
The lecture on Thursday, February 5, will be 15.00 - 16.00.

Fractal sets in analysis, Exercise 3, 11.2.2015

1. Prove that for closed sets A ⊂ Rm and B ⊂ Rn,

dimA+ dimB ≤ dimA×B.
Hint: You may use Frostman’s lemma.

2. Prove that for bounded sets A ⊂ Rm and B ⊂ Rn,

dimMA×B ≤ dimMA+ dimMB.

3. Show that if A ⊂ Rn is a closed set, then

dimA = sup{s : ∃µ ∈M(A) such that
∫
|x− y|−s dµy ≤ 1∀x ∈ Rn}.

Define the Riesz s-capacity, s > 0, of a non-empty compact set A ⊂ Rn by

Cs(A) = sup{Is(µ)−1 : µ ∈M(A), µ(A) = 1}.

4. Prove that Cs(A) = 0, if Ct(A) = 0 and 0 < t < s.

5. Prove that Cs(A) = 0, ifHs(A) <∞.

6. Prove that dimA ≤ s if Cs(A) = 0. Conclude that

dimA = inf{s : Cs(A) = 0}.
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