, up to continuity, a Brownian motion (because then
EW;Ws = min(t,s)); (ii) one can prove that if {B;};>1 is a sequence of
disjoint sets such that p(lJ; B;) < oo then

G(U B;) = Z G(B;)

with convergence in L2().
Proposition 2. G, in fact, exists.

Proof. Take {e;}i>1 an ONB of L?(u). Then for all f € L?(u) we have
f=>"(f,ei)e; with the L?(;1) scalar product. Next take {&;};>1 a sequence
of i.i.d. .47(0,1) random variables and construct

X(f)=>_ &t e

igel

Then { X (f); f € L?*(11)} is a centered Gaussian family such that IE(X (f) X (g)) =
(f,9) (easy exercise through Parseval’s identity, check it!). We are then ready
to conclude, since

G(B) = X(1p), p(B) < oo

is a Gaussian measure with control measure . O
A final remark is that GM are not probability measures! More precisely:
Proposition 3. The mapping
B — G(B)(w)
is not a signed measure for a fired w.

Proof. Take a Borel set B with p1(B) < co. Since p is non-atomic, we observe
that

[ [ Aene9)temyuldn)n(dy) = Diag, (B) = o
AJA

But, on the other hand side, one can easily show that

/ / 155(2,y) Lo—y G(da)G(dy) := Diagg(B) = u(B).
AJA

11



(Note that the integration wrt G is shaky but will be proven rigorously later
on). Indeed here a standard way to construct Diagq(B) is through

kn
: (n) (n)y _ 1; (n)y2
nh_{Iolo - G(B;7)G(B; ) = h}anG(Bi )
1=
where {B;n),i = 1,...,ky} is a sequence of partitions of B such that

sup M(Bi(n)) — 0, and one can show that (check it!), for any partition,

E(Y G(B"M)? — u(B))® 0.

In other words GG charges, in a nontrivial way, the diagonal and hence
cannot be a signed measure. O

Remark 4. In the case, when A = IR", p is the Lebesgue measure, the
statement B — G(B)(w) is a singed measure on a set of positive probability
will imply that the mapping ¢t — W; := G|0,1] is of bounded variation on
a set of positive probability in which is a contradiction with the following
well-known fact that

Z (Wt(_n) — Wt(7b) )2 —t.
OStiSt 1 i—1

2.4 SINGLE INTEGRALS

We want for any f € L?(u) to define an object of the type

L) = /A f(2)G(dz)

To this end, we introduce a collection of ”simple integrands”
N
E(w) = {f(x) = ¢l p(B)) < oo}
j=1

which has the density property €(u) = L?(u). Then we can define, for any

simple integrand f
N

N(f) = ¢,G(Bj).

Jj=1

12



With this in hand it is easy to show that, for all simple f, g we have

E(L(f)1(9) = (fi9) 2, EAL(f) =0.

Now, it is straightforward to extend to all functions f € L?(u). Let f €
L%(11), then there exists a sequence of simple functions {f,},>1 such that
Il fn — fIl = 0 and {I1(f,)} is Cauchy in L?(TP). One therefore sets

L(f) = lim [ (fr)

the limit being taken in L?(IP) and being independent of the choice of the
sequence.

Remark 5. For all f,g € L?(u) we have

EL(f) =0 and IE(L(f)1(9) = (f,9)r2(u)-

Definition 2 (Wiener, 1938). The space Hi = {I1(f) : f € L?(u)} is the
first Wiener chaos of G. Note that, since everything is obtained through
centered Gaussian random variables, so H; is a centered Gaussian family.
It therefore cannot be suffice to describe all square integrable functionals
measurable wrt G.

2.5 MULTIPLE INTEGRALS

Let p > 2. Consider L?(uP) the space of square integrable functions of p
arguments on the space (AP, AP, uP). We then define the simple functions

E(uP) = Simple integrands

= f= Z aiyiylp, @@ 1p, : By N Bj, = 0Vk # 1 and u(B;

i1, ip=1

and more importantly the coefficients a;,..;, = 0 if any of two indices
i1, ,ip are equal, i.e. 3k # [ such that i, = ;.

For any f € £(uP) then we define the multiple Wiener-Ito integral of
order p of f € E(uP) w.r.t. G through

n

L(f)= > .,G(B1)...G(By). (7)

i1, ip=1

Now, the main properties are gathered in the following exercise.

13
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Exercise 4. (a) Show that for f € £(uP), the definition of I,(f) does not
depend on a particular representation of f.

(b) I, : E(uP) — L*(Q,P) is a linear map.

