ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

TUOMAS HYTONEN

or:
Classical regularity theory of
second-order divergence-form elliptic
partial differential equations with
bounded measurable coefficients
(but this is probably too long to fit your transcript)

BACKGROUND READING

The course is primarily based on the book [GT77], especially its Chapter 8, with some necessary
prerequisites from earlier chapters. Time permitting, there may be some topics from [Ken94]| as
well.

1. SET-UP

Consider L (an operator) acting on u (a function), given by the formula

Lu= Z 3iaij8ju =V AVu,

Q=1
where
0; = 0 VvV =(0,)}
L 3:1:i’ o vi=l1
and

A= (a’l])i,jzl = (a4 (m))i,jzl
is a matrix whose entries are bounded measurable functions, or in other words, a bounded mea-

surable matrix-valued function. We are interested in properties of solutions u to Lu = 0. The first
topic is what we mean by “solutions”.

Remark 1.1. Much of what we do could be extended to the more general operators of the form
Lu =V - (AVu + bu) + & Vu + du,

with lower order terms as well; nevertheless, we concentrate on the pure second order case. This
case is enough for applications to quasilinear equations in Part II of [GT77] (as pointed out in
[GT77], bottom of p. 167).

1.A. Notion of weak solutions. A common paradigm in the modern theory of PDE is to
separate the questions of existence and properties of solutions:

(1) Establish the existence of solutions in some weak sense, so that this becomes relatively
easy.

(2) Show that these weak solutions actually satisfy stronger properties than initially required
by the notion of solutions.
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To motivate the definition of solutions, consider a formal calculation: Suppose that Lu = 0 in
Q (a domain of R™). Let

# € CL(Q) := continuously differentiable compactly supported functions in .

[The book [GT77] denotes this space by C&(Q) instead.] Then, integrating by parts and observing
that the boundary terms disappear because of the compact support,

0:/(Lu)¢>=/v-(Avu)¢=—/Avu-w Vo € CH(Q).

Now, we forget about the formal intermediate steps (justifying the integration by parts etc.) and
take the result of this computation as a definition of what it means that “Lu = 0”: We say that

u € CY(Q) := continuously differentiable functions in Q (not necessarily compact support)

satisfies Lu = 0 if [ AVu-V¢ =0 for all ¢ € C}(Q). This last integral is well-defined for all such
functions. In this way, we can make sense of the action of a second-order differential operator on
u, although wu is only required to have the first derivative.

This notion of solutions can be generalized further by relaxing the notion of the derivative.
This leads us to:
Definition 1.2. Consider two functions

u,v € Li, () := locally integrable functions on €
= {u Q—-R measurable‘ / |u] < oo VK C Q compact}.
K

Then v is called a weak ith partial derivative of v provided that
/vqs = —/u@igb Yo € CH(Q). (1.3)

Remark 1.4 (Mollification). We recall the following construction from Real Analysis. Let ¢ €
C(B(0,1)) with [¢ =1 and u € L{ (). Then the convolutions

loc

u* ¢ () := /u(y)¢5(x —y)dy = /u(x —y)o:(y)dy := /u(m — y)ginrj)(g) dy

are well defined for dist(z,2¢) > ¢, and they are C'° functions there. Moreover, we have the
convergence
u* ¢ (x) — u(x) at a.e. (almost every) z € Q as ¢ — 0.

This last statement is a version of the Lebesgue differentiation theorem.

From the mollification technique it follows that the weak partial derivatives are unique (in the
a.e. sense). Namely,

o) = liny [ v(w)oxlo — v)dy = lim — [ u()3 -6~ )] dy,

e—0 i

by the defining formula (1.3) applied to the function y — ¢.(z — y) in place of ¢, and this formula
determines v(z) uniquely at almost every x € Q.

We shall the denote the weak partial derivative of u, whenever it exists, by d;u, i.e., by the
same notation as for the classical partial derivative. Let us also define

W (Q) := weakly differentiable functions on
={u € LL.(Q):0u € Li,.(Q) exists for all i = 1,...,n}.
With this definition, we can revise the notion of weak solutions as follows:

Definition 1.5. u € W1(Q) is a weak solution of “Lu = ¢”, where g € L{ (Q), if

—/Avu-v¢:/g¢ Yo € CHQ).
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1.B. Standing assumptions on the operator L, or its matrix A. We will only consider
real-valued functions. There are also results known for complex-coefficient matrices A(z) =
(aij (%))} j—1, but in general these require different techniques, and the choice of the present course
is to concentrate on the methods available in the real-valued case.

The other key assumptions are:

(1) The matrix A is (or, if you prefer: its coefficients a;; are) bounded and measurable, and
quantitatively

4@l <A & | au@ng| <Alldl e zen, vener
ij=1
(2) The matrix A is strictly elliptic, which means that:
n
§-AE =) a(@)&é = MNP ae zeQ, VEER™
ij=1

In these conditions, we assume that 0 < A < A < co.

Exercise 1.6. Show that, under the standing assumptions, the matrix function A(zx) is a pertur-
bation of the identity matrix I in the following sense: There exists m € R (independent of ) and
a matrix function K (x) such that A(z) = m(I + K(z)), where ||[K(2)|/op < k <1 for ae. z € .
Hint: You need to show that |n- (I — A(z)/m)€| < k < 1 for all £,n € R™ of norm one. Write £ as
a sum of two vectors | and &, , parallel with 1 and orthogonal to 7, and use ellipticity to see that
the part £ will ‘help’ you to decrease the norm. At some point you should encounter a simple
optimization problem to find a good value for m.

1.C. Sobolev spaces and boundary values. In the sequel, we will be concerned with solution
u of Lu = 0 living in certain subspaces of weakly differentiable functions. We define the (first
order) Sobolev space

WHP(Q) = {u e WHQ) : u,0u € LP(Q) Vi =1,...,n}

equipped with the norm

- /
s = ([ er+3 [ o)™
=1

It is easy to see that all u € C}(2) belong to this space, i.e., C1(Q) C WP(Q) is a subspace. We
define

WP (2) := closure of C}(Q) in WP(€)
={u e W(Q)| Ju, € CHQ) : |lug — ullywr.r — 0}

Intuitively, one should think of W,?(Q) as the subspace of u € WP(Q) with zero boundary
values, “ulgg = 0”. Note that it is not meaningful to define these boundary values in a pointwise
way, since the Sobolev functions are only almost-everywhere equivalence classes, and the boundary
0f) usually has measure zero.

So we adopt the convention that for u € W1P(Q),

u=00n00 X ue WyP(Q).
This allows to define several related notions: for instance, two functions u,v € W1?(Q2) have same
boundary values, “u = v on 997, if and only if u — v =0 on 01, if and only if u —v € Wol’p(Q).
We can even define inequality on the boundary. As before, other cases can be deduced once we
define “u < 0 on &Q”. For a real number ¢ € R, observe that ¢t < 0 if and only if t* := max(¢,0) = 0.
Accordingly, we define

u<0ondQ € uti=max(0,u)e W,y P ().
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The maximum " := max(0,u) is well-defined in the pointwise a.e. sense, and one can ask if it
belongs to the space W, (£2) or not. We will soon check that it always belongs to W1h?(Q) (if
u € WHP(Q)), but the above definition can be made even without knowing this.
Now of course u < v on 92 means that u — v < 0 on 9f2. Taking v to be a constant function

v =k € R, we can define the boundary supremum as

supu = inf{k € R:u < k on 0} = inf{k € R: (u— k)" € W, *(Q)},

aQ
with the understanding that inf @ = oo. (Note that this notion of supremum depends on the
Sobolev space W1?(2) that we are considering — in particular, on the exponent p —, so a more
complete notation could be W1- sup; however, the space W (£2) will be always understood from
the context, and we will not apply such heavy notation.)

Exercise 1.7. Let u € W1P(Q) with supynu < co. Prove that in this case the infimum in the
definition of supyq u is actually reached as a minimum. (Hint: It is enough to show (why?) that
(u—e)t — ut in WhP(Q) as ¢ — 0. Estimate the LP-norm of the function u™ — (u— &)™ directly,
and the LP norm of its weak derivative with the help of the results from the next section.)

The first result on the elliptic equations that we want to prove is the maximum principle: If
u € W12(Q) (note that we have chosen p = 2 here) satisfies Lu > 0 in a bounded domain €, then

sup u < sup u.
Q BlQ)

Here the inequality “Lu > 0”7 is again interpreted in the integrated form:

Lu>0 &« —/AVU-V¢ZO V¢ € CH(Q) such that ¢ > 0.

Before going to the proof of the maximum principle, it is convenient to develop some more theory
of the weak derivatives.

2. MORE ON WEAK DERIVATIVES

2.A. Mollification and relation to classical derivatives. Recall the mollification of u €
L (Q) by ¢ € C>(B(0,1)), given by the formula

u* ¢e(x) = /u(x —y)o:(y)dy = /u(y)d)s(x —y)dy, dist(z, 0Q) > ¢,

from Remark 1.4. In addition to the pointwise approximation u*¢.(z) — u(z) almost everywhere,
this also has the following norm approximation property:

Lemma 2.1. If K C Q is a compact subset and u € L] (Q), then 1x(u* ¢.) — 1gu in L' as
e —0.

Proof. Note that the expression 1x (u* ¢.) is well defined as soon as € < § := dist(K, 99Q). Recall
from Real Analysis that v x ¢. — v in L}*(R") for all v € L}(R™) (globally, instead of locally,
integrable).

Let K, := {z € R™ : dist(z, K) < n} for some 7 < §, so that K, is a compact subset of Q. For
€ <, we have 1 (u * ¢.) = 1k ((1k,u) * ¢c), and thus

Mk (us de =)l = [1x((Lk,u) * ¢ — i, u)l|r < [[(1k,u) * ¢ — Li,ullpr — 0
by the mentioned global L' convergence for the function 1 K,U € L. (]
As a O function, u * ¢, in particular possesses all first order derivatives 9;(u * ¢.) in the

classical sense. The following lemma records a connection between these classical derivatives and
the weak derivatives of u:

Lemma 2.2. Let u € Li _(Q) have a weak derivative d;u € L (Q). Then

loc loc

Oi(u* ¢e)(x) = (Osu) * de () for all x € Q such that dist(x,00) > €.
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Proof. With the help of the dominated convergence theorem, one can justify the differentiation
under the integral to compute

Oi(ux ¢.)(z) =

- [ ulw)onte —v)ay

~ [ ooty = [ul)( - 5. - 1)

the last step being immediate from the chain rule. Now, we can apply the defining formula of the
weak derivative, with the function ¢. , € C1(Q2) given by ¢. .(y) = ¢-(z — y), to deduce that

~ [ utw) g-0ua— )y = [ Buuly)o(e — ) dy = @)+ 6. (a),

3

as we wanted to prove. O

We are now ready for a useful characterization that provides alternative points of view to the
notion of weak derivatives:

Proposition 2.3. Let u,v € LL _(2). Then the following statements are equivalent:

loc
(1) v is the weak derivative of u, namely, v = d;u.
(2) There is a sequence of functions u, € C*(2) such that ui, — u and dyuy, — v in L ().
(3) There is a sequence of functions u € C*(Q) such that the same convergences hold.
If all partial derivatives Oju, i = 1,...,n, exist, then it is possible to choose one approximating

sequence uy, for which the convergence O;u — O;u holds for all i.

1

1oc(£2)” we mean: For every compact K C , we have ||1x (ur — |1 — 0.

By “up — win L

Proof. (2)=-(3) is trivial, since the sequence in C* also qualifies for the sequence in C.
(3)=(1): This is a direct verification of the definition. For ¢ € C}(£2), we have

/ ud;p = klim / uRO0; @ by convergence in Li,.(Q) and compact support of ¢

=— klirn (Osuk) o by integration by parts for classical derivatives
— 00

=— / v by convergence in LIIOC(Q) and compact support of ¢, again.

This proves that v = d;u in the weak sense, by definition.

(1)=(2): This is the main step that requires a construction of the approximating sequence.
Morally, we would like to take uy = (u* ¢, ) with e, — 0, but the problem is that u* ¢, () is only
well-defined for dist(z,0Q) < ¢, i.e., not for all x € Q. To fix this problem, we consider cut-off
functions x° € C°(02) with the following properties:

o x%(x) =1 if dist(z, 0Q) > 3e.

o x°(x) =0 if dist(z,0Q) < 2e.

e x“(x) is between 0 and 1, and smooth in between.
We take for granted the existence of such functions. Then, our choice of the approximating
sequence is uy = (u * ¢, )x°* (where we interpret “not-well-defined x 0 = 0”).
Concerning the convergence uy — u in Li (), we argue as follows. Given a compact K C €,
as soon as ¢ < dist(K, 9Q), we have x°* = 1 throughout K, so that 1xur = 1 (u* o) — lgu
by Lemma 2.1.

As for the derivatives, as both factors of uy are C° (where defined), we can use the classical
product rule and then the previous lemma to see that

Oiu, = O;(ux P, )X + (u* ¢, )OXTF = (v * b, )XTF + (u* e, )0; X"

Like before, as soon as g < dist(K,9Q), we have x** = 1 and thus 9;x** = 0 throughout K.
Hence 1x0;u, = 1k (v * ¢¢, ) — 1xv by Lemma 2.1, exactly as before.
The last statement of the proposition is immediate from the construction just given. O
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2.B. The chain rule for weak derivatives. Our goal is to see how to find weak derivatives of
fou, where u € W1(Q) and f: R — R is (at least piecewise) differentiable in the classical sense.
We begin with:

Lemma 2.4. Let u € W(Q) and f € CY(R) with f' € L>®(R). Then fou € W(Q) and
V(fou) = (f' o u)Va.

Proof. We make use of the characterization provided by Proposition 2.3. By assumption, there is
a sequence uy € C(2) such that up, — w in L () and Vuy, — Vu in L (92). Recall from Real

loc loc
Analysis that some subsequence (which we still denote by u) also converges pointwise almost

everywhere.

