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1. Prove that every subadditive function p : (0,∞)→ R satisfies

lim
t→∞

p(t)

t
= inf

t>0

p(t)

t
.

2. Let T be a C0-semigroup on the Banach space X. Show that for every x ∈ X one has

ω(x;T ) := inf
{
ω ∈ R : ∃M ≥ 1, ‖T (t)x‖ ≤Meωt t ≥ 0

}
= lim sup

t→∞

1

t
log‖T (t)x‖.

3. Let A be the infinitesimal generator of a C0-semigroup T . Show that the spectral bound
s(A) is the abscissa of holomorphy of the Laplace transform

λ 7→
∫ ∞
0

e−λtT (t)dt

and that
ω1(A) := sup {ω(x;T ) : x ∈ D(A)}

is the abscissa of convergence.

4. Let F : R+ → R+ be continuos and assume that
∫∞
0
F (t)dt < ∞. Show that if there

exist m ∈ N and n ∈ N such that F (t + s) ≤ mF (s) for all s ≥ 0 and t ∈ [0, n], then
lims→∞ F (s) = 0.

5. Let X be the Hilbert space of all square-summable sequences x = {x1, x2, . . .} with
xn ∈ Cn and let An be the n× n-matrix

0 1 0 0 . . . 0
0 0 1 0 . . . 0
...

...
0 0 . . . 0 1 0
0 0 0 . . . 0 1
0 0 0 . . . 0 0


.

Define T (t) : X → X by
(T (t)x)n = e2πintetAnxn.

Show that T is a a C0-semigroup and determine its generator. Determine s(A), ω1(A)
and ω0(T ).
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