(c) L(f) = I,(f), where f is the symmetrization of f, i.c.

f(xh t 7$p) = 1/p‘ Zf(xa(l)v T 7$U(p))
g
where the sum runs over all permutations o of {1,--- ,p}.

(d) For all f € E(uP) and g € E(u?) we have

E(I,(f)) =0 (centered)

E(L,(f)I,(9) = (orthogonality / isometry)

0 ifp # q,
PN, G) L2 (e

(e) Ssym(,up)” 2y _ L2, (17), where here "sym” stands for symmetrized
functions. Hence, deduce that the mapping I, can be continuously extended
to L2, . (uP).

sym

Now let f € Lz,ym(,up); then there exists a sequence { f,} C Eym(pP) such
that f,, — f in L?(uP). Therefore, we define

Ip(f) == lim I,(fn) (8)

n—oo

the limit being taken in L?(IP) and being independent of the chosen sequence.

Definition 3. The Wiener chaos of order p associated with G, denoted by
Hy, is defined as

Hy = U.S.{Ip(f); fe Lzym(,up)}.

Moreover, the three properties (centered, isometry and orthogonality)
extend to the whole class H,. Note that we write Iy(c) = ¢;c € R

Remark 6. If A =[0,T], p is Lebesgue and W; = G([0,t]) is a Brownian
motion, then for symmetric f € L?([0,T]P)

T tl tpfl
Ip(f) = p' / thl / th2 e / thpf(tl, e ,tp).
0 0 0

14



The random variables in Definition are fundamental: they allow for
example to write any G-square integrable random variable as an infinite
series (this will be treated later on). The following remark provides some
crucial properties of random variables living in a Wiener chaos.

Remark 7. (a) Shigekawa [| proves that if F' = 224:0 I,,(fp) then the law
of F has a density w.r.t. the Lebesgue measure.

(b) (Nelson, 1968) H,, is hypercontractive, i.e. ¥q > 0 there exists Cp 4 > 0
such that for all ' € H, we have

E(|F|) /1 < Cp g B(F?)V/2, (9)

In particular all these LP topologies are equivalent on the Wiener chaoses.

2.6 MULTIPLICATION FORMULAE & CHAOTIC EXPANSION

The problem. What is I,(f) x I,(g)?

Definition 4 (Contraction). For f € Lfym(,up) and g € Lzym(,uq) forp,qg>1
we define for all r =0, ..., min(p, q)

f®g($17m27"'77xp+q—27’)
= o f(%)xh B l‘p—r)g(%; Tp—r+1y--- )xp—i-q—QT),uf(dala T 7da’r‘)'
Here a, = (a1, ,ar).

Example 1. If p=q =1 then f ®, g = (f, 9>L2(;ﬂ’)‘
Example 2. If r =0 then

J ®o 9(3317---7xp+q) =f®g= f(xly---axp)g(wp-i-l;-”yxp-i-q)'

Example 3. If p=q=2 and r =1 then

f&g@w»3éuuwﬂmmmmw.

2Shigekawa, 1. Derivatives of Wiener functionals and absolute continuity of induced
measures. J. Math. Kyoto Univ. 20 (1980), no. 2, 263-289.

15



Remark 8.

1f ®r 9‘|%2(up+q—2r) < HfH%z(#p)HQH%fZ(Mq) < o0.
Note that if p = q = r this is just the CS inequality.

Remark 9. In general f ®,q is not symmetric, so we define the symmetriza-
tion
P I ®r g(xa(l)a R 7x0(p+q72r))
& X1yeney Tptg— = .
f @ g(z1 pa—2r) E, (p+q—2r)!

0ESptq—2r

Note that, in general, 3
[ £l 2y < I fllL2(ury
1.e. symmetrization shrinks.

We are now ready to state a fundamental result.

Theorem 3 (Multiplication formulae). Take f € L2, (uP) and g € Lgym(uq).

sym
Then
min(p,q) 2\ (4 o
Ip(f) X Iq(g) = Z H(’l‘) <7”> Ip+q72r (f r g) .
r=0

We will proceed to a heuristic proof of this result. For a detailed proof
consult [7].

Proof. First note how we have, at each step, been very careful to avoid the
diagonals. Hence by our construction I,,(f) can be seen as

Ip(f) —AAf({Bh,.ZL'p)l{xZ#x],Z#]}G(dl‘l)G(dl’p)

Then we have (as through Fubini)

Ip(f)1q(9)
_ /AM F@1 @) g1, yg) Gldar) . .. Glday)G(dyy) . .. Gdyy).

no diag no diag

While there are no diagonals in the first and second blocks, there are all
possible mixed diagonals in the joint writing. Hence we need to take into
account all these diagonals (whence the combinatorial coefficients in the

16



statement, which count all possible diagonal sets of size r) and then “integrate
out”, in other words we get

= ( f(&a T1y--- 7%%”9(%7 Tp—r41,--- a$p+q2r):ur(dar)> .
A'r

Since Diagq(da) = p(da), we get the proof.

