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1. (a) Find inf E and supE when E = { 1
log x
∈ R : x > 1}.

(b) Suppose that ∅ 6= B ⊂ A ⊂ R. Prove that

inf A ≤ inf B ≤ supB ≤ supA.

(c) Let ∅ 6= A ⊂ R and −2A = {−2x : x ∈ A}. Prove that

inf(−2A) = −2 supA.

2. Let V1, . . . , Vk ⊂ Rn be open and F1, . . . , Fk ⊂ Rn closed subsets of
Rn. Prove that ∩kj=1Vj is open and ∪kj=1Fk is closed. Give examples
of the following phenomena: (a) Vj ⊂ R is open for every j ∈ N but
the intersection ∩∞j=1Vj is not open; (b) Fj ⊂ R is closed for every
j ∈ N but the union ∪∞j=1Fj is not closed.

3. Let I be an uncountable set and ai > 0 for every i ∈ I. Prove that∑
i∈I

ai := sup
J⊂I finite

∑
j∈J

aj = +∞.

4. Let

B = {Bn(x, r) ⊂ Rn : x = (x1, . . . , xn) ∈ Qn, r ∈ Q, r > 0}.
Prove that B is countable. [In other words, B is the family of all open
balls Bn(x, r) ⊂ Rn whose radii r are positive rational numbers and
the coordinates of the centres x are rational numbers.]

5. Let A ⊂ R2 be countable. Prove by using the definition of an outer
measure that m∗2(A) = 0.

6. Let f : [0, 1] → R be continuous and Gf = {(x, f(x)) ∈ R2 : x ∈
[0, 1]} its graph. Prove that m∗2(Gf ) = 0.


