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1. Define functions fj : [0, 1] → [0, 1] as follows: f1 = χ[0,1/2], f2 =
χ[1/2,1], f3 = χ[0,1/4], f4 = χ[1/4,1/2], f5 = χ[1/2,3/4], f6 = χ[3/4,1], f7 =
χ[0;1/8], . . .. Find the functions lim supj→∞ fj and lim infj→∞ fj.

2. Find the limit

lim
n→∞

∫ 1

0

nxs

1 + nx
dx,

when 0 < s < 1.

3. Let Ej ⊂ Rn, j ∈ N, be a sequence of measurable disjoint sets and
let f : Rn → [0,+∞] be a measurable function. Prove that∫

∪jEj

f =
∞∑
j=1

∫
Ej

f.

4. [”Decreasing monotone convergence theorem”]
Let fj : E → R be measurable functions such that f1 ≥ f2 ≥ · · · ≥ 0.
Prove: If

∫
E
f1 <∞, then∫

E

lim
j→∞

fj = lim
j→∞

∫
E

fj.

5. Let

fn(x) =
1 + e−n|x|

1 + x2
, x ∈ R, n ∈ N.

Find the limit

lim
n→∞

∫ ∞
−∞

fn(x) dx.

6. Let (fj)
∞
j=1 be a sequence of measurable functions fj : Rn → R such

that the sum
∑∞

j=1|fj| is integrable. Prove that

lim
j→∞

∫
Rn

fj = 0.