2.7 HERMITE POLYNOMIALS AND CHAOS

Definition 5. We define the Hermite polynomials as the family of polyno-
mials {Hyp;n > 0} such that Hy =1 and, for alln > 1,

Hy(z) = (—1)"e” 2d0 (e /2),

The following exercise gather the important properties of the Hermite
polynomials.

Exercise 5. Define the divergence operator § on the space Dom(d) C
L2(IR,v) as 6p(z) == —¢/(z) + 2p = —e 2 L (e 2 p(z)). Let p > 0 be an
integer. We define the pth Hermite Polynomial as Hy =1 and H, = 6”1,
where here ? = Jo--- 04, p times.

(a) Show that dé — d0d = Identity, where d = d%, and moreover 0H, =
H,1, dH, = pHp_1 and (0 + d)H, = xH,,.

(b) for any p,q > 0 show that

[ @)ty (dn) = 5,
R

where here 6, ; stands for the Kronecker delta.

(c) Show that the family {ﬁHP : p > 0} is an orthonormal basis of
L*(R, ).

(d) Define the Ornstein-Uhlenbeck generator Ly(z) = —z¢'(x) +¢"(z).
Show that LH, = —pH,,.
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In other words the multiple integrals are infinite dimensional versions of
the Hermite polynomials.

Proposition 4. For all h € L*(p) such that ||h||;2(,) = 1 we define

p

WP (a1, .. xp) = [ [ Mai) € L2, (4P).
=1

Then, for all p > 1, we have
Ip(h®P) = Hy(I1(h)).
This is sometimes called the Wick product of order p of I(h).

Proof. Trivial for p = 1. Proceed by induction and choose p > 1. Then note
that

L(h*P) Iy (h) = Tpa (ROPFY) + plp1 (h®P)
Whence, using the recursion,
L1 (R¥P*Y) = Hy(Iy(h)11(h) — pHp-1(I1(h))
Using the previous exercise we also know that
dyHp(z) = pHp-1 ()
and thus
L1 (R¥P*Y) = Hy(Iy(h)11(h) — Hy(Iy(h))
= 0Hy(L1(h))
= Hpy1(11(h)).
O]

Theorem 4. [Chaotic representation] For all F € L?(0(G)) there ewists a
unique {fy;q > 1} such that f, € L2, (u?) and we have

sym
F=E(F)+ ZIq(fq) (10)
q=1

(the equality is in L>(IP)). In particular

E(F?) = E(F)* + Y all foll72(0)-
q=1

18



Proof. We start with a few facts.

- Fact 1 : random variables of the type I1(h) with [|h]|z2(,) = 1 generate
o(G).

- Fact 2 : for all X the function ¢*1(") can be approximated in L?(IP) by
complex linear combinations (through Taylor) of powers I1(h)™, m > 1.

- Fact 3: If X € L?(0(@)) is such that IE(XI;(h)™) = 0 for all h,m, then
E(X M) = 0 for all A, h implies that X = 0 almost surely.

AS a consequence
T O ()™ |[B] L2 = Land m > 1} = L¥(0(Q)).

Hence, all we need to do is to show the theorem for random variables of
the type I1(h)™, i.e. we need to show that every F' = I;(h)" admits a
representation . But we already now that there exist C,,, some real
constants, such that

Ii(h)™ = ZCq,qu(Il(h))a
q=0

= ComlIy(h®?).
q=0

3 ELEMENTS OF MALLIAVIN CALCULUS

We work within the framework of a Gaussian measure G with the control
measure u having the suitable properties. We associate to all F € L?(o(G))
an expansion F' = E(F) + >~ Iy(fy)-

3.1 THE DERIVATIVE OPERATOR D

We take

dom(D) :={ F € L*(0(@) = Y qq'll fall 72 () < o0
q=1
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For F' € dom(D) we define

quqlfq ), te A

where o indicates that we integrate over the (¢ — 1) remaining variables. We
can then see that

B[ [ o] = [ wane | (S
=1

_ /A M(dt)ZqQ(q—1)qu(t,°)HQ
Z 0!l fall 720y < 00-

2

First note that for f, = h®? with ||h|| = 1, then I,(f,) = Hy(I1(h)) and

Iy(fq) = alq-1(fo(t ®)) = alg—1 (W¥TH)h(t) = gHq-1(I1(h))h(?)
= Hy (11 (h))h(t). (11)

In particular D I1(h) = h(t). Using this fact together with several
approximation arguments one can prove the following chain rules.