By the classical chain rule for C! functions, it follows that f o u, € C1(Q2) and V(f o u) =
(f" o ux)Vug. It suffices to prove that f our — fowu and V(f oug) — (f' ou)Vu, since this will
show (again by Proposition 2.3) that fowu € W(Q) with V(f ou) = (f’ ou)Vu, as claimed.

Let K be a compact set. Then

[ 1) = f@lde < [ 1 el — iz =
K K

since ux — u in L (), and this shows that four — fouin L ().

loc loc
We turn to the convergence of the derivatives:

[ 17 @)~ £Vl de < [ 17V - Volde+ [ () - )Vl do
K K K
<1l [ 190 = Valda+ [ 17w) = £Vl do.

For the first term, we immediately have convergence to zero, since Vuy — Vu is L{ (). For the
second term, we argue as follows: Recall that we picked a sequence wy such that ug(x) — u(z)
at almost every z € Q. Since f’ is a continuous function, we also have that f(ux(x)) — f'(u(x))
at all these same x. Thus the integrand converges to zero pointwise almost everywhere. On the
other hand, the integrand is also bounded by

' (ur) = f(@)]|Vu] < 2| f'||oo| Vul € L (K),
and thus the whole integral converges to zero by the dominated convergence theorem. O
Exercise 2.5. Let f € C1(R) with f’ € L>®(R). Let u,u;, € WHP(Q) with up — u in WHP(Q).
Show that we also have f owu, — fowu in WHP(Q), at least for a subsequence. Hint: Repeat

considerations similar to the proof of the previous lemma, but using LP(f2) norms instead of
L'(K) norms.

The following variant is particularly relevant in the context of the maximum principle:

Lemma 2.6. Let u € W1(Q). Then ut := max(u,0) also belongs to W(Q), and

Vart (z) = {Vu(ac), if u(x) >0,

0, else.

Proof. Since the function f(t) = max(t,0) is not differentiable at zero, for every € > 0, we consider
an approximation

(2 +e2)V2 —¢, ift>0,
t) =
J-®) {0, else.

It is straightforward to check that f. € C'(R), and

fLt) = (t* +e%)~1/%, if ¢ >0,
7 o, else,
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which is more compactly written as f.(t) = t*(t> +£2)~'/2 belongs to L>°(R). Hence the previous
lemma applies to show that f. ou € W(Q) and

ut
Vifeou) = (feou)Vu= co g V-

Integrating against ¢ € C1(Q) and using the definition of the weak derivative, we arrive at

u+
/¢WW =- /(Wﬁ)(fe ou). (2.7)

Note that the factor ut(u? + 2)~/2 is bounded by one and tends poitwise to

1, ifu>0,
>0} = 0, else

as ¢ — 0. Since ¢Vu is integrable (¢ being compactly supported and Vu locally integrable), we
conclude that

ut
/¢(u2+62)1/2VUH/¢1{U>0}VU

by dominated convergence. On the other hand, 0 < f.(u) < v and fe(u) — u™ pointwise as e — 0,
so we also deduce from dominated convergence that

- [wors 0w~ [ oy

Thus, taking the limits of both sides of (2.7), we arrive at

[oruavu=- [Fou',

which shows that Vu™ exists and equals 1{u>0yVu, directly from the definition of the weak
derivative. This concludes the proof. O

The following theorem contains and generalizes both previous lemmas about the chain rule for
weak derivatives. We say that a function is piecewise C'! if

e it is C'! outside a finite number of exceptional points,
e at these points, it has one sided derivatives, which agree with the one-sided limits of the
proper derivatives.

Theorem 2.8. Let f : R — R be piecewise C' with f' € L¥(R), and u € W(Q). Then
foueWYQ), and

f'(u(@)Vu(z), if u(z) ¢ E,

V(fou)(z)= {0, if u(z) € E,

where E is the finite set of exceptional points of f.

Exercise 2.9. Prove the previous theorem. Hint: Make an induction on the number n of excep-
tional points. The case n = 0 is already handled, so it remains to make the induction step. Let ¢
be one of the exceptional points. By replacing f(¢) by f(t+to) and u by u—t( (check the details!),
it may be assumed that tg = 0. The restriction of the function f to R_ and R; may be extended
to piecewise C'! functions f_ and f,, each of which has only the exceptional points that f has
on R_ and R,. Find a formula for f(u) in terms of f_(u~) and f; (u™) (where ™ := min(u, 0))
and apply the induction hypothesis, checking that each of f_ and f; has fewer exceptional points
than f itself.
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3. THE MAXIMUM PRINCIPLE
We now return to considerations around the elliptic differential operator L.
Theorem 3.1. Let Q be a bounded domain and u € WH2(Q) satisfy Lu > 0 in the weak sense,
i.e.,
/AVu Vo <0 Yo € CHQ) such that ¢ > 0. (3.2)

Then

supu < sup u.
Q o9

Remark 3.3. It is understood that supg v is actually the essential supremum, i.e., the supremum
outside a set of measure zero. Recall that the boundary supremum is defined as

supu == inf{k € R: (u— k)" € W, *(Q)}.
o0

The idea of the proof is to use a “clever” choice of the test function ¢ in the condition (3.2). To
allow more possibilities for this choice, we would like to be able to replace the test function space
C1(Q) by the somewhat larger W, *(Q).

Lemma 3.4. The expression
ZL(u,d) := / AVu-V¢
Q
defines a continuous bilinear form on W12(Q).

Proof. By the boundedness of A and the Cauchy—Schwarz inequality, we have
| (u, 9)| < / AVul [V < A[VullL2 [Vl 2 < Alullwr2(|6]lwr.2,
Q

so indeed .Z(u, ¢) is well-defined for u,¢ € W12(Q). The linearity of £ with respect to each
argument is obvious, and continuity follows from the above bound and Z(u, ¢,) — L (u,9) =
Z(u, ¢, — ¢), and a similar identity in the first argument. O

Lemma 3.5. Under the assumptions of Theorem 3.1, the inequality (3.2) remains valid with ¢
replaced by any v € W, *(Q) such that v > 0.

On a quick thought, this could seem obvious from the previous lemma and the definition of
Wy2(Q) as the closure of C1(Q). Namely, for each v € Wy?(€), we can choose a sequence
v, € CH(Q) such that ||v, — v|ly12 — 0, and therefore .2 (u,v,) — £ (u,v) by the continuity of
% on WH2(Q). Now, if £ (u,v,) < 0, then also .Z(u,v) < 0. But, to deduce that .Z(u,v,) <0
from the assumption (3.2), we need that v, > 0, i.e., we need the following:

Lemma 3.6. Ifv € Wol’Q(Q) satisfies v > 0, then an approvimating sequence v, € CL(Q) with
||lvn — v|lwiz — 0 may be chosen so that v, > 0 as well.

Exercise 3.7. Prove this lemma. Hint: Let v, be any approximating sequence of v, and let f.
be the auxiliary function from the proof of Lemma 2.6. Check that f. o v — o™ (which is v for
v>0)ase — 0and f.ov, — f.ov asn — oo for any fixed . Which functions appearing in this
hint are nonnegative and C()?

As discussed above, Lemmas 3.4 and 3.6 imply Lemma 3.5, and we are ready for:

Proof of Theorem 3.1. By Lemma 3.5, we have
/AVU Vo<0  Voe W, ?(Q) such that v > 0.

On the other hand, by the definition of supygq u, there is a sequence of numbers k; \, supy, v (i.e.,
approach from above) such that (u — k;)™ € W12(Q). Let us consider one such k; and simply
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denote it by k. Our choice for v is then v = (u — k)*, which lies in W, *(Q) by the choice of k,
and clearly satisfies v > 0, being the positive part of a function. Thus, we have

OZ/AVu-Vv:/AVu~V(u—k‘)+=/AVu-l{u>k}Vu
Q Q Q

:/A(l{u>k}Vu)~1{u>k}Vu:/AVU-VUZ//\\Vv|2.
Q Q Q

Since X > 0, this implies that [, [Vv|? = 0, which in turn implies that Vo = 0 almost everywhere.
Now, we would like to argue that v itself satisfies v = 0 almost everywhere. Assuming this
for the moment, we could conclude the proof as follows: Recalling that v = (u — k)™, we have
(u— k)t =0, thus u < k almost everywhere on (2, i.e., supgu < k. Since this is true for all
k = k; \, supyq u, we have supg u < supyq u, as we claimed.
To check that v = 0, we make use of Sobolev’s inequality, which we prove in the next section.
Here we need the following case:

lwll /@) < IVwllwia@)y — Vw € Wy (D). (3.8)

Let us observe that our v is such a function. By assumption, it belongs to W12(Q), which
means that [|v — ¢, |lw12 — 0 for some functions ¢, € C1(2). But recalling the definition of
the norm of WP in terms of the L? norms of the function and its partial derivatives, and using
£l @) < 1 £llp2(0) |22, we immediately check that [[v — ¢y [|w1.1 < cqllv — ¢ llwr.2, so that v
also belongs to Wol’l(Q). Thus we may apply (3.8) with w = v, for which the right side, and thus
also the left side, is zero. And this clearly implies that v = 0 almost everywhere. O

4. SOBOLEV’S INEQUALITY

The proof of the maximum principle already used a particular case of the following fundamental
estimate, which has a wide range of applications in Analysis:

Theorem 4.1 (Sobolev’s inequality). The following inequality
[l prws - @y < ClIVuUllpo@ny — Yu € Wy P(R™)
is valid for all 1 < p < n, with some C = C(n,p).

Remark 4.2. (a) The Sobolev exponent pn/(n — p) will sometimes be abbreviated as

* np
p = ,
n—p
when the dimension n is understood from the context. Note that
1 1
p* p n

so that 1/p* < 1/p and hence p* > p.

(b) As p " n, the exponent np/(n — p) tends to co. However, this formal limit of Sobolev’s
inequality is in general not valid, except for n = p = 1, when it is easy. For u € C}(R), we can
write

o) = [ wway = @< [ W@l < e, (43)
and obtain the general case of u € W11(R) by approximation. (The details of this approximation
argument will be indicated in Exercise 4.8 below.)

The simple argument above serves as a model for the main case of Theorem 4.1 stated as follows:

Proposition 4.4.
||u||Ln/(n—1)(Rn) S CHVUHLl(R“) Vu S Ccl(Rn)
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Proof. Now we can write an analogue of (4.3) in each coordinate direction:
Xy X4
u(z) =u(xy,...,Tn) :/ &-u(xl,...7mi,1,yi,xi+1,...7xn)dyi:/ (T4, i) dys,
— oo —00

where

Ti = (X1, Tie1, Tjg 15+, Tp) € R !
is the vector  with the ith component removed, and (&;, y;) is the vector x with the ith component
replaced by y;. Thus

lu(x)] < /R|3Ui(i"i7yi)|dyi =: u(4),

where in the last step we just gave a name to this new function of n — 1 variables. Multiplying
the analogue of this bound for each ¢ = 1,...,n and taking the (n — 1)th root, we arrive at

|(|n/n1§ﬁ /(=D Hvzxz

Integrating over z € R", we can use a variant of Holder’s 1nequahty recorded in the following

lemma:
n n 1/(n—1)
n/(n-1) gy < / (4 / 51 dg,
[ ovass [ TLuoae<T[( [ o)
n 1/(n—1)
= / / |0 u( ml,yl)|dyldml>
i—1 Rn—1
n 1/(n—1)
-TI( / (Dru(a)) de
i=1 R
n 1/(n—1) n/(n—1)
<1l (/ [Vu(z)] dx) = (/ \Vu(z)] dx) ,
paley n n
and taking the n/(n — 1)th root of both sides gives the claimed inequality. O

Above, we needed the following variant of Holder’s inequality dealing with functions that depend
on a restricted number of variables only:

Lemma 4.5. Letv; : R"~! — [0, 00) be measurable functions, and &; := (21, .., T 1,Tit1,-..,Tn).

Then
/“ Hvz &) dz < H (/R il )”_1d£i>1/(n71). (4.6)

Remark 4.7. (a) Recall that the usual Holder inequality states that [wvdz < |Jul|p||ull,, where
1/p+1/p’ =1, and by induction on n it is easy to derive from this that

/ﬁui(l') dz < f[l (/ui(x)p,. dx)l/m

for any numbers p; > 1 satisfying Y " ; 1/p; = 1. One possible choice of such exponents would
be p; = ... = p, = n. Note that this is a different inequality than that asserted by the lemma,
where the exponent is n — 1, not n. In the lemma, we have the additional structural assumption
that each function depends only on n — 1 variables, not all n variables.

(b) If you forget the inequality (4.6), but remember that some estimate of the type

/n‘l—[vz T dm<H(/Rn 1 )qul)l/q

is valid, there is an easy way to check what the value of ¢ must be. (The same trick applies as
a useful “reality check” many other inequalities as well.) Namely, replace each function v;(Z;) by
v;(tZ;) for some ¢ > 0, and make the change of variables tx = y on both sides. Then ¢ disappears
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from inside the functions v;, and dz becomes ¢t~ dy and d#; becomes ¢~ ("1 dg; (since this is
only (n — 1)-dimensional). Taking out the powers of ¢, the left side scales like t~™ and the right
side like t—™(»~1)/4, This leads to a contradiction by considering the limits ¢ — 0 and ¢ — oo,
unless the exponents match, i.e., unless n = n(n —1)/q, and thus ¢ = n— 1. So the estimate above
can only be valid for this exponent.

Proof of Lemma 4.5. We proceed by induction on n. The case n = 1 is not meaningful, so the
base of induction is n = 2. In this case, 1 = x3, 2 = x1, and the claimed estimate becomes an

identity:
/ vy (z2)va(zr) da = / v1(22) dag / vg (1) dag
R2 R R
by Fubini’s theorem.

