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1. Let (X,Γ, µ) be a complete measure space and let f ∈ L∞(X). Prove
that

‖f‖∞ = inf
{

sup{|f(x)| : x ∈ X \N} : N ∈ Γ, µ(N) = 0
}
.

2. Let µ(X) <∞ and 1 ≤ q < p <∞.
(a) Prove, without using Hölder’s inequality , that Lp(µ) ⊂ Lq(µ).
(b) Prove (by using Hölder’s inequality) that

‖f‖q ≤ ‖f‖p (µ(X))(p−q)/pq ,

for f ∈ Lp(µ).

3. Let (fj) be a sequence of nonnegative Lebesgue-measurable func-
tions fj : R→ R such that∫

R
fj dm→ 0.

Is it true that necessarily fj(x)→ 0 for a.e. x ∈ R? [Why??]

4. Let f : Bn(0, 1) → Ṙ, f(x) = log|x|. Determine all the values of p
for which f ∈ Lp(Bn(0, 1))?

5. Suppose that f ∈ Lp and g ∈ Lq, where 1
p

+ 1
q

= 1
r

for some r ≥ 1.

Prove that fg ∈ Lr ja ‖fg‖r ≤ ‖f‖p‖g‖q.

6. Suppose that f, fk ∈ L1(µ), fk ≥ 0, k ∈ N, and lim infk→∞ fk(x) ≥
f(x) for µ-a.e. x ∈ X. Suppose furthermore that∫

X

fkdµ =

∫
X

fdµ = 1

for all k ∈ N. Prove that∫
X

|fk − f |dµ→ 0.