Proposition 5. [Chain rule 1]Let hy,...,hq € L*(n) and take f : RY —
R € C}. Now define F = f(I1(h1),...,I1(hq)). Then F € dom(D), and

Za S (ha), - i (ha) )y (1),

The requirement that the functions be C} (differentiable with bounded
derivatives) is too stringent, and can be replaced by polynomial tail behavior.

Proposition 6. [Chain rule 2] Take F € dom(D) and f: R — IR € C}.
Then

Dif(F) = f/(F)DtF'
Note that nowhere do we suppose that F' have a density; we could end
up sometimes with random variables defined a.e. and for which f'(F) is only

defined almost everywhere. Assuming that F' has a density one can go a step
further.
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Proposition 7. [Chain rule 3] Take F € dom(D) and f : R — IR Lips-
chitz (in particular absolutely continuous and a.e. differentiable). Suppose
moreover that F' has a density (wrt Lebesque measure). Then

Duf(F) = f/(F)DF.

Working upwards we can also show the last chain rule, which will in
particular allow us to work with polynomials (and hence compute moments).

Proposition 8. [Chain rule 4] If F = ijvio I;(f;) be a finite sum of multiple
integrals (in particular having density), then

Dyp(F) = p’(F)DtF

for every polynomial p : IR — IR.

3.2 GENERATOR OF THE ORNSTEIN-UHLENBECK SEMIGROUP L

We take
dom(L) := { F € L*(0(G)) : ZQQ(]!quHQL?(NQ) <
g=1

For all F' € dom(L) we define
LF = =% aly(fy)-
q=1

For every F € L?(0(G)) we also define

o0

LF =3 L0,

q=1 e
This is a pseudo-inverse of the operator L, because

LL7'F =F —IE(F).

Note that L' (F) € dom(D)and dom(L) always, because this is just
the chaotic expansion of a r.v. whose kernels are I;/q which can be safely
multiplied by ¢ and ¢?.
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Proposition 9. [Malliavin integration by parts] Assume that F,G €
L?(0(@)) with IE(F) = 0 and G € dom(D). Then

E(FG) = B((DG,—DL™ " F)r2(,,)-

Proof. Again by density arguments we just prove it for F' = I,(f) and
G = I,(g). But then

IE(FG) = 6p,qq!'(f, 9) 12 (ua)

and
F,G = pI,_1(g(t,e)).

Also we have

L7'F = —;Iq(f) and — Dy L7 F =1, 1(f(t,e))
so that, taking expectations, we get
E(DG, ~DL™ F)pa(,) = /A H(dOE[pL, 1 (g(t, ®) 41 (F(t, )

= Gpgp / p(dt)(p— 1)! / ot Zy1) (1, 2y )P
A Ap—1
= 0p,gP(f, 9) L2(up)-
]

Corollary 2. Assume that IE(F) =0 for F € dom(D). Also assume that f
1s such that the chain rule applies. Then

E(Ff(F)) = E((DF,~DL ' F) ()
= E(f'(F)(DF, =DL™'F) 2(,))

Corollary 3. Take F = I,(f) andn > 1. Then
E(F") = E(FF") = nIE(F"(DF, =DL™'F) ()
n .

where L71F = —%F. In particular, we have

3
B(F) = I (FQHDFH%Q(H)) .
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Part 111
Stein meets Malliavin

Via the Stein’s approach, we have already seen that for any integrable random
variable F' € L'(IP) we have

dry (F,4(0,1)) < sup [E(Ff(F)— f'(F))]

feF1v

with Zrv = {||f]l < V7/2,||f']| < 2}. As was noted before, the supremum
is annoying. The following theorem shows that, in the Gaussian framework,
things are extremely favorable. Hereon, we assume that G is a Gaussian
random measure over (A4, A, u), and all random variables are measurable
functionals of G.

Theorem 5. Let F' € dom(D) with IE(F') = 0. Assume that F' has a density
(to use Proposition[7). Then

dpy (F,4(0,1)) < 2IE |1 — (DF, =DL™'F) 2, -

We have thus reduces the problem of controlling the TV distance to the
computation of an expectation!

Proof. For every f € %y, and using Proposition [7] we have
[E(Ff(F) = f'(F))| = [E(f(F)(DF, =DL™'F) 12(,) — 1))
<2IE|((DF,—DL™'F) 20, — 1)|.

Note that to obtain the last inequality in above, we use the fact that
| f'|loo < 2 for every f € Fpy. O

Corollary 4. If F = I1(h), i.e. F ~ 4(0,|h|?) then
(DF,—~DL™"F)r2(,) = ||h]*.

