Fractal sets in analysis, Exercise 7, 18.3.2015

1. Prove the Riemann-Lebesgue lemma: if f : [0,27] — C is Lebesgue integrable,
then lim,|, f(n) = 0.

2. Prove thatif f : [0,27] — Cis continuous with f(0) = f(2r)and >~ 1F(n)| <
o0, then the partial sums 3> f(n)e™ converge uniformly to f, as N — cc.

3. Prove thatif f : [0, 27] — Cis continuous with f( )= f(2r)and Y 7 |A(n)| <

oo and € M([0,27)), then [, fdp =30 f(=n)fi(n).

n=—oo

4. Prove that if ;1 € M([0, 27]), then [z is a Lipschitz function.

5. Let f, g : R — C be 2r-periodic functions which belong to L'([0, 27]). Compute
the Fourier coefficients of the convolution f x g,

[ gl / F — v)o(y) dy,

in terms of the Fourier coefficients of f and g. Do the same for the product fg as-

suming in addition that f, g € L*([0,2x]), >>>2 |F(n)| < coand Yo Jlan)) <
0.