Let us then assume that the claim is true for some n > 2, and prove it for n + 1. We keep
denoting by = a point of R™, so that a generic point of R"*! becomes (x,z,1). Thus we now
want to estimate

/ /Hvi(i"i,xnﬂ)vnﬂ(x) dzna dm:/ (/Hvi(ii7mn+1)da:nH)vnH(x) dz.
n Rizl R” Rizl

For each fixed =, we apply Holder’s inequality, with exponents p; = ... = p, = n, to the n
functions v;(Z;, x,41) of the variable x,,+1 € R, arriving at

1/n
/H /vl Fiy Tpg1)" d$n+1) Up41(x) da.

We also use Holder’s inequality with exponents n and n’ = n/(n —1) to the two functions v, 41(z)
and the other (more complicated) factor in the integrand above, arriving at

/n H /vZ (Zi, Tpg1)" dxn+1>1/(n_1) d:c) (n_l)/n(/n Upt1(x)" dm) l/n.

Finally, we apply the induction assumption to the n functions ( fR Vi (&4, Tpg1)" dZpgq

Z;, which gives
n 1/n 1/n
§( / /vi Tiy Tpa1) " daygr do / U1 (x)" do ,
1}( ) deasda) ([ vnn(e)"da)

and this is exactly the right side of the lemma with n 4+ 1 in place of n, since each function v; is
raised to the power n = (n + 1) — 1, and integrated over its “own” variables. This completes the
induction, and thereby the proof. O

Exercise 4.8. Complete the proof of Sobolev’s inequality as stated in Theorem 4.1. Hint: (a)
Case 1 < p < n for u € CL(R™): Check that |u|? € C}(R"™) for v > 1, apply Proposition 4.4 to
this function, use Holder’s inequality to extract the norms of u and Vu, and make an appropriate
choice of the parameters to reach the claim. (b) The general case: Deduce from the previous cases
that an approximating sequence uy € C(R"™) of u € VVO1 P(R™) is Cauchy with respect to the norm
of LP"/(n=P) "and check that the L™/ ("~P)_limit must agree with the W?-limit .

The following corollary to Sobolev’s inequality will be needed in the next section:

Corollary 4.9. Let Q be a bounded domain. On the space Wol’p(Q), we have equivalent norms

lullwie = | Vullr — Yu € WyP(Q).

41_77

The notation indicated that the two quantities are equivalent “up to constants”, i.e.,
cllullwrr < IVul[r < Cllullwre

for some 0 < ¢ < C < oo, where these constants are independent of the particular function w.
They may, however, depend on p and ().
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Proof. Recall that ||ullwie =~ ||ullze +||Vul/Le, so that it is enough to show that ||ullL» < ||[VullLe
for all u € VVO1 P(Q). We will use the fact that, on bounded domain, the L norms form an
increasing scale in the sense that ||u| > < |Jul/£e|Q|"/?~Y% < ||lu||L« whenever p < g, by Holder’s
inequality. The proof uses Sobolev’s inequality and splits into two cases:

Case 1 < p < n: Since p < p*, we have from Holder’s and Sobolev’s inequalities that |lul|, <
el S llaly-

Case p > n: We choose an auxiliary ¢ < n < p. Since ¢* — oo as ¢ — n, we may choose ¢* as
large as we like, in particular, so that ¢* > p. Then |lull, < ||Jullg« S [|[Vullg < [|[Vullp. Actually,
with a little algebra it is easy to check that one can choose ¢ so that ¢* = p and the first “<”
becomes “=". Either way, the proof is complete in both cases. O

5. SOLVABILITY OF THE DIRICHLET PROBLEM

We have developed enough tools to actually ‘solve’ a partial differential equation now. The
quotation marks may be necessary, since we only prove the existence of solutions, without providing
any actual formula to express them.

Theorem 5.1. Let Q be a bounded domain and L =V - AV satisfy the standing assumptions. Let
e eWH2(Q), g€ L3(Q) and f = (f1,..., fn) € L>(Q;R™). Then the Dirichlet problem

{Lu—g—i-v-f in €, (5.2)
U= on 082,
which is an abbreviation for

[avuvo= [If-vo-g6) woeck@, u-geWi@), (5.3)

has a unique solution u € W12(Q).

The uniqueness can be seen immediately from the maximum principle: If w1, us are two solu-
tions, then u := u; — us satisfies Lu = 0 in Q and v = 0 on 9€2. Hence the maximum principle
implies that supg u < supgq v = 0. Since —u satisfies the same conditions, the maximum principle
also shows that — info u = supg(—u) < supyg(—u) = 0, thus infg u > 0, and altogether u = 0 a.e.
on ().

The existence of the solution will be derived from the following abstract principle, which inci-
dentally provides another proof of uniqueness as well:

Lemma 5.4 (Lax-Milgram). Let B : H x H — R be a bounded (i.e., |B(u,v)| < C|ul||v])
bilinear (i.e., linear with respect to each argument) form on a real Hilbert space H, which is also
coercive:

B(u,u) > c||ul? Yu € H,
where ¢ > 0 is independent of u € H. Let F : H — R be a bounded linear functional. Then the
equation

B(u,v) = F(v) Yo e H (5.5)
has a unique solution u € H.

Proof. The working engine of the proof is a fundamental result of Functional Analysis called the
Riesz Representation Theorem: it says that every bounded linear functional F' : H — R is of the
form F'(v) = (f,v) for some f € H that depends only on F (not on v), where (f,v) denotes the
inner product of f and v. Thus the right side of (5.5) can be written as (f,v) for some f € H as
a direct application of the mentioned theorem.

We also rewrite the left side in a similar way: For each fixed u € H, we observe that v — B(u,v)
is a bounded linear functional from H to R, and thus of the form (T'(u),v) for some T'(u) € H
depending only on u (and the fixed bilinear form B). Since B(u,v) is linear in u, it easily follows
that u — T'(u) is linear as well, and the boundedness of the form B implies the boundedness of
operator T : H — H. So B(u,v) = (Tu,v) for some bounded linear operator T', and (5.5) is



ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS 13

equivalent to (T'u,v) = (f,v) for all v € H, or more simply to Tu = f. It remains to check that
T : H — H is a bijection, so that the unique solution is given by u = T~ f.
To this end, we record the following consequence of coercivity:
clul® < Bu,u) = (Tu,u) < || Tul||ul,

and hence

cllull < || Tul < Cllul|  Vue H, (5.6)
using also the boundedness of T'. From this it is immediate that T is an injection: if Tu; = Tus,
then w = u; — us satisfies Tu = 0 and hence u = 0. Thus T : H — H’ is a bijection from H to its
range H', which is easily seen to be a subspace of H by the linearity of T.

This subspace is also closed: If T'uy, converges to some h € H, then (5.6) shows that c|luy—u,|| <
|ITur — Tuj|| — 0; thus uy, is a Cauchy sequence and hence convergent to a limit v € H. But then
(5.6) shows that Tuy, — T'u, so that h = Tu € H', proving the closedness of H'.

We finally check that H = H’ by contraposition. If this is not the case, then there is some
nonzero vector y € H that is orthogonal to the closed subspace H’, i.e., we have (Tu,y) = 0 for
all w € H. But, choosing u = y, we deduce that c||y||? < (Ty,y) = 0, contradicting the choice of
y # 0, and thus H' must be all of H.

Altogether, we have established that T': H — H is a bijection, and therefore Tu = f has the
unique solution v = T f. O

Proof of Theorem 5.1. We first make the following reduction: Writing w := u — ¢, the original
problem is equivalent to finding a w € W12(Q) that satisfies
Lw:Lu—L@:g—i—V-(f—AV(p) = g+V-h inQ,
w=0 on 0f)
Since p € W12(Q), we have Vi € L?(Q;R"™), and since A is uniformly bounded, also AVy €
L?(Q;R™). Thus h satisfies the same assumptions as the original f.
Thus, we may assume without loss of generality that the boundary function ¢ = 0, so that we

are looking for a solution u € W, *(2). The strategy is to put this case of the Dirichlet problem
(5.3) into the framework of the Lax—Milgram lemma. Indeed, on the left we have

L(u,¢) := /AVu -Vo,

which was already checked to be a bounded bilinear form on W12(Q) (and hence also on the
subspace W,*()) in Lemma 3.4. Moreover, we have

£ (u,u) = / AVu-Vu > / ANVl = N[Vull}e 2 ulwre  Vue Wo?(Q)

by Corollary 4.9 in the last step. Hence .& : Wol’Q(Q) X Wol’Q(Q) — R is a bounded, coercive
bilinear form.
We turn to the right side of (5.3), which we suggestively denote by

F(g) = / 96— -V,

which is linear in ¢ and satisfies

IF(6)] < / lallel + 1F11Vel < lgllzzlglice + [ fllz2Vellze < (lgllzz + [ Fllz2) | llwre,

so that this is bounded on W12(2) and in particular on its subspace W, ().
Altogether, the problem (5.3) with ¢ = 0 is seen to be: Find u € W,*() such that

ZL(u,¢) = F(¢) Yo e Ci(R),
where .Z and F' are as in the Lax—Milgram lemma on the Hilbert space H = WO1 ’Q(Q). The only

deviation from Lax-Milgram is that ¢ ranges over the subspace C(Q2) instead of all Wy'*(2), but
the continuity of both sides in ¢ implies that requiring the identity on the dense subspace C}()
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is equivalent to requiring it for all ¢ € VVO1 2(Q) Thus Theorem 5.1 follows from the Lax—Milgram
lemma. (]

Exercise 5.7. Show that the condition that g € L?(Q) in Theorem 5.1 can be relaxed (preserving
the validity of the conclusions of the theorem) to g € L(2), where

g=2n/(n+2), ifn>2
q>1, if n=2.

Hint: Note that the assumptions on g were used in checking that the functional F' is bounded on
WO1 2 (Q), and use the Sobolev embedding and Hoélder’s inequality to see that the new assumptions
are enough here.

6. BOUNDEDNESS OF SOLUTIONS

Now that we know that the functions we are studying (solutions of elliptic equations) actually
exist, we are on a firmed ground to continue the investigation of their properties. In this section,
we prove the following:

Theorem 6.1. Let fe LY(Q;R™) and g € LI/%(Q) for some q > n, and let u € WH2(Q) satisfy
Luzv-f—i—ng, u <0 on 02

i the weak sense, i.e.,

/ AVu -V < /(f- Vo—g¢) W<peClR), uteWy?(Q). (6.2)
Q Q
Then .
Sgpugc(HquHm +k), k=2 fllg + llgllase),
where C' = C(n,q, |9]).
In particular, if u is a solution of the equation (not just inequality)

Lu:V~JF—}—ginQ7 u =0 on 012,

then wu satisfies the assumptions of the theorem as stated, and —u with f and ¢ replaced by — f
and —g. Thus we have

||| e = sgp |u| = max (sgpu,stgllp(—u)) < C(max(||u+||Lz7 lu™lr2) + k) < C(|lullpz + k).

Thus the solution u, which was only assumed to be in T/VOIQ(Q) to begin with, also belongs to
L>°(Q). This is much better than the integrability conditions for Wy**(€2) functions coming from
Sobolev’s inequality; the solutions of elliptic equations are better than just arbitrary Sobolev
functions!

Exercise 6.3. Use the same reduction to zero boundary values as in the proof of Theorem 5.1 to
see what you can say, with the help of Theorem 6.1 about the boundedness of the solutions to

Lu:V-f—Fg, in Q,
U=, on 0f.
What assumptions on ¢ do you need to estimate ||u||oo, and what is the bound that you get?

The claim of Theorem 6.1 is trivial if supg u < 0, and otherwise this supremum is the same as
[lut||oo- Our approach to this L* norm is via the LP norms with finite p — oo, namely:

Lemma 6.4. For any measurable function w, we have ||w|loo < lIminf, o ||w||q-
Proof. If |[w||ee > A, then |w(z)| > X for all z in some set F with positive measure |F| > 0. Hence
lwllg > IA1Ellg = MEIY® — X as ¢ — cc.

Thus liminf, . ||w]ly > A. Being valid for all A < ||w||, this shows that liminf, .. ||w|, >

[[w]]oo-
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This leads to the following criterion for estimating L°° norms:
Lemma 6.5 (Moser’s iteration). With p € [1,00), kK > 1 and C > 0 fized, suppose that a function
w € LP(Q) satisfies
lwllagp < (COMPlwllgy VB € [1,00).
Then w € L*>(2), and ||w]|oc < C'||w||p, where C" = C'(C, k).

Proof. We apply the assumption with 8 = &7 for all j =0,1,2,...:
”anj‘Hp < (Cﬁj)’g7 ”w”mjp'

Observing that the second factor on the right has the same form as the left side, but with j in
place of j + 1, we can iterate this estimate, to the results that

N-1
lwlevy < ( TT €67 Yl
=0

The product can be written as
H (CRI)F = Cxi=o © 7 g0 IR < 0T,
j=0

where
o0 o0
= g K7 < o0, T = E JrT? < o0
j=0 Jj=0

This shows that ||w|| v, < C'||lw|, with C" = C°k™ = C’(C, ), uniformly in N. Since xVp — oo
as N — oo, the claim follows from Lemma 6.4. O

We also record a number of further lemmas on Sobolev functions:
Lemma 6.6. Let f € C'(R), f' € L(R) and f(0) = 0. If u € Wy'*(Q), then f(u) € WyP(Q).

Proof. By definition, there is a sequence uy € C}(Q2) such that uy, — win W1P(Q). By Exercise 2.5,
we also have that f oug — fowuin W1P(Q), at least for a subsequence. It suffices to check that
fouy € CL(), for this shows that fou belongs to the W1 P-closure of C}(Q). That fouy belongs
to C(Q) follows from the chain rule, since both f and wuy are C* functions. Also, since uz = 0
outside a compact set Ky, and f(0) = 0, we also have that f o u; = 0 outside the same compact
set K. Thus f o uy is also compactly supported. O

Lemma 6.7. Ifu € WYP(Q) and f-(t) is the C' approzimation of t* from the proof of Lemma 2.6,
then f.ou — ut in WHP(Q).

