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1. (a) Let G ⊂ Rn be an open set. Prove that every x ∈ G is a density
point of G.

(b) Show by an example that a point x ∈ Rn \G can be a density
point of an open set G ⊂ Rn.

(c) Construct a set A ⊂ R that is not open although every point
x ∈ A is a density point of A.

2. Let Q = {qk : k ∈ N} be the set of all rational numbers. Define

f(x) =
∑
k∈N
qk≤x

2−k, x ∈ R.

Prove:
(a) f : R→ (0, 1) is strictly increasing.
(b) f is continuous at x ⇐⇒ x ∈ R \Q.

3. Let f : [a, b] → R and g : [a, b] → R be functions of bounded varia-
tion. Prove that

Vfg(a, b) ≤MfVg(a, b) + MgVf (a, b),

where Mf = sup{|f(x)| : x ∈ [a, b]} and Mg = sup{|g(x)| : x ∈
[a, b]}.

4. (a) Verify that every function of bounded variation is bounded.
(b) Let f : [a, b] → R be absolutely continuous. Prove that f is

continuous and of bounded variation.

5. Let f : [a, b] → R be absolutely continuous and let E ⊂ [a, b] be a
set of measure zero (m(E) = 0). Prove that also the image fE is of
measure zero.

6. Is the function f : [0, 1]→ R,

f(x) =

{
x3 cos π

x
, 0 < x ≤ 1,

0, x = 0,

absolutely continuous?