Hence

dTv<Il(h),JV(0, 1)) <2 |1 — HhHQ‘ .

Corollary 5. If F' = I,(h) for some f € L3,,,(1iP), then (DF,—=DL™'F) () =
%||DF||2, and hence

dry (F, A(0,1)) < 2IF '1 - ]19||DF||2

1 2
<o |E (1 - |yDF||2> .
p
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Therefore, for a sequence {Fy, = I,(hy)}n>1 of multiple integrals of a fized
order p > 2 such that I8(F,)? — 1, we have

2
||DFnH%2(M) gaLY p = F,9or01).

Corollary 6. If F = I,(h) for some f € L%,,.(uP), and IE(F?) = 2. Then

sym

dry(F, H(0,02)) < 0_22\/1[3 (02 _ ;HDFH?)Z. (12)

Hence,

drv(F, N (0,1)) < 21 — 0% + 022\/1/(17" <]19||DF||2>. (13)

Moreover, for a sequence {F,, = I,(hy)}n>1 of multiple integrals of a fized
order p > 2 such that IE(F?) — 02 > 0, we have

2 I
DBy =5 pxo® = EW (0,07,

Proof. For the claim , use the facts that if N ~ .47(0,0?), then g ~
A(0,1) together with

F N

drv(F, A (0,0%)) = dTV(;7 ;)-

Now, just left to apply Corollary |5l For the claim , use the triangular

inequality, Corollary (4] and the relation . Note that when IE(F?) =

o2, then IE(%HDFH) = IE(F?), by using the Malliavin integration by part

formula. O

Now, we are ready to state that approximating random variables in a

fixed Wiener chaos by Gaussian is a nontrivial enterprise.

Theorem 6 (Nourdin—Peccati (2009) E[) Let p>2 and f € L3, (1P) # 0.
Take F' = I,(f). Then

dry (F,./(0,1)) < 2|1 - E(F?)| + 2\/Var <;||DFH2>

< 2|1 —B(F?)| + 2, /p;pl\/]E(m) —3E(F2)2. (14)

3 Nourdin, I., Peccati, G. (2009) Stein’s method on Wiener chaos. Probab. Theory
Related Fields, 45, no. 1-2, 75-118
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Note that ,/% < % and is thus independent of p.

In particular in order to have a CLT in a fixed Wiener chaos it suffices to
control the fourth moments (whereas before this discovery, one had to show
convergence of all moments!).

Corollary 7 (Nualart-Peccati (2005)). Assume that F,, = I,(fy) forp > 2
such that IB(F?) — 1. Then

F, — 4(0,1)
in TV distance (and in particular, in distribution) if and only if
E(FYH — 3=IE(/(0,1)%).

Remark 10. The “If” part of Comllary@ is a consequence of . On
the other hand if IE(F?) — 1 and F,, — #(0,1) in distribution, then for all
r > 2 the sequence {IE(|F,|")} is bounded by hypercontractivity and thus, for
all r > 3, we have

E(F,) — E(/(0,1)").
Proof of Theorem[6 We aim to prove that
1 2 p—1 4 2)2
Var(;HDFH )< =5, {IE(F*) - 3IE(F7)"} .

We are going to use the formula

3
4N 2 2
B(F') = "B(F|DF|},)

The whole proof relies on the derivation of the chaotic decompositions of the

rv’s of interest. Now, for F' = I,,(f) recall that Dy F' = pI,_1(f(t,-)) to write
(using product formula)

CIDFI? = p [ )z, ()2

p—1 1\ 2 o
=p [ (P ) by st 7870

p—1 D 1 2
- pzr!< , > Izp—2(r+1)(f Or+1 f)
r=0
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where to obtain this we have used a stochastic integral version of Fubini’s
theorem. Pursuing with a change of summation variables we deduce

1 P —1\? —
JIPFIE=p3 (-1 ( ) B

—_~—

—prH2+pZT—1 (7 1) Iy (&1 f).

Note that p!||f||? = IE(F?), and we get

—_—

;HDF\Q: IE(F?) —i—pz (r—1)! < ) Lop—2r (f @1 [).

