DYADIC ANALYSIS AND WEIGHTS

TUOMAS HYTONEN

Lecture notes of a course at the University of Helsinki, Spring 2014.

1. DYADIC CUBES AND THE DYADIC MAXIMAL OPERATOR

1.A. Dyadic cubes: basics. The standard dyadic cubes of R¢ consist of the collection
2 = {2770, 1) +m) : k € Z,m € Z%}.
It is the union over k € Z of the collections
Dy, = {27%([0, )% +m) : m € 29}.
The main properties of dyadic cubes are:

e Each % is a partition (i.e., a pairwise disjoint cover) of R<.
e Each %1 is a refinement of the previous Z: i.e., we have

Q= |J @
Q' €Dt
Q'CQ
for every Q € 7.
We denote by £(Q) the side-length of a cube, and by |Q| = £(Q)? its Lebesgue measure.

Definition 1.1. A collection of sets 2 is said to

(1) be nested if
QNRe{w,Q R} for all Q,R € 2, (1.2)

(2) have an infinite increasing chain if there exist Q € 2, k € N, such that Qr € Qg41 for
all k € N.

An element @ € 2 is said to be maximal if there does not exist any R € 2 with R 2 (. The
collection of maximal elements in 2 is denoted by 2*.

It is easy to check that any subcollection 2 C 2 of dyadic cubes is nested. On the other hand,
this property fails for almost any other collection of sets. (Say, the intersection of balls is often
not a ball at all, not to mention one of the original balls.)

The collection 2 has infinite increasing chains, for instance Qj, := 2*[0,1)¢, k € Z, and it does
not have any maximal elements (since every dyadic cube is always contained in a strictly bigger
dyadic cube). On the other hand, if E is any bounded set, then 2 = {Q € 2 : Q C E} does
not have infinite increasing chains, since £(Qg) > 20(Qx_1) > ... > 2¥4(Qp) in such a chain, and

eventually the side-length would be too big to fit inside the bounded set F.

Lemma 1.3. Let 2 be a collection of sets.

(1) If 2 does not have infinite increasing chains, then every Q € 2 is contained in a maximal

Q" € 2%,

(2) If 2 is nested, then any two Q, R € 2* are disjoint.
Proof. (1): Let Qo € 2 be given; we need to find some maximal Q* containing Qq. If Qg itself is
maximal, we take Q* = (Jg. Otherwise, by definition, there exists some ;1 € 2 with Q1 2 Qo.
Suppose that we have already found Qr 2 Qr—1 2 ... 2 Q1 2 Q. If Qr is maximal, then we
are done with @Q* := Q. Otherwise, there exists some Qx+1 € £ with Qx+1 2 Q. This process
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must terminate after finitely many steps with some @, being maximal, since otherwise we could
construct an infinite increasing chain, a contradiction.

(2): We understand of course that we mean two different Q, R € 2*: Q # R. Since 2 is
nested, we have Q N R € {@,Q, R}. If they are not disjoint, i.e., @ N R # &, this only leaves the
options @ N R € {Q, R}. Suppose for instance that @ N R = @, the other case being symmetric.
This means that @ C R, and since Q # R, that @ C R. But this contradicts with the maximality

of Q). Thus disjointness is the only possibility. O
1.B. The dyadic maximal operator. The dyadic maximal operator M, is defined by
1
Maf(w) = sup = [ 1f1dy, (1.4)
Qe Q| Jg
Q3

where the supremum is over all dyadic cubes that contain the point 2 € R?. It satisfies the following
fundamental estimate, whose proof is a good illustration of the basic properties of dyadic cubes:

Proposition 1.5. For every f € L*(RY) and A > 0, we have
1 1
o € B Maf(@) > M) < S0 = 5 [ 1714,
A A Jra

The set appearing in the estimate is a particular case of a level set of a function. We will often
use the shorter notation
{g> A} :={z e R : g(x) > \}.