Proof. Recall that

242 —¢ ift>0, t+
f(t) = ( ) . flt) = T iz
0, if t <0, (t2 4 ¢€2)
Then 0 < fo(t) < t* and f.(t) = tT ase — 0, and 0 < fL(t) < 1(0,00)(t) and fL() — 1(g,00)(t) as
€ — 0. Thus
J150 = utp o, [V ow) = Vat P = [ () - Lo @) Val? -

by the pointwise convergence of the integrands and the dominated convergence theorem. O
Lemma 6.8. If u € W, (), then also uy := min(u, N) belongs to Wy (Q) for every N > 0.

Proof. We have uy = min(u, N) = u — max(u — N,0) = u — (u — N)4. Let f.(t) be the C!
approximation of ¢* form the previous Lemma. Then f.(u — N) — (u — N); as ¢ — 0, and
thus uy = lim.o(u — fo(u — N)) = lim._ ge n © u, where g. n(t) = t — f-(t — N) € C*(R),
gLn(t) = 1=fL(t—N) € L=(R), and g n(0) = 0— f-(—N) = 0. By Lemma 6.6, g you € Wy (),
and hence uy € W, P(Q) as the limit of these functions. O
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Now we are ready for:

Proof of Theorem 6.1. With the idea of applying Moser’s iteration in mind, we would like to
estimate the integral of (uT)? for large value of 3. We first do this with u™ replaced by u} =
min(ut, N), which takes its values between 0 and N.

There is slight technical problem in that the function f(t) = ¢, for 3 > 1, does not satisfy the
condition f’ € L* required by many of our results dealing with f ow. To fix this problem, for
auxiliary numbers 3 > 1 and N > 0, we consider the modified power function

BEP1t, t<0,
H(t) =< (k+1t)5 — kP, t€[0,N],

(k+N)? =k 4+ B(k+ N)»~Y(t-N), t>N.
The main part is that for ¢ € [0, N], and in fact H(u}) = (k +u™)? — kP, since u}; takes all its
values on [0, N]. Outside this interval, we have chosen the unique affine extensions that make H
globally C1, i.e., we have matched the one-sided limits of both H and H’ at t € {0, N}. Due to
these affine extensions off the finite interval, the derivative H' is constant on (—oo,0) and (N, 00),
and we see that H' € L>°. We also have that H(0) = 0. Since u™ € W, *(2) by assumption, we

have u}, € W;?() by Lemma 6.8, and then also that H(u}) € W,*() by Lemma 6.6.
We also define another auxiliary function

= /Ot H'(s)*ds

As the primitive of a continuous function, G is also C*!, and moreover G’ = (H')? € L> and
G(0) = 0, so that G(u},) € W, *(Q) as well. Since H' and hence G’ is increasing on R, we also
have G(t) < tG'(t) for t > 0.

By density and continuity, we may take any nonnegative v € WO1 2(Q) in place of ¢ € C1(Q) in
(6.2). We choose v = G o u},. Then (6.2) reads as

[ Avu- G uvat < [(F- 6w vak - g6t

(6.9)

< [UFl6 @)Vt + 19lG (k)

Since Vu}, = L(o,n)(w)Vu by Theorem 2.8, we have Vu = Vuj; on the support of the latter, and
the left side above is

/AVU -G (uf)Vul, = /G’(u}t,)AVuE SVul, > )\/G’ )| Vul?
On the other hand,
. o 1 1 -
G @RIV | = X216 ()N V] < 56 i) (Vg 2 + 5 17T2).

Absorbing the integral of the first term to the left of (6.9), we get
L2
[ e whivatl < [ 6k (517 + Slokut)

< /G’(uTv)wz*v + W(ﬂ; t 2‘%')

using 1 < (ujfy + k)/k and u}; < ul +k in the last step.
Recalling that G’ = (H')?, we find that

1
[e vt = [ i)V = [ IVHGEHE 2 g1 HGO By,
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provided that dimension n > 2, where the Sobolev embedding is valid, since H (u}) € VVO1 ’2((2),
as already observed. On the other hand, by Holder’s inequality,

42 Fi2
/G’(u})(uj(, + l<:)2((|)\fk|)2 + 2%) < M (u ) (uy + k:)||§q/(q,2)H (l/\f;l)z + 2%

q/2’
and the last factor is dominated by

]
- “1= <1+42=
oy R s .

l
k2 q/2

by the choice of k. So altogether,
1H (ui) 20 /-2y < CIHH' (upe)(up + F)ll2q/(q-2)-

Since uj; takes its values on the interval [0, N], where H is given by H(t) = (t + k)° — kP, we
can rewrite the above line as

[(ul + &) = kP llany(n—2) < CIBuE + k)P~ (uf + k)ll2g/(g—2)»
or in other words
WP |2n/(n—2) = | (uly + &)°l2n/(n-2) < CBIW |l2g/(q—2) + 1K ll2n/(n—2) < C"Bllw’|2q/(q—2):

since all L norms of the constant k” are comparable (with constant depending only on ||), and
k < w. Using the simple identity ||w”| > = Hw||§p5, the above estimate can be further rewritten
as

lwllgrp < (C"8)"P|lwllp,
where
2q 2n q—2

:7’ K =
q—2 n—2 2q

p: > 1,

VLRSI
RS

since ¢ > n. But this is precisely the assumption of Moser’s iteration Lemma 6.5, and the
conclusion of that Lemma says that

[w]leo < Cljw]lp-

This can be further improved by observing that

1/p 1/p
ol = ( [wr)" < ([ hwlizz2e?) ™" =l ol
+

hence ||wl/eo < C’||w||(1>§2/p||w||§/p. Diving both sides by ||w||<1>$2/p (which is finite, since w = uy
is pointwise bounded by N) and simplifying, we arrive at

[w]loo < Cllw|l2,
and hence
[unlloo < lwlloe < Cllwllz < Cllugll2 + k)-
Letting N — o0, we deduce the statement of the Theorem by monotone convergence.

This completes the proof for n > 2, and the case n = 2 is left as an exercise. O

Exercise 6.10. Complete the proof of Theorem 6.1 by presenting the necessary modifications
for the case that the dimension is n = 2. Hint: Check that the Sobolev inequality |[v]|2;,/(n—2) <

C||Vv||2 can now be replaced by ||v|; < C[|Vvl|2 for any ¢ < oo, where C' depends on ¢ and [€].
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7. HARNACK’S INEQUALITY

We now move from the study of global properties of solutions to local properties. By global, we
understand estimates dealing with the entire domain €2, such as the statement of Theorem 6.1,
where we estimate the norm of u™ in L°(Q). In contrast to this, local properties are about the
behaviour of the solutions in, say, some balls B contained in 2. Of course, if a solution is globally
bounded on €, it is trivially bounded in every ball B C 2 as well, but the point of the local theory
is that we may expect some more precise information on the local scale.

To simplify the technicalities, from this point on we only deal with solutions to Lu = 0, instead
of the subsolutions Lu > V - f + g (so we have both replaced “>” by “=", and the functions on
the right by zero. In the local theory, the boundary values on 92 are less important, since we are
only dealing with B C €2, which may be far away from the boundary.

The main goal of this section is the following theorem:

Theorem 7.1 (Harnack’s inequality). Let u € W12(Q) be a solution of Lu = 0 in Q. Suppose
moreover that u > 0 on some ball 4B = B(y,4R) C Q. Then

supu < Cinfu,
B B

where C = C(n, A/N).

In fact, we establish this via several intermediate subgoals, namely: under the same assump-
tions, we have

1/,
supung(f u”) ! Vp>0 (7.2)
B 2B

1/p
(][ up) <Cyinfu  Vp<0 (7.3)
2B B

(][ up> v < Cp(][ u*Z’)_l/p for some p > 0. (7.4)
2B 2B

It is clear that a combination of these estimates will prove Harnack’s inequality. (Above, we have
denoted by f,---:= ﬁ Jp -+ the “average integral” over B)
As always, the starting point is the choice of a clever test function in the defining formula

/Avu Vo=0 VYoveW,?9Q).

The relevant choice now is
v:n2ﬂﬁ, u:=u+k,
where 7 € C1(4B) and k > 0 is an auxiliary parameter that is eventually taken to the limit k — 0.

In principle, we would like to consider all 5 € R\ {0}, but there are technical obstacles similar to
those in the proof of Theorem 6.1 about the behaviour of the function (¢ + k)”. Let us take

kP + BKB—1t, ift <0,
f(t) == 5 .
(t+ k), if t > 0,

so that this is a O extension of (t+k)? from [0, c0) to all R. Now it is immediate that f’ € L>(R)
if and only if 3 < 1, and in this case |f'|c = |3|k°~1. We concentrate for the moment on this
case only.

Since u € W12(Q) and f € C*(R) with f' € L>®(R), we have @’ = f ou € W12(Q) as well.
Since 7, and hence 72, belongs to C1(Q2), we have 2a° € W, *(Q); indeed, f ou = limy_., vy for
some v € C1(Q), and thus 7%(f o u) = limg_.o 7?0k, where n%v;, € CL(Q). So indeed v = n*u*
is a legal test function. Observe the first appearance of the local flavour through the multiplying
function n?; in the global theory, it was enough to deal with test functions of the form f o u for
suitably chosen f.

Now, by the product rule

Vv = V(n?aP) = 20a° Vi + Bn*a’ 1V,
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hence
0= /Aw-w = 2/naﬁAvu.vn+ﬁ/n2aff—1AW~vu,
thus the absolute values of the two terms are equal, and therefore
B /nQQB_l\VMQ <18 /ﬁQiﬁ_lAVu -Vu < 2/17715|AVu -Vl < 2A/nﬂ5\VuHVn|.
We split the right side as follows:
2 |Vul| V| = 2e'/2nuP=Y/2|Vu| x e/ 2aB+D/2|Wy| < en®aP | Vul? + e @B Vn)? (7.5)
Choosing ¢ so that Ae = %)\| (], we can absorb the integral of the first term to the left, arriving at

1A|5|/772fﬁ—1|vu|2 < 2A2/aﬁ+1|vn|2. (7.6)
2 —AlB
To proceed, we would like to identify @(®~1/2Vu as a gradient of something. Note that the

function
e {@([Prl)/?’ B # —1,
log @, 08=-1,
satisfies
_— {;(5 +1)al-br2vu,  f# -1,
a 'Vu =alP-D2vy, p=-1.

Thus (7.6) can be rewritten as

[vup e [wriwn o= (RO s (7.7)

and
2 2 2 2AN2
/n IVw|? < e / Vnl2, ey = (7) . B=-1. (7.8)

We make some observations: The constant c¢g is uniformly bounded for all |3| > 5y > 0. Also,
there is a qualitative difference between (7.7) and (7.8): the function w appear on the right of the
former, but not of the latter. We shall use (7.7) to prove the bounds (7.2) and (7.3), while (7.8)
will be crucial for (7.4).

Let’s proceed with (7.7). By Sobolev’s inequality (for dimension n > 2, with a necessary
modification for n = 2), we have

Imwl|2n /-2y < ClIV(nw)|l2 < CllnVwlz + CllwVn|ls < CallwVnl2. (7.9)

Here we used the fact that w = @(#t1)/2 € W2 (since (3 + 1)/2 < 1) so that nuw € W,* for
n e Ch

Next, we make a choice of n (which was so far only specified to be in C}(4B)): For concentric
balls B, = B(y,r;) with R <1y < ro < 2R, we choose 7 so that n =1 in B,,, n = 0 outside B,,,
and |[Vn| <2/(rqg —r1) in By, \ By,. Then (7.9) gives

Cs
To —T1

[wllzzn/-2(B,,) < MW L2002 < CallwVnllz < wllz2(B,,)-

Substituting w = a(#+1)/2 = 47/2 where v := 3 + 1, and using [|[w®| > = ||w]|$, (With obvious
meaning also when pa < 1, even pa < 0, although || ||Lre” is no longer a norm in this case), we
get

/2 Gy a2 _
P[Yﬂn,/(nfw(Brl) S o _er ”uHZW(BTQ)v Y= /6 + 1 ¢ {07 1}7

where the restrictions correspond to the forbidden values 5 ¢ {—1,0}. Raising to the power 2/7,
and observing the reversal of the inequality when raised to a negative power, we finally have

fidl

_ C 2/y
/| /25,y < <r2 _er) lullLr s,  ¥>0(y#1), (7.10)
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which is used to prove (7.2), and
G

-7

B 2/
ey < (25) Ialmoam,), 1 <0 (7.11)

which will give us (7.3). As a matter of fact, we should also remember the restriction that 8 <1,
thus v < 2, which means that (7.10) has been thus far only established in this range; however,
it turns out that it is actually true in the full range as stated. Concerning the constant C., we
recall that this stays bounded when 3 stays away from 0, thus when ~ stays away from 1. This is
always true in (7.11), but in (7.10), the constant C., actually blows up when v — 1.

Both (7.10) and (7.11) should remind the reader of the assumption of Moser’s iteration Lemma 6.5;
however, there is the added complication that not only the exponents but also the domains B,,
change on the two sides of the estimate. Thus, we cannot directly apply Lemma 6.5 as stated,
but we can still adapt the same method. Altogether, one should not think of Moser’s iteration
as a certain fixed lemma, but rather as a technique that arises in different forms and different
situations.

Exercise 7.12. Derive (7.3) from (7.11). Hint: Let x := n/(n — 2), and consider v := x*p,
re = R(1+27%), ry = R(1 +2~* 1) and recall that C,, < C for some fixed C. Follow Moser’s
iteration argument, and check that ||ul|z«(py — infpu as ¢ — —oo.