Since we have already shown that %]E(HDFHQ) = IE(F?) we deduce, by
orthogonality of Wiener chaoses, our first estimate

1 P p—1\* —
o (Liprp?) = - 02 (P 1) o2 AP
- (15)

- r2r'2<p> (2 — 2017 B0 7112
p r=1 r

Now we also have

Py <) Iy (F 1 F) p'ufu2+2r'()fzp (T80 D). (16)

r=0

We can now compute the fourth moment

E(F?) = 3IE(F? % *HDFH )

2

p—1 2 —~
= 3E(F?)? +3)_ pri(r — 1)! (f) <f: 1) @2p — 20)!1f @ fI1%.
r=1
(17)

Therefore,
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p—1 2 2 o
) (e =3y = 01(7) (1) o2 e 71

: er'Q(p) =207 712
(18)
Comparing the sums in and we recover the desired inequality
1 —1
ar (||DF||2> < P (R(FY) — 3IE(F?)?) . (19)
p 3p
Note that the following estimate is also in order:
p-1 E(F') - 3IE(F%)?} < (p—1 ! 2
<(p—1)Var { —|[DF|" ).
p

3p
O

Remark 11. The proof of Theorem [6] reveals that for any multiple integral
F = I,(f) of order p > 2 the following surprising fact takes place:
ky(F) = IE(F*) — 3IE(F?)? > 0.

Recall that when p = 1, then x4(F) = 0. What about k¢(F) > 07 This
question is still totally open in its full generality! (see [2] for more detailed
discussion).

Remark 12. If one instead using the clever Malliavin relation

3

E(F) = “IE(F?||DF |72 ,))

by expanding F* on Wiener chaoses to compute IE(F*4) what we will end up
with (take into account

p

4 —_—

B(F) = B(F? x F?) = 3P (p) (2 — 20)1[F &, f
r=0

= P2+ <2p>'||f®ofu2+zr'2(p> (2 — 2017 @, f

— E(F%)? + (2p)!I|f @0 /]° + ZN() 2p — 20)I|F &n f12.
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Hence, we have the presence of the norm of the zero-contraction || f ®o f||?,
which in fact never appears in the expansion Var (%HDF |?). Therefore,
using this approach, one needs to represent the norm of the zero-contraction

|lf ®o0 f||? in terms of the norm of other non-zero contraction to be able to
do comparison. Fortunatly, this can be done and is the message of the next
exercise. Here, we highlight that the appearance of norms (inner products) of
zero-contractions involving the kernel f is in fact one of the main obstacles in
front towards generalization of the Malliavin-Stein approach for non-Gaussian
approximation using product formula as the main tools. A typical example
is when the target distribution is of the form Nj x Ny and Ni, No ~ A47(0,1)
are independent. More precisely, we want to understand the possibility of

convergence
law

Ip(fn) — Nl X NQ

in terms of convergence of finitely many moments/cumulants. Let’s stress
that also the lack of the Stein’s method for the target distribution Ny x Na!
So, one needs to take a different paths. Hopefully, this we can consider in
more details in the last week of the course.

Exercise 6. (a) Show that

T S0 AP =201+ 2 5 () 1F @ 1
r=1

(b) Use part (a) to show that

p_l — 2r P
w(r) - sy =2 Y (M) (e 2+ (22 ire e
r=1

p—r
Corollary 8. Assume that {F,, = I,(fn)}n>1 is a sequence of multiple

integrals of fized order p > 2 such that IE(F2) — 1. Then the following
statements are equivalent.

(a) F,"Y (0,1).
(b) IE(F}) — 3 =E(N*), where N ~ 4(0,1).
(c) IDF, 2 " p.

(d) | fn @ fallp2(uzr—2r) = O for all1 <7 <p—1.
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(e) || fn @ anLz(“2p72r) =0 foralll <r<p-1.

Proof. We are just left to show the implication (e) = (a). Statement (eé,

and [|fn @ follp2uze-2r) < | fn @r fallL2(uze-2r), together with Exercise
part (b), imply that in fact k4(F},) — 0. So, we are done. O

Remark 13. The computations in the proof show that there exists a constant
¢ := c(p) > 0 only depending on p for which

Arv(lp(D, A (0.1) < efp) _max_ {I1F & Fllzzuon-r) |

=1,...,

<elp),_max  {|If ®r fllizger-2ny  (20)

The estimate in is that which is most used in practical situations since
it 1s easier to estimate contractions rather than moments.

Problem 2. Can the maximum in attain in, at least, one running index
r? maybe middle running index ¢ A positive answer to this problem decrease
drastically the complexity of checking CLTs on Wiener chaos.