Proof. Let
1
2, = P — .
vi={Qe |Q|/Q|f|dy>x}

From the definition of the dyadic maximal operator, we have Myf(z) > X if and only if there
exists a Q € 2 with @ > z. Thus

{Maf >0 = | @ (1.6)
Qe

Since 2, C 2, it is nested. Let us check that it does not have infinite increasing chains. This
follows by observing that for every @ € 2, we have

@< 5 [ 191du < 31, (17)

so that the measure of the cubes @ € 2, is bounded from above. This is not the case for dyadic
cubes in an infinite increasing chain, since |Qry1| > 2%|Qx| for Qrir1 2 Qr. We conclude from

Lemma 1.3(1) that
Ue= U @: (1.8)
Qe2x Q€23
here D is clear since 2, D 25, and C follows from Lemma 1.3(1), since every @ on the left is
contained in some @Q* on the right by the lemma. The union on the right of (1.8) is disjoint by
Lemma 1.3(2).
Now we just put the pieces together:

onr> 1= U el=| U el S ei<s 3 [

QEZ QeZy QeZx QeZ}

1 )1 1
- X/Rd( > lQ(y))If(y)ldy < A/{Mdf»} W)l dy < S fllzr-

Qe2:
Here (x) was based on the fact that the cubes Q € 2, are pairwise disjoint, so at most one @
contains any given y € R?; on the other hand, if y € {Myf > \} = UQGQ; @, then there exists

exactly one such cube. Note that the second-to-last estimate above gave a slightly more precise
bound than claimed in the proposition. O
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1.C. The dyadic maximal operator for general measures. The definition (1.4) immediately
generalizes to other measures p in place of the Lebesgue measure: we just replace every occurrence
of the Lebesgue measure, both in integrations and in taking the measures of sets, by the measure
u. For the expression to be meaningful, we only ask that p is a locally finite Borel measure (so
that cubes are measurable, and pu(Q) < oo). Thus we define

1
M f(z) == sup —— / |fldp.
¢ Qe 1(Q) Jq

Q3x
This also satisfies the analogue of Proposition 1.5, again replacing every occurrence of the Lebesgue

measure by u:

Proposition 1.9. For every f € L*(u) and X > 0, we have

1 1
pAMEf > A0 < Sl = X/Rd |fldu.

Proof. An inspection of the proof of Proposition 1.5 shows that the same argument goes through
verbatim, except for one point: in arguing that 2, does not have infinite increasing chains, we
used a specific property of the Lebesgue measure that |Q| > 2¢|Q’| for dyadic cubes Q 2 Q’. This
might fails for other measures, so we need to modify the argument. The problem is not serious
however, and can be fixed by a simple localization.

Let Z(n) :={Q € 7 : £(Q) < 2"}, and define M}, f by replacing Z in the definition of M} f
by Z(n). It is easy to check that M/ f(z) is the monotone increasing limit of M/ f(x) as n — oco.
Now ) 7

i >N = | Q where 2y, :={Qe(n): W/ Fldp > A}
QEZ\ n H Q@
is nested and does not have infinite increasing chains (since the side-length in Z(n) is bounded
from above, but the side-length in an infinite increasing chain increases without limit). Thus a
trivial modification of the existing argument shows that

1 1
TENENEEY) 71 < 1720
HMy, f>X}
and the proposition follows by monotone convergence:

(0 f > 00 = p( ML, f > AY) = Tim p({Mf,f > A}). 0
neN

2. FROM DYADIC TO NON-DYADIC: SHIFTED DYADIC CUBES

2.A. Hardy—Littlewood maximal operators. A general class of maximal operators can be
defined as follows. Let Q = {2, },cge be a family of collections of sets, indexed by = € R?. (Le.,
for every x € R?, 2, is a collection of sets.) Then

1
Maf(@) = swp /Q 1l dy.

Clearly M, is the special case with 2, = 2, :={Q € 2 : Q > z}.
For two collections of sets 2 and %, we say that #Z dominates 2 (with constant K) if

R DO @, and

2.1
Rl < K|, @1)

VQeZ: IReZ: {
Exercise 2.2. Prove that if %, dominates 2,, then Mq f(z) < KMxf(x), where K is the
domination constant.

In particular, if %, dominates 2., and 2, dominates %,, then Mg f(x) and Mxnf(z) are
comparable.

In many questions of Analysis, one of the following variants of the Hardy—Littlewood maximal
operator plays a role:
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(1) The centred ball maximal operator M. corresponds to 2, = B = {B(x,r) : r > 0}.

(2) The non-centred ball mazimal operator M, corresponds to 2, = %, := {B ball: B > x}.

(3) The centred or non-centred cube maximal operators are defined in a similar way with
cubes instead of balls.

Although they look different at first, these are actually all pointwise comparable. As an example,
we check:

Lemma 2.3. M.f(z) < M,f(z) < 2¢M.f(x).