Exercise 7.13. Derive (7.2) from (7.10), assuming that this would be already known for all 7 as
written. Hint: Adapt the hint of the previous exercise, and observe in addition the following: By
Holder’s inequality, it is enough to consider a sequence of exponents p — 0. Taking, for instance,
Dj = k1277 it follows that m"'pj is never too close to 1, so that the estimate (7.10) is uniform
(i.e., C, < C) over such a choice of the parameter .

Exercise 7.14. Let H € C*(R) with H' € L*°(R), H(0) = 0, and both H and H' be positive
and increasing on [0,00). Under the assumptions of Theorem 7.1 and for n € C1(4B), prove that

[1H (w)nll2n)(n—2) < C|IH (u)Vnll2. (7.15)

Hint: Adapt the computations above with v := n?G(u), where G(t) := fg H'(s)?ds. The analogue
of the splitting estimate should give G(u)?/G’(u) in place of #”*! in the second term. Check that
this is dominated by H (u)?.

We now apply the result of Exercise 7.14 to the function

0, if t <0,
Hy(t) := < 15, if0<t <N,
NP + BNA=Y(t — N), ift> N,
where 8 > 1 and N > 0. One easily observes that this satisfies the assumptions of Exercise 7.14,
and therefore the conclusion (7.15). It is also easy to check that, for each fixed t € R, N — Hy(t)
is an increasing function of N that tends to t? for each ¢ > 0. Thus, by monotone convergence,
(7.15) with H = Hy and N — oo implies that
47 ll2n/(n-2) < Clu’Vnlla, B> 1.

Choosing, as before concentric balls B, = B(y,r;) with R <7 < ry < 2R and n =1 in B,,,
1 = 0 outside B,.,, and |Vn| < 2/(rq — r1), this implies

HuﬂHLQn/("*”(Brl) < ||UB||L2(BT2)a B >1.

To —T1
Denoting 3 = v/2 with v > 2 (so that § > 1) and simplifying, this is the same as
C

9 —T1

2/
el omsn2r,,) < ) s, > 2

which is exactly the missing range of 4’s from (7.10), which is now completely proven. (An alert
reader may notice that we have just u above, in contrast to @ = u+k in (7.10); however, the result
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for u immediately implies the same result for @, since u satisfies exactly the same assumptions:
we have Lt = Lu = 0 in Q [since Lk = 0 for any constant k| and @ > v > 0 in B(y,4R) C Q0.)

According to Exercises 7.12 and 7.13, the bounds (7.2) and (7.3) follows from (7.10) and (7.11),
both proven now, as already said. Thus, in order to complete the proof of Harnack’s inequality, it
remains to prove (7.4), which we will derive from (7.8).

In (7.8), we consider n = 1 in B,., n = 0 outside Ba,, and |Vn| < 2/r, where the balls
B, = B(z,1) C By, = B(#,2r) C 4B = B(y,4R) need not be concentric with the reference ball
B = B(y, R). Then (7.8) implies that

/BT [Vw| < (/BT |Vw|2)1/2|37-|1/2 < C(/B2T (%)2)1/27‘"/2 <Co@m )1/2 n/2 _ cpn—1

for any such B, C Bg, C 4B. This further implies that:
Lemma 7.16. For any ball B, = B(z,r), we have

/ |Vw| < Cr™~t. (7.17)
B.M2B

Proof. Let us consider three possibilities for the ball B,.:

(a) B, C 4B: In this case we already checked the bound (7.17).
(b) B, N2B = &: In this case the bound is trivial, since the integration domain is empty.
(¢) We are in the complement of both (a) and (b).

It remains to consider case (c), in which case we have both Bs, N (4B)¢ # @ and By, N 2B D
B, N2B # @. Thus By, meets both 2B = B(y,2R) and (4B)¢, so the diameter 4r of Bg, must be
larger than dist(2B, (4B)¢) = 2R, hence 2r > R. On the other hand, the ball 2B clearly satisfies
2-2B C 4B (indeed, with equality), so applying the already known case (a), we have in case (c)
that

/ V| g/ Vw| < CR)"™! < 47C =1,
B,N2B 2B
so (7.17) holds even in this case, possibly with a larger constant C. t

The condition (7.17) actually has a name; it says that |Vw| belongs to the Morrey space
M™(2B), which will be studied more thoroughly in the next section. At this point, we take for
granted the following consequence (to be proven in detail in the next section) of (7.17), and use
it to complete the proof of Harnack’s inequality:

Lemma 7.18. Under the condition (7.17), the function w € WH1(2B) also satisfies

sz exp (c\w - (w>23|> <O, (w)ap = ]éB w. (7.19)

Proof. This will be a consequence of Theorem 8.4 below. O

Now, since |z| dominates both z and —z, and exp is increasing, (7.19) implies the pair of

estimates
f ecwe—(:(w)zB < C, ][ e—cwec<w)23 < 07
2B 2B

or, multiplying the constant factors e*¢(®)25 to the right side,

][ e < C€C<w>28, ][ e < Cefc<u)>23
2B 2B

If we multiply these two inequalities together, we arrive at

][ ecw][ eV < Cec(w)mgefdw)z}s =C.

Recalling that w = log @, we have e*°? = (eW)*¢ = = (u+ k)*¢, and therefore we have

][ f (u+k)—° jés C][ (u+k)y ¢ <C.
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Finally, letting k& — 0, we find that (u 4+ k)~ increases monotonically to u~¢, and we conclude
(7.4) with p = ¢ from the above estimate via the monotone convergence theorem. This completes
the proof of Harnack’s inequality, aside from the verification of Lemma 7.18, which will follow
from a development of the theory of Morrey spaces in the next section.

8. MORREY SPACES AND RIESZ POTENTIALS

Definition 8.1. A function f € L () belongs to the Morrey space MP((2) if

loc

/ 1f] < Ken/?' — gpn(1=1/p)
B,NQ

for any ball B, = B(z,r), for some constant K independent of the ball. The smallest such K is
denoted by || f|[are(q)-

As indicated, the condition (7.17) says that |Vw| € M™(2B); indeed, n(1 —1/n) =n — 1.
Remark 8.2. (a) We have LP(Q2) C MP(Q) for all p € [1, o0]; indeed,

L Ai= 18118, < Wl < el 5l
B,.NQ Q

(b) For p € {1, 00}, we have MP(Q) = LP(Q). It only remains to check “C”. For p = 1, we have
1/p’ = 1/oo = 0, and the defining condition of M1(£2) says that meQ |f] < K. Letting r — o0
(with a fixed centre for B,.), this gives || f||1(q) = [o |f| < K. If p = oo, the defining condition of
M>(Q) says, after dividing by |B,|, that fBT |f] < ¢K. Considering B, = B(z,r) for each z € ,
and letting » — 0, this gives |f(z)| < cK for a.e. z € Q, by Lebesgue’s differentiation theorem.
Thus indeed || f|co < K.

Exercise 8.3. Let @ = B(0,1) be the unit ball of R”, and p € (1,00). Check that the function
f(z) = |z|~™/? belongs to the Morrey space MP(£2) but not to LP(€).

Our main result about Morrey spaces will be the following:

Theorem 8.4. Let Q C R"™ be a convex domain, and v € WH1(Q) with |Vv| € M™(Q). Then

c |
/Qexp (”VUHMP (diam Q) v <U>Q|) < C(diam ©2)

Proof of Lemma 7.18 assuming Theorem 8.4. We consider the convex domain 2 = 2B. In this
case, (diam Q)" = ¢|Q| for a dimensional constant ¢ = ¢,,. Moreover, in the setting of Lemma 7.18,
the norm ||w||p» is dominated by a constant C. Substituting all this information, we see that the
conclusion of Theorem 8.4 reduces to the conclusion of Lemma 7.18 in this case. O

As a preparation for the proof of Theorem 8.4, we need to relate the function v to its gradient
V. This is similar to the proof of Sobolev’s inequality, but we now require a different form of
this relation, given by the following:

Lemma 8.5. Let Q be a convexr domain, and v € WH1(Q). Then

@y i)
v(z) — (v)g| < dy, for a.e. x € Q. 8.6
lv(z) — (v)ql W JoTr g (8.6)
Proof in case v € C' N WYL, In this case, we can write for z,y € Q the identity
y—x
’U(l’) - U(y) = v(:c) - U(‘T + |‘T - y|wyx)7 Wyz = )
ly — =
lz—yl

lz—y|
V(T 4 twyz) = —/ Opv(x + twy,) dt.
0

Note that all points & + twy,, t € [0, |x — yl|], belong to Q by convexity.
Taking the average integral over y € Q (for a fixed x), this implies

lz—yl
v(z) — (v)g = — fg/o Oru(x + twy, ) dt dy,
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and hence

|z—y|
lv(z) — (v)al < ]fz/o [Vo(x + twy,)| dt dy
|z—y|
—f [ Vertndtdy, V)= Vi) a),
QJo

<= / V(x + twy,) dt dy, d := diam (),
12 J B(s,a)

where we estimated up by extending the integral from 0 to |« — y| all the way to oo, and replaced
Q by the larger set B(x,d) D Q.

We continue to express the integral over y = B(z,d) in polar coordinates centred at x, so that
y=x+ru, r € (0,d] and u € S"~!, the unit sphere. Note that in this case wy, = u, and hence

00 d oo
/ / V(x4 twy,) dtdy = / / / V(z 4 tu) dt do(u)r™* dr
B(z,d) J0 o Jgn-1Jo
_ 4 / / V(z + tu) dt do(u),
n Jsn-1Jo

by a direct computation of the integration in 7. Now we can reinterpret the remaining integral as
an integral in the polar coordinates (t,u), except that the factor t"~! is missing. We multiply and
divide by this to find that

t
/ / V(x +tu)dtdo(u / / x+ut" Ldtdo(u)
Sn— 1 Sn— 1

[ Y g, [ T,
A

A combination of the above estimates and identities yields precisely the claim in the considered
case that v € Whin O O

Before proving the lemma in the full generality of v € W', we make some observations about
the operator

f(y)
z) :/lm_yi(l_mdy, je (0,1), (8.7)

which appears in (8.6) with ¢ = 1/n and f = |Vu|. The operator I, is called the Riesz potential or
a fractional integral, and it has a rich theory. We will only treat it to the extent that is necessary
for our immediate needs.

Lemma 8.8. For a bounded domain 2, we have I, : L'(2) — L'(2), and more precisely

I fllov@) < wn———fllLr @) V€ (0,1),
where w, = |B(0,1)| is the measure of the unit ball of R™.

Before the proof, let us record a simple relation between w,, and the surface measure of the unit
sphere S"~1 = {x € R" : |z| = 1}. By integrating in the polar coordinates, we have

1
1
Wy, = / dz = / / dor™1dr = 7/ do,
B(0,1) 0o Jgn-1 n Jgn-1

and thus [, , do = nwy.

Proof of Lemma 8.8. Noting that |I,, f(z)| < I,(|f])(x), it suffices to consider non-negative func-
tions f. Then

_ _ f(y) _ 1
”I/Lf”Ll(Q)/Qlﬂf(x)dz/g/ghc—yw(l_“)dydz/Q/Q|x—y|”(1_“)dxf(y)dy' (8.9)
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With d := diam €2, we clearly have Q C B(y,d) for every y € Q, and hence

1 1
———dx < R —. n—14
/Q |z — y[nt=m v /B(o,d) |z — yni=m o / /sn 1 n(1- “)T '

d
dm
/ il dr/ do = —nw, = ﬂd"“
0 gn-1 ny K

Substituting this into (8.9), we obtain the result of the Lemma. O

Exercise 8.10. Show that the result of Lemma 8.8 remains valid under the weaker assumption
that  has finite measure (instead of being a bounded domain), and give an explicit upper bound
in terms of || instead of diam Q. Hint: Check that

1 1
/ i 47 < / i 4
alr—yl B(y) |z -y

where B(y) is the ball at centre y such that |B(y)| = |€2|, and compute this integral in terms of
2.

Now we can provide:

Completion of the proof of Lemma 8.5 for general v € W1, In the language of the Riesz poten-
tials, we should prove that
lv— ()l < cali/m(IV)), (8.11)

where cq = (diam Q)" /(n|f2|), and we already know that this is true for v € C1(Q) N WH1(Q).
This space is dense in W11(§). (We haven’t proven this density result in these lectures, but take
it here for granted. Recall that C!(Q) is, by definition, dense in W,''(Q), but the density that we
now use is different: there is no subscript ‘¢’ in C'!, and no subscript ‘0’ in W11

By the mentioned density, there exist vy € C' N W?Y! such that vy — v in the norm of W1,
thus in particular in the norm of L', and hence a subsequence converges almost everywhere.
We still denote this subsequence simply by vy. Also, the convergence vy — v in W1 implies
that |[Voug| — [Vu| in L', hence 11, (|[Vog]) — I1/,(|Vv]) in L' by the continuity of I, on
L', established in Lemma 8.8. Thus a further subsequence, still denoted by v, also satisfies the
property that Iy, (|Vug|) — I1/,(]Vv]) almost everywhere. On the other hand, we have vj, — v
almost everywhere and (vi)q — (v)q by the L' convergence v — v. Altogether, taking pointwise
limits almost everywhere of

[ve — (vi)al < cali/n(|Vurl),
we deduce (8.11), as we claimed. O

Exercise 8.12. Prove the following variant of Lemma 8.5: Let Q be a bounded (not necessarily
convex) domain and v € Wy"' (Q2). Then

1
lv(x)] < Wll/n(\VU(y)\) for a.e. z € Q.

