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1. Let µ(X) <∞. Prove that

‖f‖∞ = lim
p→∞
‖f‖p

for all f ∈ L∞(µ). Does this hold without the assumption µ(X) <
∞? Why?

2. Suppose that f ∈ Lr for some r ∈]1,∞[. Prove that

‖f‖∞ = lim
p→∞
‖f‖p.

3. Let f ∈ Lp(X), with p > 1. Prove that there exists g ∈ Lq(X), q =
p

p−1 , such that ‖g‖q = 1 and∫
X

fg dµ = ‖f‖p.

Conclusion?

4. Let (X,Γ, µ) be a complete measure space such that µ(A) ≥ 1 when-
ever A ∈ Γ and µ(A) > 0. Suppose that 1 ≤ p < q ≤ ∞. Prove that
Lp ⊂ Lq and

‖f‖∞ ≤ ‖f‖q ≤ ‖f‖p ≤ ‖f‖1.

5. Let (X,Γ, µ) be a complete measure space and 1 ≤ p, q <∞.
(a) Suppose that fi ∈ Lp, i ∈ N, ‖fi − f‖p → 0, and fi → g a.e.

Prove that f = g a.e.
(b) Suppose that fi ∈ Lp∩Lq, i ∈ N, ‖fi−f‖p → 0, and ‖fi−g‖q →

0 a.e. Prove that f = g a.e.

6. Prove that one can not, in general, choose the set F in Egorov’s
theorem so that µ(X \ F ) = 0.