Proof. By Exercise 2.2, it suffices to check that %, dominates Z¢ with constant 1, and ¢
dominates %, with constant 2¢. The first case is obvious, since ¢ C %, (balls centred at x are
special cases of balls containing z!). For the other case, let B(z,r) € %, be any ball containing
x. We claim that B(z,r) C B(z,2r) € %4%; indeed, if y € B(z, ), then

ly—z| <|ly—z|+|z—z|<r+r=2r

where we used y € B(z,r) and z € B(x,r). Thus y € B(z,2r), and since € B(z,r) was arbitrary,
this shows that B(z,r) C B(x,2r). On the other hand, we have

|B(z,2r)| = vq(2r)® = 29 . vgr? = 24| B(z,7)],

where vg = |B(0, 1)] is the measure of the d-dimensional unit ball. Thus we find that %S dominates
B, with constant 2%, as claimed. O

It is also easy to check that %, dominates &, with a dimensional constant, and thus M, f(z) <
caMyf(z) < 2%c4M,f(x). However, the opposite estimate fails: It is easy to check that if f is
nonzero function (more precisely: nonzero in a set of positive measure) then M. f(z) > 0 at every
point « € R%. However, if f is supported in one of the “quadrants”, say in the positive quadrant
[0,00)4, then so is Myf. Thus, if f is nonzero and supported in [0,00)?, and x € R%\ [0, 00),
then Myf(x) =0 < M.f(z). Hence M. f(z) < KM,f(x) cannot be true with any constant K.

This seems to indicate that the dyadic maximal operator has no use in trying to estimate
the Hardy—Littlewood maximal operator. However, the situation changes as soon as we consider
several dyadic systems!

2.B. Shifted dyadic systems. There is a general constructing shifted dyadic systems. Let
w = (wr)rez be a sequence of binary vectors wy, € {0,1}?. For a dyadic cube Q € 2, we define its
shift by w as a shift by a truncation of the formal (usually divergent) binary expansion ), ., w27k

Qiw=Q+wl(@)=Q+ > w27

71279 <(Q)

We define 2y := {Q+w: Q € Zx} and 2% := oy, Z1-

Lemma 2.4. For every w € ({0,1}4)%, the system 9% is another dyadic system in the sense that:
(1) Each Z¢ is a partition of Re.
(2) Each 2., is a refinement of the previous Z.

Proof. (1) is obvious, since we just shift each element of the partition 2 by the same number
w(27F).

(2) requires a little argument to check that the shifts by the different numbers w(27%) on %,
and w(27%~1) on %1, produce compatible partitions. The key is to observe that:

e w(27") = w27 ) + wry127F 7L, where w4 € {0,1}9, and
e we have

D1 = {27570, 1) + 27 'm o m € 29}
=270, )+ 27" Y m 4 wry1) i m € 20 = Dy + 27 Lo,

by simple re-parametrization, since m + wy41 also runs through Z?¢ when m does.
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A combination of these points shows that
D1 + w277 = D w12V w27 = Dy +w(27F).

This is obviously a refinement of 7, + w(27%), since Z,1 is a refinement of %. O

Exercise 2.5. Consider the dimension d = 1, and let = € R be a fixed point. Consider the shifted
system 2% .= {Q + x : Q € P}, where Q + x is just a usual translation of the cube (interval) @
by z. Show that 27 is a special case of the shifted systems 2* for some fw = w(x) € {0,1}%, and
compute this w(z). Note that the formula should look slightly different for x > 0 and z < 0.

Exercise 2.6. From the result of the previous exercise, deduce a criterion for w € {0,1}% to
determine is it is of the form w = w(z) for some x € R%. Conclude that “most” w € {0,1}% are
not of this form.

2.C. Special shifted systems, d = 1. After the general definition, we concentrate for a while
on dimension d = 1. It is obvious that w; = 0 gives the original dyadic system 2% = 2° = 2.
This also happens if w; = 1.

Our aim is now to construct a shifted system that, in some sense, is as far away from the original
one as possible. Thus we choose w; where the values of 0 and 1 alternate, which gives two options:
wjl- := 1o7(j) and wJQ- = loz41(7), ie., w]l is 1 for even j and 0 for odd j, and wJQ- behaves in the
opposite way. Let us abbreviate

9 =9, =12

Lemma 2.7.

wi(27F) = {

= (122+1(k) + (*D%)Qik-

27k if i,k have same partity (both even or both odd),
.9k

ol Wl

, if i,k have different parity (one even and one odd).

Proof. By definition

W2 = Y 27 =278 N o

i>k h>0
j—i odd h—k—i odd

where the summation condition is h even, if k — i is odd, and h odd, k — 7 is even. It remains to
observe that

Z 9—h _ irzi _ 1’ Z o—h _ iT(QFl) — 2 O
hh>0 i=1 3 hh>dod =1 3

This proves the first identity of the lemma, and the second one is easily checked by considering
the four possibilities (k even or odd, ¢ = 1,2) case by case.