Let us now observe a reduction for the proof of Theorem 8.4. On the left, there appears the
expression
(diam Q)™
€2
by Lemma 8.5. Denoting f = |Vuv| and absorbing the factor n into the dimensional constant ¢, we
find that Theorem 8.4 will follow if we can prove that

/exp (Hf” Il/nf) < C(diam )". (8.13)

This will be our goal in the following, but we first present some further lemmas on the Riesz
potentials I, and the Morrey space MP. Note that even if our final application only deals with
the case pu = 1/n, its proof will make use of other values of p as well, and this is the reason for
introducing the whole family of operators I, instead of just Iy /.

lv=(v)al <n-Lym(|Vol)
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Lemma 8.14. For a bounded domain Q and p > 1/p, we have I, : MP(2) — L>(2), and more

precisely
1

[ fllLoe @) < p T (diam Q)" V| £l ro(c).-

p

Here and below, we will need to be reasonably precise about the quantitative estimates, since
eventually we will need to be able to sum up a certain infinite series of them, in order to reach
the exponential integrability.

Proof. Assuming without loss that f > 0, for any x € €2, we have

1f(x) = /Q & — |08 f(y) dy

:/Q(d—"“‘“)+/j_y|n(1—u)t‘”(l‘”)‘ldt)f(y) dy

—a0on [y [ " / oy T )l = O,

observing that in the double integral the integration limits are 0 < [z —y| <t < d, and |z —y| < ¢
is the same as y € B(x,t). Using the definition of the Morrey norm via fQﬂB(a: ol < | £l arot™?

and also via
/ f= / < lagpd™? (8.15)
Q QNB(z,d)

and substituting back, we find that
d
Lf(x) <d O flla 4 n(1 - u)/ (P g di
0

_ 1 _ 1-1/p _
- o (dn(n=1/p) 1—py)—" gqre=1/P)) — o 1 n(n=1/p)
”f”M ( n( M)n(u 1/]?) ) ”fHM L 1/]7 )

as claimed. O

Exercise 8.16. Prove the Sobolev’s inequality for p > n: if v € Wol’p(Q) in bounded domain €2,
then v € L>(1), and estimate ||v||o in terms of ||Vv||,. Hint: use some of the previous results
and exercises.

The following pointwise bound will allow us to ‘interpolate’ between the L' and L estimates
for I, f established above.

Lemma 8.17. For f > 0 and any p € (0,1) and g € (1,00) such that p+ p1/q < 1, we have the
pointwise bound

I.f(x) < (I/L/qf(x))l/q (I/Lﬂt/qf(x))l/q/'

While the result is formally valid for any pair of u and ¢, we need to impose the restriction
1+ p/q < 1in order that also the Riesz potential on the right have their parameters in the correct
range (0,1).

Proof. We write

T RIS ST T
np= 1) =n(l =1 (=1 = (-1 ],
where
1 1
aln=1) = (=D ] =nfu(l - ) - (1= )
:n[u(l—!—é)—l](l—l):n[(,u%—ﬁ)—l}é.



26 TUOMAS HYTONEN
Hence
(@) = 1o = o™ V1) ay
_ / I — [P0/ f ()10 | — gt/ )=1)/0 ()17 g

1/q 1/q'
< ([lo=alr @m0 sy ag) " ( [le = om0 () ay)

= (Lo @) Ly el (@)
[

Lemma 8.18. Forp € [2,00) and q € [1,00), we have I, : MP(Q) — L(2), and more precisely
1Ly 1%y < wn [P = DIl Fllars o] (dim ).
Note that here we have taken p = 1/p as the parameter of the Riesz potential.

Proof. If p € [2,00) and g € (1,00), then 1/p + 1/pg < 1/2+ 1/2 = 1, so that we can apply
Lemma 8.17 to the result that

1/pf 1 La =/(I1/pf(x))qdwﬁ/Il/qu(w)-(Il/pﬂ/qu(fc))"/q/ da
Q Q

< HIl/erl/;quH%/Og /Q Il/qu(x) dz = ”Il/erl/qu”%;lHIl/PQHLl'

If ¢ = 1, this conclusion is still valid with the interpretation that anything to power 0 is just 1.

To the two factors above, we may apply Lemmas 8.14 and 8.8. For the application of Lemma 8.14
with MP, note that the parameter of the Riesz potential, 1 = 1/p+ 1/pq, is indeed strictly bigger
than 1/p. Thus

1—2 1,11 pq
I /p+1/pg fllLoe < ﬁdn(ﬁpq | flle = gdn/qufHMv;
p rq P

this bound is unnecessary if ¢ = 1, since in this case it is raised to power 0 anyway.
For the L! norm, Lemma 8.8 with u = 1/pq and (8.15) gives

1y pallze < wapg - /P9 | g2 < wipg - d*/ P07 f [

Substituting back, we have

g—1 _ ’
1 < (BF)" a0 £t - copa - /07 £ o
pa\? n — ! n
= ot () =) = )l )
which is the claim. O

Our final preparation is the following simple calculus bound. More precise information could
be deduced from Stirling’s formula, but this is good enough for our purposes:

Lemma 8.19. For all ¢ =1,2,..., we have

Proof.

q* _ ¢\ _ -
loga _logkl;[lE _;(logq—logk) —qlogq—;logk.
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Since log is increasing, we have log k > fkk_l log t dt, and hence

q q q k q
Zlogk:ZlegkzZ/ logtdt:/ logtdt = qlogq — (g —1).
k=2 g=2" k-1 1

Thus
log— < gqlogq— Zlogk < qlogq— (qlogg—(qg—1)) =q—1,
k=1
and taking exponentials of both sides gives the claim. O

We have now all preparations for the following proposition, which contains our goal (8.13) as
the special case p = n:

Proposition 8.20. For p,n > 2, there are constants c = ¢, , and C' = C,, , such that

Il/pf .
e c—————) < (C(diam Q)"
fe( M) < Cldim)

for all f € MP(Q) on any bounded domain Q C R™.

Proof. We compute with an undetermined ¢, which we choose below. Using the power series
expansion of exp, we have

1/pf Il/pf = l HIl/prLq
/eXp anMp /Zq' ||fHM) Zlq' i

where we observed that the zeroth term is just [, 1 = [Q].
By Lemma 8.18 and Lemma 8.19, we have

1Ty Il

- 7 < wyp' (diam Q)¢ (p — 1) = < wpp' (diam Q)¢ (p — 1)9e71,
¢ N f 1 q!

so that
[eS) 1 eI q [e%S)
Z 7% < e tw,p/(diam Q)" Z clp —1]e)? = Cp ,,(diam Q)" < oo,
= e =

provided that we choose ¢ so small that ¢(p — 1)e < 1. With such a choice, we have thus have

/exp( L/pf ) < 19| 4 Cpn(diam Q)" < O, (diam Q)"
(11l aze ’

since clearly || < ¢, (diam £2)™, and this completes the proof. O

Remark 8.21. An exponential integrability property of the type achieved in Theorem 8.4 is also
typical for so-called BMO (bounded mean oscillation) functions, defined by the condition that

1m0 = sup ]{3 F = (sl

is finite, where the supremum is over all balls B. This is not a coincidence, since the result that
we proved, “|Vv| € M™ = v is exponentially inegrable” could actually be ‘factorized’ through the
implications “|Vv| € M™ = v € BMO = v is exponentially integrable”. The latter implication is
known as the John—Nirenberg inequality.

Exercise 8.22. Prove that if v € W!(R") satisfies Vo € M"(R"), then v € BMO(R"™). Hint:
Lemma 8.5 with Q = B.
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9. LocAL HOLDER-CONTINUITY OF SOLUTIONS

With the Harnack inequality as a tool, the local Holder-continuity of solutions is a relatively easy
consequence. However, one should observe that in its time it was one of the great breakthroughs
of the theory.

Recall that a function f is called Holder-continuous with exponent ¢ (and constant C) if for all
x,1, we have

[f(x) = f(y)| < Cla —y|°.

This can be alternatively phrased in terms of the oscillation
= — inf
osc f s%p f in f

by saying that
?BSC f< crd

for any ball B, = B(z,r) of radius r. With this notation, we have:

Theorem 9.1 (De Giorgi-Nash). Let u € W2(Q) be a weak solution of Lu =0 in Q. Then
5
oscu < C(E) 0SC U
Br Ry Br,
for all balls B = B(z,R) C Bgr, = B(z,R0) C Q. Here C = C(\A,n) depends only on the
ellipticity constants and the dimension.
The depends on the following lemma:

Lemma 9.2. Under the same assumptions, for some n =n(\,A,n) € (0,1), we have

oscu < 1 0sC U
Br Byr

whenever 4R < Ry.

Proof. Let us denote

my :=infu, DMy :=supu, my:=infu, My :=supu.
Br Br Bir Bur

Thus my < u < My in Byg, and hence both v = My —u and v = v —my4 are nonnegative functions
in Byr. They are also solutions of Lv = 0, since u is a solution, and L annihilates constants. So
both these functions v are admissible for the application of Harnack’s inequality

supv < Cinfo, (9.3)
Br Br

where C' = C(A, A, n). For v = My — u, this gives

sup(M4 — U) S C%lf(M4 — U) = M4 — ma S O(M4 — Ml),
Br R

and for v = u — My,

sup(u —my) < Cinf(u —my) = M;—my < C(my —my).
Br Br

Adding the two inequalities and rearranging, we arrive at
(M4—m4)+(M1 —m1> §C[(M4—m4)—(M1 —ml)] =
(C + 1)(M1 - ml) S (C - 1)(M4 — m4).

Noting that My — my = oscp, , v for k € {1,4}, this is the same as

€ (0,1).

oscu < moscu, where =
Br _nB4R’ K C+1
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Exercise 9.4. Suppose that, instead of Harnack’s inequality (9.3), the two choices of v above are
only known to satisfy the weak Harnack inequality

(]i2Rvp>l/p < Cinfo

with p = 1. Show that this is enough to conclude the proof of Lemma 9.2.

Proof of Theorem 9.1. Let k € {0,1,2,...} be the largest number such that 4R < Ry. (The
bound clearly holds for & = 0 and cannot hold for arbitrarily large &, so this is well defined.)
In particular, 4**1R > R,. Now, we can iterate Lemma 9.2 with 47R in place of R, as long as
4-47R < Ry, or j < k. This leads to

oscu <noscu < --- §77k 0SsC ugnk 0SsC U,

Br Bsr Ny Br,
where the last step is just the trivial observation that the oscillation is bigger in a bigger ball.

To estimate the factor n*, we observe that 4¥ > Ry/4R, so that klog4 > log(Ry/4R) and

hence, recalling that n € (0,1),

k nlog(R0/4R)/log4 _ (&)105;”/1(%4 _ (@)log%/log4 _ 410g%/log4(£)10g%/1°g4
4R R() R0
1
SLRY o
n\Ro/ '’ log4’
which is the asserted bound with ¢ as above and C = 1/7. g

n

10. WHY WE CARE ABOUT SUBSOLUTIONS?

Recall that some results in these lectures did not require that u is an exact solution of Lu = 0,
only that it is a subsolution with Lu > 0. (The word subsolution is better understood from the
bilinear formulation

/ AVu-Vo <0 whenever 0 < ¢ € C}(Q);
Q

the bilinear form stays below zero, i.e., ‘sub-zero’.) This basically depended on the fact that in
proving an inequality (like most of the results we have considered), it was enough to have an
inequality instead of equality to begin with. But is there any added value from the fact that some
results hold for subsolutions? A positive answer is partially due to the following facts:
(1) Sometimes, positivity of a function w is more important than it being an exact solution.
(2) If u is a solution, then |u| is a(n obviously positive) subsolution.

We shall shortly prove (2). Concerning (1), we argue by the example of Harnack’s inequality.
In our proof given earlier, we needed u to be both positive and a solution. As it turns out, part of
the argument, namely (7.2) for p > 1, is also valid for subsolutions. In combination with (2), this
allows us to derive a Harnack-type estimate for all solutions, without any positivity assumption.
Namely, we have:

Theorem 10.1. Let u € W12(Q) satisfy Lu > 0 in Q. Suppose moreover that u > 0 on some
ball 4B = B(y,4R) C Q. Then

1/p
supu§0p<][ u”) , Vp>1.
B B

2R

Exercise 10.2. Sketch the proof of Theorem 10.1, following the proof of Theorem 7.1. Discuss
shortly, why the restriction p > 1 arises from this method of proof. Hint: Follow the beginning of
the proof of Theorem 7.1 carefully (with the same test function v = 1?@”), but using the condition
0> f AVu- Vo instead of equality. With the chosen v, you get an inequality (instead of equality)
for two terms, and this lead to a useful consequence if (and only if) 5 > 0. Check that this leads
to the bound (7.10) for vy = 8+ 1 > 1, from which the argument is concluded by Moser’s iteration,
as before. [As in Theorem 7.1, this sketch would need an additional modification (to ensure that
v is a valid test function) for § > 1 (thus v > 2), but you are not asked to repeat this here; just
proceed formally assuming that v is a valid test function.]
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We now discuss some consequences.

Corollary 10.3. Let u € W12(Q) satisfy Lu = 0 in 2, and 4B = B(y,4R) C Q. Then

1/p
sup|u|§0p<][ |u|p> , Vp>1.
B B

2R

Proof. Apply Theorem 10.1 to the subsolution |u|, assuming (2). O

Corollary 10.3 is an important companion to Theorem 9.1, since it allows to estimate the right
side of the Holder-continuity estimate a quantity that is more naturally adapted to the Sobolev
space W12, especially with p = 2:

Corollary 10.4. Let u € W12(Q) be a weak solution of Lu =0 in Q. Then

=) (f, )" v
R

2Rg

for all concentric balls Br C Br, C Bagr, C 2.

Proof. Dominate oscp, « by Theorem 9.1, and then estimate the right side by Corollary 10.3. O
All this motivates a justification of the claim (2), and we turn to this now:

Proposition 10.5. Let u € W12(Q) be a solution of Lu = 0. Then |u| is a subsolution.

