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1. Let (X,Γ, µ) be a measure space, f ∈ Lp(X), and t > 0. Prove the
so-called Chebyshev’s inequality

µ
(
{x ∈ X : |f(x)| > t}

)
≤
(
‖f‖p
t

)p

.

2. Let (X,Γ, µ) be a measure space, f : X → [0,+∞] a measurable
function, and 0 < p <∞. Prove that∫

X

fpdµ = p

∫ ∞
0

tp−1µ
(
{x ∈ X : f(x) > t}

)
dt .

3. We say that a measurable function f : Rn → Ṙ belongs to the ”weak
L1-space” weak-L1(Rn) if there exists a constant c = cf < ∞ such
that

m
(
{x ∈ Rn : |f(x)| > t}

)
≤ c

t
∀t > 0.

(a) Verify that L1(Rn) ⊂ weak-L1(Rn).
(b) Show by a counterexample that weak-L1(R) 6⊂ L1(R).

4. The ”centered” maximal function M̃f : Rn → [0,∞] of f ∈ L1
loc(Rn)

is defined by

M̃f(x) = sup
r>0

1

m
(
B(x, r)

) ∫
B(x,r)

|f(y)|dy, x ∈ Rn.

(a) Prove that M̃f(x) ≤Mf(x) ≤ 2nM̃f(x) ∀x ∈ Rn for functions
f ∈ L1

loc(Rn).

(b) Let f = χ[a,b], a < b. Determine Mf and M̃f , and compare
these with the case (a).

5. Let f ∈ L1(Rn). Prove that Mf(x) < +∞ for a.e. x ∈ Rn.

6. Let f : Rn → Ṙ be measurable. Prove that

m
(
{x ∈ Rn : Mf(x) > t} ≤ 2 · 5n

t

∫
{x : |f(x)|>t/2}

|f(y)|dy

for all t > 0.