We have already pointed out before that &, +27% is simply Z,. Thus it follows from the lemma
that for i = 1,2, we have

i = {Q—k([o, 1) +m+ (—1)’“%) me Z}, (2.8)

and this formula has the virtue of being obviously valid for i = 0 (with 2° = 9) as well. By
Lemma 2.4, the new systems Z°, i = 1,2, share the key properties of the original 2. However,
the true value of these shifted systems comes only when using them simultaneously:

Proposition 2.9. Let I C R be any finite interval. Then for at least two (but not necessarily all
three!) values of i € {0,1,2}, there exists J € 9" such that

JDI,  30(I) < 6(J) < 66(I).
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Proof. Let k be the unique integer such that 3¢(I) < 27% < 6¢(I). (There is always a power of 2
in an interval (¢,2t].) Let

& =127 m + (=1)ki/3) : m € 7}, i=0,1,2,

be the set of end-points of the intervals @,ﬁ. Then it is immediate that the sets é”,j, 1=0,1,2, are
pairwise disjoint, and

&= EUEUE ={27 (m+i/3):m € Z,i=0,1,2}

is a doubly infinite arithmetic sequence where the distance of consecutive points is 27%/3 > ¢(I).
It follows that I contains at most one point of &%. By disjointness, there are at least two values
i € {0,1,2} such that I does not contain any point of &{. Now, if J € &} (for either of these two
values of %) is the unique interval that contains the centre of I, it must actually contain the whole
of I. And we have £(J) = 27% € (3¢(I),6¢(I)], as required. O

Let
= {I C R a finite interval : I 3 z},
and recall that
P :={J€c2 :J>ux}

An immediate reformulation of Proposition 2.9 in the language of domination (recall (2.1)) is
that 2 U 27 dominates .#,, whenever i,j € {0,1,2} and i # j. (Mostly we apply this with
(i,7) = (0,1), i.e., we take the standard dyadic system, and one shifted copy of it.) Thus, an
immediate consequence of Proposition 2.9 and Exercise 2.2 is that

1 1
Myf(x) = sup / fldy<o s = /J fldy

Iess JEDIUD]
< 6max(Mjf(2), M f(x)) < 6(Myf(x) + M f(x)),
where M} is the dyadic maximal operator related to the dyadic system 2° in place of 2. (The
notation M, is used, since the intervals are one-dimensional “balls”.) Thus, many results about
the Hardy-Littlewood maximal operator can be deduced from results for the dyadic maximal

operator, as soon as we use more than one dyadic system. We will later generalize this result to
several dimensions as well.

Exercise 2.10. Counsider the triadic systems of intervals
7' =%,  Z=301)+m+i/2):meL}, i=0,L
k€EZ
Sketch a picture, and convince yourself (no need to make a detailed verification) of the facts that

! is a partition of R and 72| refines Z0. Prove that 7}, | refines .7,

Exercise 2.11. Prove an analogue of Proposition 2.9 for .7° and .7!: For any finite interval
I C R, there exists J € Z°U 7" such that J O I and ¢(I) < K/¢(.J). Which estimate can you get
for K7

3. HIGHER DIMENSIONS AND FIRST WEIGHTED BOUNDS

3.A. Special shifted systems, d > 1. Recall that our general construction of shifted dyadic
systems in any dimension was the formula

Qtw=Q+w(t@)=Q+ Y w27,
3:277<4(Q)

_ _ ;‘)(ii:p

the sequences w' = (w;)jez € {0,1}%, which give rise to one-dimensional shifted dyadic systems.

where w = (w;) ez € ({0,1}%)%. Thus each w; is a d-vector w; = (w and we can also from
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If a cube Q = I; x --- x I; is written as a product of intervals, the shift takes the form

. o \d
Q+w:[1><-~-><ld+( Z w;Q_j)iZI
4279 <0(Q)

:(h+ 3 w;rﬂ')x~-><(1d+ S w;.lgfj) (3.1)

J:27I<e(1y) J:27i<l(1y)
= (LHwh) x - x (Id—i—wd),

a product of shifted intervals in each of the coordinate directions. (We used above the fact that
Q) =4(I) = ... =£L(I4): the side-length of a cube is equal to the length of any of its component
intervals.) This establishes a one-to-one correspondence between shifted systems in d dimensions,
and d-fold products of shifted systems in one dimensions.