Proof. By definition, we need to prove that
/QAV|u| V<0 for0< ¢ eCHR). (10.6)
Let us first consider the smooth approximation
/QAVgE(u) Vo<0 for0<¢eCHQ), (10.7)

where
ge(t) := (2 + )2 — ¢
Then 0 < g.(t) < |t| and g.(t) — |t| pointwise as ¢ — 0. We compute the derivatives
gL(t) = (2 + %) 712
and
g’ (t) = —(2+ 1) 322 1 (24 2) V2 = (2 4427322 > 0. (10.8)

We have both ¢/, g/ € L>(R), and the positivity of g will be critical in the argument.
By the chain rule, we have

/ AV (u) -V = / Al () V) - Vg = / AVu- g (u)V, (10.9)

since the scalar factor g.(u) commutes with both the matrix product and the dot product. The
function f = g. satisfies f € C! and f’ = g/ € L*°; thus w := f(u) = ¢g.(u) € WH2(Q) Cc W(Q).
We then have the product rule V(w¢) = (Vw)é + wVe¢ (see Exercise 10.10 below), and thus

9:(W)Vé = V(g2 (u)¢) — (Vgl(u))d = V(gL (u)$) — g/ (u)(Vu)¢.
Hence

/AVu ~gL(u)Ve = /AVu - V(gL(u)p) — /(AVu -Vu)g?(u)p =1 —11.

In the second integral, all three factors are nonnegative — the first by ellipticity AVu - Vu >
A|Vul? > 0, the second by (10.8), and the third by the assumption on ¢ in (10.7) —, and thus
11 > 0.

For term I, we only need to observe that g.(u)¢ = we € Wol’z(Q), to conclude that I = 0 from
the definition of Lu = 0. That the product of w € W2 and ¢ € C! belongs to W, has been
checked earlier.
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Altogether, we have I = 0, IT > 0, and thus I — IT < 0, as required for (10.7). To prove (10.6),
it only remains to recall that v — [ AVwv - V¢ is with respect to v € W12 and to check that
ge(u) — |u| in the norm of W2 which follows easily from the pointwise convergence g.(u) — |ul
and g.(u) — sgn(u) := 1{y>0} — l{u<o}, together with dominated convergence theorem. O

Exercise 10.10. (a) Check the product rule
V(wv) = (Vw)v + wVo (10.11)

for all w € W1(Q) and v € C*(Q2). Hint: Verify that the right side qualifies for a weak gradient of
wv directly from the definition. Use the classical product rule for vg, where ¢ € C}(£2), and note
that vg € C1(Q) is also an admissible test function.

(b) Prove that (10.11) is also true for w € WHP(Q) and v € W' (Q) for 1 < p < oco. Hint:

Argue similarly, exploit case (a), and note that vp € W,"? /(Q) is in the closure of test functions.

11. OSCILLATORY UPPER BOUNDS IN TERMS OF THE GRADIENT

One drawback of the bound of Corollary 10.4 is that it is not very good if the function u varies
only a little around a large average value: even if the oscillation is small, the upper bound involving
|u| can be very large. This is easily remedied by noting that, for any constant « € R, we have that

e u — c is also a solution, since L = V - AV annihilates constants, and
e this function has the same oscillation oscg(u — ¢) = oscp u.

Thus, in fact, Corollary 10.4 self-improves to

oscu = osc(u — ¢) gCP(%)5<][ |u—c|1’)1/p, Vp>1,
Bar,

Br Br

for any ¢ € R. Choosing ¢ = (u) B, ,,, we may apply Lemma 8.5 to continue with

RA\Y 1/p
< — P :
OSCQL*CP(R()) (]{BZRO |Il/n(|Vu|132Ro)| ) , Vp>1

Br
Below, we shall prove the following mapping property of I ,:
Lemma 11.1.
11/nflle ) < Cprll fllLe(s,)-
This allows us to deduce the following variant of Corollary 10.4:

Corollary 11.2. Let u € WH2(Q) be a weak solution of Lu =0 in Q. Then
RS 1/p
oscuﬁC’,,(—) Ro(][ |Vu\p) , Vp>1,
Br Ry Bar,

for all concentric balls Br C Br, C Bar, C 2.

The most important case of both Corollaries 10.4 and 11.2 is p = 2, since the L? norms of u
and Vu are immediately related to the solution space W12, These two inequalities are essentially
equivalent. Indeed, our approach to Corollary 11.2 is precisely to derive it from Corollary 10.4 via
the preceding considerations including Lemma 11.1. The converse direction (with a slight change
in the size of the bigger ball on the right) follows from the following result of independent interest:

Proposition 11.3 (Caccioppoli inequality). If u € W12(Q) is a weak solution of Lu = 0, then it

satisfies
C
/|Vu|2§—2/ u?
B ™ JB,

for all concentric ball B, C Bs, C €.
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Proof. Let n € C}(2) be equal to 1 in B, equal to 0 outside Bs,, and such that |Vn| < 2/r. We
estimate the following quantity, which is clearly an upper bound for the left side of the claim:

/\Vu\an < %/(AVU -Vu)n? = %/[AVU -V(un?) = AVu - 2n(Vn)u] = 72 /(AVu - Vn)un,

where the first term vanished, since un? € T/Vol’2 (as a product of u € Wh? and n? € C) is a test
function, and u is a solution.
We may continue with

2 27 27 1/2 1/2
S . < = < = 2,2 2 2
A/(AVU Vinyun < = /\VUHWIIUHWI <3 (/IVUI 77) (/IWI Jul ) :

so altogther

/2 4A 1/2 1/2
2 2< 2,2 2,2 2
[ iwua < 2 frowee) (fronene) < 5 frowe) ([ )

Dividing both sides by ( [ \Vu|2172)1/2, we deduce the claim. O

We then turn to the proof of Lemma 11.1 to complete the proof of Corollary 11.2. This will
be accomplished via somewhat more general bounds for integrals of similar type, which are also
important elsewhere. Recall that the convolution of two functions is defined by

ko f(x) = . k(z —y)f(y) dy.
Theorem 11.4 (Convolution inequality). For exponents p,q,r € [1,00] such that
1 1 1
i1l 11.5
p q (11.5)
we have
15 fllg < 1Bl f]]p-

Proof. We make use of the duality of LP spaces via

Jix Fll =sup{ [ s f(@)g(a)d gl < 1}.

Thus we need to estimate

/k*f( dx—/km— )g(z) dy dez,

and we would like to dominate this by

1B 1f1pllgllg - (11.6)
With auxiliary numbers «, 8,7, d,¢,0 € [0,1] and s,t,u € [1, 00] such that
atf=1, ~+d=1, e+6=1, §+%+%:1, (11.7)
we split
[ e = s g@ dyas = [[ k- 9 1 o) dyds
= [ e =05 < ko = )P gta)” x Fw)gla) dyds

and apply Holder’s inequality with these three factors to estimate this by

< (//k(x—y)“sf(y)” dydx)l/s(//k(:v —y) ' g(z)* dydx)l/t(//f(y)‘s“g(x)eu dydw)l/u

=1 xIIxIII
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It is immediate that 111 = ||f||3,]lg]|5,. But a similar splitting also takes place for the first two
factors, observing by iterated integration and change of variable that,

= (/ [/k(az—y)as da| f(y)" dy)l/s - (/ [/k(z)as az] sy dy)l/s = 111 £,

and analogously 11 = Hk||§t||g||§t So altogether we check that

I I1 5 IIT = [[k] 3, I G 170115 Mg 12 9115
To arrive at the desired bound (11.6), we need that
as=ft=r, ys=d0u=p, ct=0u=q. (11.8)
If this can be satisfied, we indeed arrive at
I 1T I = KNP0l = kI Al lglle s

as desired.
So it remains to see that the conditions (11.7) and (11.8) can be satisfied. These impose ten
conditions on the nine numbers «a, 3,7, 46, ¢, 0, s,t,u, so this seems somewhat tricky at first.
Solving from (11.8), we have

a=r/s, B=r/t, y=p/s, d=p/u, e=q/t, 0= /u,
and using the first three equations in (11.7), we need that
1 1 1 1 1 1 1

(11.9)

r s t p s u ¢ t

SR

Note that, if we add up these three, we arrive at 1/r + 1/p+1/¢" = 2(1/s + 1/t + 1/u) = 2,
which explains the condition (11.5), and shows that in the presence of (11.5), the ten equations
(11.7) and (11.8) are actually dependent; thus there is some hope for solving them for the nine
unknowns.

Adding the first two equations in (11.9) and subtracting the third one, we arrive at

1 1 1 2
_|_
r P q

1_1<1+1 1)_1(1+1+1 2)_1(2 2)_1 1_1
s 2\r p ¢/ 2\r p ¢ ¢/ 2 ¢/ ¢ q

In a similar way, we also solve for 1/t and 1/u, to the result that

thus

s=q t=p, u=r,

which belong to the required range [1, 0], since p,q,r € [1,00]. The numbers «, 3,7, d,¢,60 can
then be solved from (11.7), and this shows that all the conditions (11.7) and (11.8) can indeed be
satisfied, which proves the result. O

Remark 11.10. There are different ways both to prove the convolution inequality and to guess
the correct range of exponents. It is relatively easy to check the two cases ||k = f|, < ||kll1]/flp
and ||k * flloo < ||kl || f]lp for all p € [1,00]. A reader familiar with interpolation of L” spaces can
easily deduce the full Theorem 11.4 from these cases.

We then apply the same technique to the Riesz potentials:

Lemma 11.11. For a bounded domain €1, the fractional integral I,, satisfies

1
< -
Hufllza) < sup Hx T

1

1 1
I fllzr) for };+?+; =2. (11.12)

Lm(Q)
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Proof. This is a slight modification of the convolution theorem, but not an immediate consequence.
Indeed, note that

uflaiey =sun { [ Tuf@atrar = [ k=@ dyds s oo <1}

where
1

k(l’ - y) = |Jj _ y|n(1_“) *

Repeating the initial steps of the previous proof, we would estimate this by

I xIIxIII= (// k(x_y)asf(y)“dydx)l/s
Qx0

X (//QXQ k(x—y)ﬁtg(x)et dydx>1/t(/QXQf(y)gug(x)gu dydx>1/u,

Factor I11 splits as ||f||3,]l9]l5, as before. However, the factors I and I1 do not split quite as
directly, since for instance the change of variable z = z — y in I would result in the integration
domain for z being 2 — y, which depends on y. Nevertheless, we can make the following slight
modifications:

I= (/Q {/Qk(x—y)o‘s dx}f(y)“ dm) v

< ([ sup [ [ =2 ae] sy ae) " = sup o bl 15

z€Q
and simiarly
IT <suplly+— k(z — ZU)HgtHQHZt
z2€Q

Noting that k(x —y) = k(y —z), we conclude the argument by choosing «, 3,7, §, ¢, 0, s, t, u exactly
as before. O

The bound (11.12) is only interesting if the L? norm on the right is finite. This is estimated in
the following;:

Lemma 11.13.
s i
L@ = (1= (1= pr)tr

rer]

o1

sup Hx —
yeN

Proof. Clearly the function z + 1/|z — y|*(1=#)" decreases radially away from y. One can then
check, varying Q over all domains of fixed measure |Q| for a fixed y € R™, that the integral

1
| o
o |z —y[tomr

is maximized by the ball B(y,rq) with |Q| = |B(y,rq)| = wsrg. Thus, integrating in polar
coordinates centred at y, we have

1 1 re
/ ——dx g/ e =/ / ot~ =mrgn=t gy
|z —y|nt-mr Bly,ro) 1T — y[n=mr 0o Jgn-t

—n(l—p)r+n n[l—(1—p)r] (=7 () 1=(1—p)r
o, To _ WaTg _ wn 19]

—n(l—pr+n  1-QQ-pr  1-(1-pr
provided that n—n(1—p)r = n[l—(1—pu)r] > 0, and the integral diverges to oo otherwise. Taking
the rth root, we deduce the claim about the L™ norm, observing that 1/r— (1—p) =p—1/7". O

A combination of the previous lemmas shows that:

Proposition 11.14.
I fllLao) < C|Q|”+1/q_1/p||fHLp(Q)
for all p,q € [1,00] such that p+1/q—1/p > 0.



ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS 35

Proof. The condition 11.5 implies that

1 1 1 1 1 1
—_— = ——:——f———l:———’
! r p P q
sothat u—1/r"=p+1/9g—1/p. O

In particular, with p = ¢, the condition p+ 1/g — 1/p = > 0 is always satisfied, and we get
I fllze ) < CIUPfllLe -

If p = 1/n and Q = B,, then |Q|* = |B,.|'/" = cr is essentially the radius of the ball, proving
Lemma 11.1, and thereby completing the proof of Corollary 11.2.

Other instances of Proposition 11.14 have useful applications as well, as illustrated by the
following:

Exercise 11.15 (Sobolev’s inequality for p > n). Prove the following versions of Sobolev’s in-
equality for u € Wy ?(Q), where p > n:
(1) llulloo < CIQY 1P|V ull.
(2) |u(z) —u(y)| < Clz — y|7||Vu|, for almost every z,y € 2, where vy =1—n/p € (0,1).
(That is, u is Holder-continuous with exponent 7, up to a null set.)

Hint: Recall Exercise 8.12. For part (2), consider Lebesgue points x,y, which means that we have
the limit lim, o(u)p(.r) = u(2) for z € {x,y}, and recall from Real Analysis that almost every
point has this property. Then expand, with r = |z — y],

oo

u(z) = Z(<U>B(m,2—k—1r) - <U>B(x,2—kr)) + <u>B(w,'r)
k=0

and similarly with u(y), and write

(W) B(zr) — (W) By = (W)B@r) — <u>B(%(r+y),2r)) = ((WBy.r — <u>B(%(z+y),2r))'

Observe that all terms of the form (u) p — (u) p«, where B* D B with |B*| < ¢|B|, can be estimated

(wo = (Wl =| f = (o) <Cf u=tu)s

which you can estimate with the help of Lemma 8.5 and a suitable bound for I /,,.