Remark 14. We have already seen that for a sequence {F,, = I,(fn)}n>1
the convergences IE(F2) — 1 and IE(F?) — 3 = IE(N*) imply F}, converges
in distribution towards N ~ .47(0,1). It is a natural question to ask that
why the fourth moment? In other words, do the other even moments do
the same job as the fourth moment ? For example, do the convergences
IE(F2) — 1 and IE(FS) — 15 = IE(N) imply the convergence in distribution
towards .#°(0,1)7 In fact, it was an open problem in this modern domain of
probabilistic approximations since appearance of the Nualart—Peccati fourth
moment theorem in 2005. It can be easily seen that if one expands F© (where
F = I,(f)) on Wiener chaoses to use product formula, then immediately
very involved expressions such as inner products of three copies of the kernel
f appears and makes this approach completely hopeless. Recently, in [2],
we create a novel approach using Markov triplet (one of the topics we will
briefly study during the last week of the course) to give a positive answer
to this rather long-standing open problem. In fact, we prove that for every
r>2

E(F2) —» 1&E(FY) - ENT) = (2r — 1)l < F,™ #(0,1).
(21)
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Another interesting question to ask here is: can one replace the convergence
of the second moment in with convergence of some other even moments?
For example,

E(FS) —» E(N%) & E(FY) - EN®) = F, % 40,1). (22)

Using the techniques developed in [2], we could also give a positive answer to
. However, we failed to prove it for convergences of the eighth and tenth
moments. Theses observation lead us to the following interesting conjecture
(any idea?).

Conjecture 1. Let {F,, = I,(fn)}n>1, and p > 2. Then for every r # s

E(F) - B(N?) = (2s — ) & IE(F?*) - E(N*)=(2s— 1)

law

= F,Y.o01). (23

3.3 MULTIDIMENSIONAL CASE

Let d > 2, and fix d natural numbers 1 < p; < py < --- < pg. Consider a
sequence of d-dimensional random vectors of the form

Fn:(Fﬁv'” 7Frczl):(jp1(f11)7"' 7Ipd(fg))‘ (24)

Our aim in this section is to prove the following multidimensional version of
the fourth moment theorem due to Peccati-Tudor (2005).

Theorem 7. Let F,, be a sequence of d-dimensional random vectors of the

form such that

lim B(F) x FY) =&, 1<i,j<d.

n—oo

Then the following statements are equivalent.
(a) F? m—@”JV(O,l), foralll <i<d.
(b) E(F)* — 3, forall 1 <i<d.
(¢) |IDEi|2 ") by, for all 1 <i < d.
(d) || f: @, f::LHLQ(MQpi—Qr) —0, foralll<i<d, andr=1,--- ,p; — 1.
(e) Fn'™ 41(0,1,).
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In other words, Theorem [7] tells us that the component-wise convergence
to Gaussian distributions implies the joint convergence of the vector to the
multidimensional Gaussian. There are different ways to prove Theorem [7]
Here, we follow the path was developed by Nualart & Ortiz-Latorre. Their
strategy mainly consists of showing that the characteristic function of any
adherence value in distribution satisfies in the same ordinary differential
equation as the characteristic function of the d-dimensional Gaussian random
variable. The advantage of their approach compare to multidimensional
Stein’s method (which is more involved compare to one dimensional version)
is its simplicity and as drawback this approach is not quantitative, and
hence one can not provide any rate of convergence. The interested reader
can consult [0, Chapter 6] for a proof of Theorem [7| using multidimensional
Stein’s method. The token of the main part of Theorem [7] can be decoded
using the following lemma in which the Malliavin derivative matrix

Lo = (T3 )1<ij<da = ((DFy DED 124) 12 o

plays an essential role. The Malliavin derivative matrix I' is in the core of
the studies of regularities of laws of random vectors (see [7, Chapter 2]).
In the next lemma, we will use again heavily the specific structure of the
underlying random variables.

Lemma 4. Let

Fo=(Fpo  ED) = (I (fa)s -+ I () (25)
such that for every 1 <i,j <d, IE(F! x Fﬂ) — 0;.5. Then

’2 L2(IP)

. . . . L2(IP
|IDF| pi = T =(DF DFl)ay "3 /i

Proof. We need to show that for any ¢ < j (and so p; < p;j) we have

lim T ((DF}, DFJ)3(, ) = 0.

n—o0

Using exercise 2, part (a), we know that

- (pilp;!)*

I (DF}, DFD)?) 120 = Zl (IS ey I£i@n £
<Z plp]) 2”]” ®, f]HZ

pj —m)!(r = 1))
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So, we are left to show that ||f @, f1||2 — 0 for all 1 < r < p;. Using the
very definition of the contraction, Fubini’s theorem, and Cauchy—Schwarz
inequality, we can write

Hf?lz i fgLH2 = <frZL )y 7];7 f’rZL )y frjw >L2(”Pi+1’j*2r)
= <frZL Qp;—r frlm frJL Qpj—r f2>L2(u2T) (26)
< 1fn @pi—r Fall X [1f7 @p;—r fill-