If we take the products of the special shifted systems (2.8), we arrive at

2°(RY) = {2-’%[0, D+ m+ %(—1)%) keZme Zd}, a=(a;)L, €{0,1,2}%,
—{Q=ILx-xIg: L € 2%R), L) = ... = (L)},

where we have indicated the underlying space of the dyadic systems in parentheses for clarity.
Usually we work in one fixed dimension, so that there is no need to do so.

Proposition 3.2. Let Q be any cube (with sides parallel to the coordinate axes) in RY. Then
there exists o € {0,1}%, and R € 2*(R), such that

RDQ,  30(Q) < {(R) < 60(Q).

Note that we need only the 2¢ cases a € {0,1}¢ here. All the 3¢ cases a € {0,1,2}% are used
for a somewhat stronger conclusion formulated in the exercise below.

Proof. We write @ = I; X ... x Iy as a product of intervals, and apply Proposition 2.9 in each
coordinate direction. As stated, Proposition 2.9 says that for at least two choices of «; € {0, 1,2},
there is J; € 2% (R) with J; D I; and 3¢(I;) < £(J;) < 6¢(1;). This means in particular that
the same conclusion is true for at least one choice of «; € {0,1}. Then it follows that the set
R:=J; x--- X Jg contains Q = I; x --- x I.

To conclude observe that ¢(1;) = ¢(Q) for all i. Now £(J;) € (34(1;),64(1;)] = (34(Q),64(Q)] and
¢(J;) is an integer power of two. There is exactly one such number in the interval (3¢(Q),64(Q)],
and therefore all ¢(J;) are actually equal. Thus R is actually a cube, with ¢(R) = ¢(J;) = ... =
(Jg) € (34(Q),6¢(Q)], and more specifically it is a cube of the form appearing in (3.1). Thus
R € 2%, and we are done. O

Exercise 3.3. Prove the following variant of Proposition 3.2: Let @ and P be any two cubes (with
sides parallel to the coordinate axes) in RZ. Then there exists a € {0,1,2}4, and R, S € 2%(R?)
(same « for both R and S!), such that

R2Q.  3Q) < UR) < 6((Q),

S2OP, 3U(P) < £(S) < 6L(P).
(Hint: Deduce the one-dimensional case from Proposition 2.9, then proceed to higher dimensions
in a similar way as in the proof of Proposition 3.2.) Check that if Q C P, then R C S.

3.B. A maximal function estimate with different measures. The action of maximal opera-
tors can be naturally extended to measures in place of functions. If v is a positive Borel measure,
we define

dy(x) := su v(Q)
Myv(z) %%1% Q) (3.4)

It is immediate that
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ie., if v is a weighted measure (with density ¢ > 0) relative to the measure u. The above relation
of v, p and ¢ is often abbreviated as dv = ¢ du.

Proposition 3.5 (Fefferman—Stein [FS71]).

V({MIf > \)) < /|f M) dpa(z).

Proof. The proof is a simple adaptation of the case pt = v. As before, consider

\ z{Qe@:u(lQ)/QIfldu>/\}~

We write the proof in the case that 2 is without infinite increasing chains; in general, ensuring
this would require a truncation argument, but we skip those details. Then, denoting by 2, the
maximal cubes in 2, we have

v > =v( U @) =v( U @)= »@

QE2, QeZ; Qe2;
= v(@Q) . inf Md )| dpa(
Z i@ u(@)ngzg* inf M) [ 1@l ante
|f(2)|Mlv(x) du(x £ (2)|Mjv(x) du(z).
SPWAL /

Compared to the previous cases, the additional step was to multiply and divide by u(Q), and to
estimate the ratio v(Q)/u(Q) in terms of the maximal function. O

3.C. L? bounds and interpolation. Denoting
dw = Mju dy,
the estimate just proven takes the form
v({Mf > ) < [ flle )
Defining
gl 2220wy :=sup A - v({lg] > A}),
A>0

this can be further written as
d
HM;LfHLl‘OQ(V) < ||f||L1(w)a
which is known as a weak-type estimate. The space
LY (v) :={g : g is v-measurable and ||g| 1.~ (v) < co}

is called the weak L' space, and || || 1.0 (,) the weak L' norm, although it is actually not a norm.
(It does not satisfy the triangle inequality.) Note that

u<{|g\>A}>=/ Advg/ gl dv < llgll 2,
{lg|>X} {lgl>X}

so that ||g[|z1.0¢ () < [|9]l1 (). In general the latter norm can be much larger. For example, on R
with the Lebesgue measure, we have 1/z € L1*(R) \ L*(R). This explains the name “weak”.