)

It is interesting to compare Exercise 11.15 with Theorem 9.1: The Holder-continuity of a Sobolev
function may also be deduced without any relation to solutions of elliptic equations, but in this
case we need a much higher integrability exponent p in WP, In Theorem 9.1, we only needed
W12 while in Exercise 11.15 we need p > n, which is larger already in dimension n = 2. Indeed,
solutions of elliptic equations are much better than just arbitrary Sobolev functions!

12. CONTINUOUS BOUNDARY VALUES AND THE ELLIPTIC MEASURE

In this final section, which is based on the book [Ken94|, we return to the treatment of the
basic boundary value problem

(12.1)

Lu=0 in Q,
u=g¢g on 0.

Recall that previously we interpreted the boundary condition u = g (i.e., u — g = 0) on 9 in the
sense that u — g € VVO1 ’2(9), the Sobolev space of zero boundary values. Denoting v = u — g, the
problem was transformed into Lv = —Lg = —V - AVg, or, in the weak formulation,

ZL(v, ) ::/AVU~V¢: f/AVgquﬁ =: F(¢), V¢ € CHQ).

This, in turn, was uniquely solvable in WO1 -2 () by the Lax—Milgram lemma, provided that g €
W12(€2), which makes the functional F above bounded on W, ().
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A drawback of this approach is that it requires the boundary function g to be defined on all
of 2, whereas it would seem more natural that the boundary condition is only defined on the
boundary 0f2.

12.A. Lipschitz boundary values. We now develop a theory for the boundary value problem
(12.1) in the case that we are given g € Lip(dQ2), where

Lip(E) :={f: E = R;|f(z) = f(y)| < M|z —y|V z,y € E}

is the space of Lipschitz-continuous functions on a set E. For f € Lip(E), the smallest possible
M is denoted by || f||Lip(z)-

In order to reduce (12.1) with g € Lip(0Q2) to the case already known to us, we want to extend
the function g from the boundary to the domain. In fact, we have the following:

Proposition 12.2. Let E C R™ be any set and f € Lip(E). Then there exists fe Lip(R™) such
that

(1) f(fv) = f(x) for allx € E, and

(i) 1 fllipeny = | fllLip(e)-

Proof. Let M := || f||Lip(r)- We define
f(z) := inf M|z —
fl@) = inf (f(y) + Mz - yl)

and check that it verifies the claimed properties.

(i). Let z € E. Clearly f(x) < f(z), simply by choosing y = z in the formula, where the
infimum is taken. On the other hand, by the Lipschitz-condition, we have f(y) > f(x) — M|z —y|
for all z,y € E, thus f(y) + M|z — y| > f(x), and taking the infimum over the left side we see
that f(z) > f(x).

(ii). It is clear that \|f||Lip(Rn) > M, so we only need to show the opposite. Let z,z € R”. By
definition of f(z) as an infimum, for every & > 0, we can find some § € E where the infimum is
almost reached, i.e., where f(z) > f(7) + M|z — §| — e. Thus

fx) = f(z) < fla) = f(5) = M|z = | + <.

Since f (2) is the infimum over all y, it is certainly dominated by the value of the same expression
at the particular value y = ¥; thus

f@) = f(2) < f@) + Mz — g — f(5) — M|z — | +¢
:M(|x—gj|—|z—g|)+€§M\x—z\+s,

where the last step was simply the triangle inequality. Since the above is true for any € > 0, we
have f(x) — f(z) < M|x — z|, and by symmetry of x and z, also f(z) — f(z) < M|z — z|. Thus
|f(z) = f(2)| < M|z — z|, as required. O

We take for granted the following property of Lipschitz functions on a domain 2: each f €
Lip(Q) is weakly differentiable and |V f| € L*(2) with ||V f|lcoc < ||fllLip- (This latter bound

should be at least intuitively plausible, observing that the difference quotients approximating the
derivative are uniformyl bounded,

[f(z) — f(v)]

|z =yl

by the very definition of Lipschitz functions.) In a bounded domain 2, we also have |f(z)]
|f(z0)| + M|z — z0| < |f(x0)| + M diam 2 for any fixed zg € €, and hence Lip(Q2) € W1°(Q)
W12(€). This is the class of boundary functions g for which our earlier solvability theory of (12.1)
applies. We now define:

<M,

<
C

Definition 12.3. A function u € W12(Q) is called a solution of (12.1) with g € Lip(d9Q), if u is
a solution of (12.1) in the old sense with a Lipschitz-extension § of g in place of g.
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Lemma 12.4. The previous definition is consistent in the following sense: If g1 and g are two
extensions of g, then the corresponding solutions u1 and ug of (12.1), with g replaced by §1 or ga,
are equal.

Proof. We already argued that §; € Lip(Q) ¢ W2(Q) for i = 1,2. We claim that o := §; — g €
VVO1 2(Q) This is intuitively clear, since gg = g — g = 0 on 01 in the pointwise sense; however,
we should recall that the zero-boundary value in VVO1 2(Q) was not defined pointwise, but in the
sense of closure of C1(Q2) in W12(Q2). So we want to check that gy can be approximated by C(Q)
functions in the W12(£2) norm.

For every ¢ > 0, let x° € C1(Q) be a function such that x(x) = 1 if dist(x,0Q) > 2¢ and
xE(z) = 0 if dist(z, Q) < e; moreover, let 0 < x*(x) < 1 and |Vx®(z)| < 2/e everywhere. The
function x©go is clearly compactly supported in  (although not necessarily C'); we check that it
approximates gg.

Clearly x° — 1 pointwise in 2, and this function is dominated by 1, so that x¢go — go in L?(£2)
by dominated convergence. For the L? convergence of gradients, note that

V(x“g0) = (VX*)go + x"(Vo),
and the second term converges to Vg in L%, by the same reasoning as x°go — o above. It
remains to check that the first term converges to zero, and this is also immediate in the pointwise
sense, since Vx© is supported in the set {z : 0 < dist(z,9Q) < 2¢}, which converges to @. To
apply dominated convergence, consider any x € Q. If Vx®(z) = 0, we have a trivial upper bound.
Otherwise, we have dist(x, 9Q) < 2¢, and hence there exists Z € 9 such that |z — | < 2. But
then, using that go = 0 on 052, and the Lipschitz-continuity, we have

lGo(z)| = |go(x) — Go(T)] < M|z —Z| < M - 2¢,

and also that |[Vx®(z)| < 2/e. So altogether we have |Vx¢(z)go(7)| < 4M € L*(Q) C L*(Q), and
so we can use dominated convergence again to conclude that (Vx©)jo — 0. This completes the
claim that x¢gg — go in W2(Q).

It remains to approximate x°go by a standard mollification ¢s * (x°go). This belongs to C1(Q)
(for small enough 6 > 0), and tends to x°go as § — 0. So altogether we see that gy can be
approximated by C!(Q) functions, showing that go € VVO1 2(Q)

It is now easy to complete the proof of the lemma. Let u; be the solution of (12.1) with the
boundary data §;. Then ug := u; — ug solves (12.1) with the boundary data go € W,(Q).
But, using that Wol’2 (Q) is a linear space, the condition that ug — go € Wol’2 (Q) is equivalent to
uy € Wy?(€2), meaning that ug solves (12.1) with the boundary data 0 in the Sobolev sense. Then
ug = 0 follows from the uniqueness of the solution of the Dirichlet problem, and hence u; = uso,
as claimed. O

12.B. Continuous boundary values. We now want to go one step further and discuss a theory
of solutions to (12.1) for more general boundary values that are only required to be continuous
on the compact set 99, i.e., g € C(99). For this, we need a condition on the domain 2 under
consideration:

Definition 12.5. We say that the domain ) is regular for L if for every g € Lip(0f2), the unique
solution u of (12.1), in the sense described above, satisfies u € C(Q).

Remark 12.6. The De Giorgi-Nash theorem shows that the solution u is locally Holder contin-
uous in the interior of the domain 2 without any extra conditions, but the condition of regularity
above requires that the continuity can be extended up to the boundary. It is possible to provide
more concrete sufficient conditions on when this is possible (indeed, to extend the De Giorgi-Nash
estimates of Holder continuity up to the boundary in some situations), but we do not discuss this
any further in these notes.

Suppose henceforth that Q is a bounded, regular domain, and let g € C(99). We take for
granted the density of Lipschitz-continuous functions in this space, which allows us to choose a
sequence g; € Lip(0Q) such that ||g; — g||oc — 0. Let u; be the solution of (12.1) with boundary
data g;. By the assumed regularity, we have u; € C(Q).
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By linearity, we see that u; — uy is a solution of (12.1) with boundary data g; — gx. By the
maximum principle, it follows that

lwj —ukllc@) = sup luj —ug| < sup 195 — gkl = [lg; — gxllc(a) — 0.

Thus u; is a Cauchy sequence in the space C (€2), which is a complete space, and it follows that
u; converges uniformly to some function u € C(£2).

If we pick another Lipschitz sequence §; — g in C(0€2) with corresponding solutions 4;, then
also the combined sequence g’2j = gj, g’2j 41 = g; satisfies g§ — ¢, and hence the corresponding
solutions u; — w in C(Q), by what was said above. Since each subsequence of a convergent
sequence has the same limit, this shows that the solutions t; = ug; ., converge to the same limit u
as the first u; = u), ;» and hence this limit functions u is independent of the approximating Cauchy
sequence.

Lemma 12.7. This limit function u belongs to Wlif(Q), and satisfies Lu = 0 in the sense that

/AVu-Vq’):O V¢ e ClQ).

Proof. Since u; — uy, is a solution, we may apply the Caccioppoli inequality to see that

/ IV (u; — up)® < 92/ iy — P — 0 VB C Q.

B, r Bo, j,k—o0

Hence Vu; is a Cauchy sequence in L?(K) for any compact K C € (since it can be covered by
finitely many such B,.), and therefore Vu; converges to some wx € L?(K) by completeness. From
the characterizations of the weak derivative it follows that u € W(Q), and 1xVu = wx € L?(K)
for every compact set K C 2. The continuity of the v — f AVu; - V¢ with respect to the relevant
W12 norm shows that

/AVu V¢ = lim [ AVu;-V¢ = lim 0=0,
j—o0

J—0o0

for each ¢ € C}(Q), since each u; is a solution. O

Accordingly, we will refer to the above-constructed u € C(Q) as the solution of (12.1) with
boundary values g € C(992). We take for granted that these generalized solutions still satisfy the
maximum principle, which we proved under a somewhat different notion of a solution.

12.C. The elliptic measure. We have hence constructed a mapping
g € C(00) — u e C(), (12.8)

where u is the solution of (12.1). We observe that this mapping is:

uniquely defined: Namely, there is only one solution of (12.1), since if there were two, say
uy and wug, then u := u; — us would be a solution of (12.1) with boundary function g = 0.
But then we have supg, |u| < 0 by the maximum principle, hence « = 0 and thus u; = us.

linear: If u; and us are the solutions with boundary values g7 and g2, then aju; + agus is
a solution with boundary value a;g; + asgo, and by uniqueness, it is the solution.

positive: If g > 0, then w > 0. This is another application of the maximum principle: —u
is the solution of (12.1) with boundary function —g, and hence

sup(—u) < sup(—u) = sup(—g) < 0;
Q a0 99

thus v > 0 in €.

unital: The constant function g = 1 is mapped into the constant function v = 1. Indeed,
since L annihilates constants, if u is a solution with boundary value 1, then v — 1 is a
solution with boundary value 1 — 1 = 0; hence v — 1 = 0 by uniqueness, and u = 1.



ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS 39

Let us now compose the solution map (12.8) with the point-evaluation map u — wu(x) at some
x € Q. It is immediate to check that this map also has the same properties as (12.8), and that
these properties are then inherited by the composition

geC(0) —u(x)eR (z € Q fixed). (12.9)

In other words, the mapping (12.9) has all the properties needed to apply the following Riesz
representation theorem for the space of continuous functions (not to be confused with the Riesz
representation theorem for a Hilbert space, which we used in the context of the Lax—Milgram
lemma):

Theorem 12.10 (Riesz representation theorem for C(K)). Let A : C(K) — R be a positive,
linear, unital functional on the space of continuous functions on a compact Hausdorff space K.
Then there is a regular Borel measure p on K such that A has a representation

Af = /K £() dpa(y).

(Regularity of the Borel measure means that
w(E) =sup{u(C) : C C E compact} = inf{u(G) : G D E open}

for every measurable set E.)

Note that the topological boundary 92 of any set is closed by definition. If Q is a bounded
domain, then 0f is also bounded, and hence it is a compact subset of R™. Hence we can apply
Theorem 12.10 to the map (12.9) and the compact space K = 9. The resulting measure p is then
denoted by w? (since it depends both on the operator L and the point z). In different sources, it
is either called the elliptic measure (to emphasize the connection to an elliptic operator), or the
harmonic measure (although this name is often reserved for the classical case when L = A is the
Laplace operator). In any case, we have the representation formula for solutions,

u(z) = /8 glo) i o).

and many further properties of solutions can be established by studying the properties of the
elliptic measure w7 . However, our lectures finish here.

The end
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APPENDIX A. DIFFERENT FUNCTION SPACES
C*(Q) := continuously differentiable functions in Q

C}(Q) := continuously differentiable compactly supported functions in

L () :=locally integrable functions on €

= {u :Q—->R measurable‘ / lu| < 0o VK C Q compact}
K

Lip(E) := Lipschitz-continuous functions on F
={fE=R[f(2) = fW)| < M|z —y|Va,y € E}

MP () := Morrey space := {f € Li.(Q): / |f| < Kr™/?" ¥ balls BT}
B

W (Q) := weakly differentiable functions on Q
= {u € LL.(Q): 0u € L, .(Q) exists for all i = 1,...,n}

WhP(Q) = {u e WHQ) :u,0iu € LP(Q) Vi=1,...,n} (Sobolev space)

Wol’p(Q) := closure of C}(Q) in W'(Q)
= {u e W"P(Q)| Jux € CH) : |lux — ullwr.r — 0}