. . , D)
Case (a): if r = p; = pj, then || f}, @, fl? = (IE(F,Q X F,{)) — 0 by

2 TP
assumption. Case (b): if 1 <r < p; — 1, then assumption |DF}|? i3 Di

implies that F y A(0,1) and therefore || fi @, fi||> = 0 for all 1 <r <
p; — 1. Hence, the right hand side inequality tends to zero. Case (c): if
r = p; < p;. In this case, the right hand side of takes the form

15 @pimr fall X 1f3 @py—r 2l = IR X 1 F7 @py—r F2I
= B(F,)? % || £ @p,—r il = 0,

Because IE(F!)2 — 1 and so bounded and || f3 Rp,—r fil—o. O

Proof. Proof of Theorem |7} It is enough to prove the implication (c) = (e).
Since IE(F} x Fj) — &; ;, for i = 7, this implies that sup,~; IE(F?)? < +oc.
Therefore, the sequence {F), },>1 is tight, and so it is enoﬁgh to show that
the limit of any convergence in distribution subsequence {F}, },>1 is in
fact .43(0,14). To this end, assume that F),, lay F, as k — oo for some
random vector Fp, = (FL,---,F%). By our assumptions, first we have
that F% € L2(Q) for all 1 < i < d, and moreover IB(FL x FL) = 0 if
i # j. Now, let’s denote the characteristic function ¢, (t) = IE(e“tFra)
for t € RY. Then @y, (t) — o(t) for any t, where @, is the characteristic
function of F,,. Note that the fact that FZ, € L2(Q) implies that the partial
derivatives (%(poo = iIE(Fgoei<t’F °°>1Rd) are well defined. Now, continuous
mapping theorem tells us that

law

Fnk€i<t’Fnk>Rd = FgOGNt’FOO>Rd. (27)

Note that the sequence in the left hand side of is bounded in L?(f2)
and so uniformly integrable. Hence, for all 1 < j < d, and t € IR?, as k — co:
0

50 P (t) = E(F 'Frlra) — i%o = (B(FL e tFeima) (28)
7

ot;
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On the other hand side, using integration by part formula: (note that
IE(F,) = 0)

E <F3kei<t’F"’“>Rd) =K <<Dei<t’F"k>Rd, —DL*lFfz'k))

. d
= = > 4 (PR EB(DFY,, DF,)))

Pii3 "
;o
=—— Y {4 (e“t’Fnk)RdFﬁ;ﬁ) :
L
Therefore
o 1 & . ,
gy o) = = S (i),
J Pi4

Hence, Lemma [4] implies that the charactrisitic function ., satisfies in
equation

0
37753'8000 (t) = —tjPoo (t)7

for all j =1,---,d and t € IRY. Therefore, the only possibility for ¢ is to
be the characteristic function of .45(0, I4). O

We finish this section with the following very general result.

Theorem 8. Let {F,},>1 be a square-integrable sequence with the following
chaos decompositions: for everyn > 1

o0

Fy =" L(fuy). (20)
p=1

In addition, assume the following:
(a) for all p > 1, we have p!|| frpll> = 7.

(b) szl ag < 400.

(¢c) for allp > 2 and everyr =1,--- ,p— 1, we have || fnp @r fapll = 0,
as n — oo.
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(d)
2-0.

oo
lim sup Z p | f
N—oo 7’121 p:NJrl n,p

Then we have F, Y N (0,02%).
Proof. For all N > 1, set

Therefore, for any t € IR:

‘E(eitFn) _ IE(eitG)’ < ’]E(ez‘tFn) _ E(eitF"’N)’
+ ’IE(eitF"’N) _ ]E(eitGN)’
+ ‘IE(eitGN) - IE(eitG)‘ ‘= apN + by N+ cN.

Note that

2
cN = ‘6_%(U%+"'+012v) _ 50

as N — oo, because of assumption (b). Moreover,

s 0 = sup () B
n>1 n>1

< |t|supE|F,, — F,, n| < |t| [supE(F, — F, n)?
n>1 n>1

< |¢| [sup Z 02— 0,
"2l >N+

by assumption (d). Hence, for ¢ > 0, choose N large enough so that
SUPp,>1 an,N < g/3 and ¢y < e/3. Also, according to Peccati-Tudor multidi-
mensional version of the fourth moment theorem, we have in fact that, as
n — oo,
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(L(fun)s - IN(fan)) = A (0, diag(0?, -+, 0%)).

Therefore, F,, y = Zévzl Iy(fnp) lay N (0,07 + - +0%). Hence, b, n < ¢/3
if n is large enough. O

1]
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