We would now like to consider LP estimates for M, ;f for p > 1. Let us first consider the extreme
p = 00:

Lemma 3.6.
||M/ff||L°°(V) < ||f||L°°(w)v dw = Mﬁydlu
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Heuristic proof. If f is bounded by K, then

b L _ @)
M<Q>/Q'fd“<u<cz>/QKd“ Ko =%

and hence Ml‘ff is also bounded by K. However, this is not a proper proof, since || f|| 1) = K
does not mean that |f(z)] < K at every z, only that this is true for w-almost every x, and one
needs some care with the zero sets of the different measures. O

Exercise 3.7. Give a proper proof of Lemma 3.6. (Hint: Recall that

11z = inf {X € [0,00)  w({lf] > A}) = 0.

Argue that it is enough to prove that v(Q) = 0 for all Q € 2, where this set is defined as usual.)
Also check that the above heuristic proof is almost correct in the case that v = p.

The L? inequality for the maximal function reads as follows:

Theorem 3.8 (Dyadic maximal function inequalities with two measures). For two locally finite
measures 1 and v on R?, we have the inequalities
IMEFll ey < £l w)s dw = Mfvdp,
p
HM;J,if”LP(V) < p/||f||LP(w)7 Vp € (LOOL p/ = E
In particular, if dv = wdy is a weighted measure with respect to u, the second bound takes

the form
1/p

([ ogirwa)” <y ([ 1rartoan)”, (39)

which will have an interesting application — completely unrelated to weights — in the following
section.

Proof. The weak-type bound is Proposition 3.5, and the case p = oo is Lemma 3.6. The remaining
cases are a consequence of these two via the following general interpolation theorem. O

Theorem 3.10 (Marcinkiewicz interpolation theorem, special case). Suppose that T is a sublinear
operator (meaning that |T(f + g)| < |Tf| + |Tg| pointwise) from L'(w) + L™ (w) to v-measurable
functions, such that
ITfllzroe ) < Al fllzt(w)s
ITfllLoe ) < Acollf Il oo (w)-
Then ) ,
ITfllzo) < P AP AL | flloy. VP € (1,00).

Proof. The proof depends on the important level set formula (applied to ¢ = T'f)

600 = [ p¥ 7 0(dlo] > X an (3.11)

This is most easily verified by observing that both sides are equal to the double integral (evaluated
in one or the other order, which is legitimate by Fubini’s theorem)

/0 /Rdp/\p_ll{u,A):l¢<m>\>A}(xaA)dV(w)dA-

Another tool is the splitting of f into parts where it is “small” or “large” relative to the level A.
A first attempt would . ~
v=1gpcant, = gpsand,
where Hf)\HLoc(w) < A\. However, we can have this same bound even if we make f slightly larger,
and thus f* slightly smaller; namely, we define
AN

).

f
M= Yansand + Lassan A% = 1{|f\>Ax\}f(1 Tl
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The parameter A will be chosen below.
We also split A as A = a\ 4+ A, where a + 3 = 1, and this will be also chosen below. Now, if
|Tf| > A, then

aX+ BA =X <|Tf| < |Tfal + [T f,

and we must have at least one of |T'f\| > a\ or [T f*| > BA.
We now choose the parameters so that the first case is impossible; namely, we have

HTf)\HLOO(V) < Aoon)\”Loo(w) < AOOA)\
Thus we choose A = /A, and conclude that |Tfx| > o\ only in a set of measure zero. Hence
VTS > A < VAT > 00D < ZH1P T = 55 [ Lassan(] - AN do,

and thus
751y = [ o2 oIT S > 20
</ TN ({IT ] > BAY) dA
pAl/ AP~2 /1{\f|>A)\} |f| — AX) dw d

A [fI/A
<P 1// (A\P=2|f] — ANP~1) dAdw

< % (%(%’)”ﬂﬂ - 4(%’)1’) d

B A Art
ﬂAP 1 /|f| dw = a)ai”_l(p ) ||f||LP(w

where we took into account that 5 =1— « and A = a/A,,. It is a high school exercise (find the
zero of the derivative etc.) to optimize the right side in terms of a. The optimum is reached at
a = (p—1)/p =1/p', at which point the denominator above becomes (1/p’)?. Taking the pth
roots we arrive at the asserted estimate for || T'f]| v (,)- O

Exercise 3.12. Let us denote by

M) = sup Q|/ )l dy

Q cube

the Hardy—Littlewood maximal function associated with the family of all cubes (with sides parallel
to coordinate axes) in R?. Use Theorem 3.8 and shifted dyadic cubes to derive the analogous
statements for the Hardy-Littlewood maximal operator: For any locally finite measure v on R,

[Mfllpreewy < call fllLr ),
||Mf||LP(V) < Cdm”f”Lp(Ml/)a pe (1,00},

where
1/p
£z = ( [ 117w d)

(with w(z) = Mv(z), which is defined by an obvious modification of (3.4)) denotes the L? norm
weighted with respect to the Lebesgue measure. Pay attention to the weak-type estimate, bearing
in mind that || [|z1.(,) is not a proper norm.
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4. VECTOR-VALUED MAXIMAL INEQUALITY

4.A. Duality of LP spaces. The elementary inequality

ar b ’ p
abg*_"i,a for a7b6 [0,00), p€(1,00)7 p=——
p P p—1
can be easily verified as a high school exercise. If we apply this to a = |f(z)| and b = |g(x)| for
each z, we find that

J1s@g@laut) < > [ 1f@P dut) + 2 [ 1o auo).

If we replace f by A\f and g by g/\ (for a constant A > 0, the left side is unchanged, and the
above estimate takes the form

/

AP
p/

P :
/ ol < A1 + 2l

If we optimize the right size with respect to A\, we arrive at the final form

/ Faldu < 1 1lnllglly (4.1)

which is known as Hélder’s inequality.
There is an important converse to this estimate, contained in the following:

Theorem 4.2. Let p be a o-finite measure on R?. For any p-measurable function f and p €
(1, 00), we have

110 =sup {| [ Fodu] s g€ 27) gl < 1} (43)

The result is also true for p = 1, 0o, but requires a modification of the argument. The space R?
could be replaced by a more general measure space, with the same proof.

Proof. The bound “>” is already contained in (4.1), so it remains to consider “<”.
Case || f|lp = 0. Then f = 0 almost everywhere, and the right side of (4.3) is zero as well.

Case 0 < || f|l, < co. We have

515 = [1srdu= [ £ A2 au= [ 1-nsan

where
gl = [P du= [ 177 du= 151
thus
gl = I £I22 = [ 21,
and hence
£z [ f-hpdu
1= ::/f'g d,
PUNAETE T Rl !
where )
hy  flfIP2

gf = = — (4.4)
gl (1B

has L (j1)-norm equal to 1. So in this case, we not only have “<” in (4.3), but the supremum is
actually reached with the specific function gy.
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Cuase ||f|l, = oo. The o-finiteness assumption says that there are sets E,, of finite measure such
that E,, T R%. Then also F,, := {|f| <n}NE, T R% and it is immediate that |15, f||, < co. Thus
the previous case of the proof shows that there exists a function g, := g1, s with [|g,|,y = 1 and

/ L gndu = / 15, f - gndpt = L, fllp — /]l = 00

as n — 00, and ||1g, gnllp < llgnllp = 1. (In fact, one can check that g, is supported on F,,, so

that 1z, g, = gn, and its norm is exactly one.) This proves “<” in (4.3) even in this case. O

4.B. Vector-valued L? spaces. The space LP(u;£?) consists of all sequences of functions f =
(fi)22, (or equivalently, sequence-valued functions) such that

ey = ([ [imnq}”qd )" = ([ 1@l an@) " = el

is finite. Observe that if p = ¢, then

7l ey = (/i'fi(l‘”p dM(x))l/p
(% [n@ran) " = ()"
i=1 -

can be written in terms of the L? norms of the f;, but this is the only such case.
The duality theorem extends to the vector-valued case as follows:

(4.5)

Theorem 4.6. Let i be a o-finite measure on R%. For any p-measurable sequence of functions
f=(f)2y and p,q € (1,00), we have

1Flerguaey =sup {| [ 3 figodu] s 7= (002 € 276 5 191w gy < 1} (47
i=1

Proof. “>” consists of two applications of Hélder’s inequality, one on sequences and the other on
functions:

/ Zm 2)g:()| dpa(a / 1F(@)les](@) o ) < N1 Fles 2o 10 Lo -

“<” case 0 < ||f]| Lr(useay < 00. We observe that the Duality Theorem 4.2 also applies to se-
quence space: either one can repeat the same proof, or observe that sequence spaces are actually
special cases of function spaces, where the underlying measure p = > >~ §; is supported on
Z, =1{1,2,...}, and assigns the measure one to each i € Z,. Thus, for each z, related to the se-

quence f(z) = (fi(x))$2,, we can find another sequence 0(x) = (v;(z))2,, given by an adaptation
of the formula (4.4):

fi(@)|fi(@)]"
|fla)d !

so that >, fi(z)vi(z) = |F(2)]ea ang |0(z)|ser = 1. On the other hand, by the Duality Theo-

rem 4.2 applied to the function = — |f(x)|¢, we find another function u, again given by (4.4):

oy —1
F@)l
T

vi(x) = ,
u(x) =

such that [ |fleudp = ||| fle | L (u)- Putting things together, we find that

1o = [ 1F@letuta) ) = [ >~ fepntente) o) = |3 firote) o)
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where
fi(@)| fil)|*?
F@ P11

satisfies
g1 0 l2o gy = N1eel0lgar Nl oy = llull Lo (uy = 1- 0
Exercise 4.8. Complete the proof of Theorem 4.6 by considering the case that ||ﬂ\Lp(ng) =00

(Hint: In addition to the other approximations, it may be useful to truncate the sequences by
considering approximations with f; = 0 for ¢ > n.)

4.C. The Fefferman—Stein inequality.

Theorem 4.9 (Dyadic Fefferman—Stein inequality [FS71]).

I £)2 0 M o usesy < cpgll (Fi)52a Il Lo (usen)

Proof. We divide the proof into three cases according to the relative size of p and g¢:

Case p = q. This is the easy case: From (4.5), we find that

(4.5) 1/p
1M )32 o ueny = (ZHMdszLp(M))

(%) e 1/p (4.5) .
2 (@) D I oo
=1

where (x) was an application of the usual dyadic maximal inequality in each component f; sepa-
rately.

Case p > q. Now

(P2l e (useay = (/ {Z |hil? }P/q >q/p><1/q _ H

where LP/9(y) is another Lebesgue space with exponent p/q € (1,00), where we can apply the
Duality Theorem 4.2. Thus

i (4.10)

IOL Ny =500 { [ [SOLR) ] 9 s oy < 1)

i=1

where

/{Zl(Mdfz gdp = Z/Mfl gdu<z /\fi|unng
/[Zm } M,gdu < (g

< (¢ >Q||<fz~>;°;||Lp%||g||m/qy<m.

Lo/au )|| u9||L<p/q>

The last factor is one in the supremum under consideration, so altogether we conclude that

p\ /4
IOG ) lereny <6 (7) TN lrguen, 1< q<p< oo,
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Case p < q. Our strategy is to reduce this to the previous case by duality: observe that now

p’ > ¢'. However, there is a slight technical complication which requires to choose an additional
auxiliary exponent s € (1,p). We then observe that

> (p/s)/(a/s)
)2y = ([ [ 32 1al 0]
i=1

By the vector-valued Duality Theorem 4.6,

= [ (Rl 21138 (4.11)

Lr/s(psea/2)"

s/px1/s
du)

ML) T sy = SUP{/Z(Mfffi)Sgi A 1l Lewror usecarsr < 1}=
=1

where

[ onmraan=" [outyedn< > [ 150 an
=1 =1 i=1

< () NAI)Zal s usgars)

Si[( £.300 1|3 q(®/s) N\
< VNN s () Nl guacarery,

(Mt9:)321 | Lawsor (usgtarery

where we used (4.11) to the f factor, and the previous case of the Theorem to the g factor, with
(p/s) > (q/s)" in place of p > q. Altogether, it follows that

1/s —
||(M;ilfi);ﬁl””(m“) < 8/(%> (m

which is valid for any s € (1, p). O

1/s—1/q o
) R e, (4.12)

Remark 4.13. We followed the (main lines of) the original proof of Fefferman and Stein for the
case p > ¢, but not for p < ¢. Originally, they handled this with the help of a vector-valued
L'-L1*° estimate. This weak-type strategy is perhaps a bit more complicated, but it provides
additional information and a better bound for the constants, even if one tries to optimize with
respect to the parameter s € (1,p) in (4.12).

Exercise 4.14. Use Theorem 4.9 to derive the usual form of the Fefferman—Stein inequality for
the Hardy-Littlewood maximal operator M and the Lebesgue measure:

(M fi)321 ]l e razeay < Cpaall(fi)i21 ]l e rasea)-

Pay attention to which versions of the triangle inequality you need to get this.

5. THE MEDIAN

Our next major goal is to prove a certain formula, discovered by A. Lerner [Lerl0], which
provides very useful and precise information about a measurable function in terms of its “local
oscillations”. Before we can state the formula, we need to introduce some auxiliary concepts, the
first of which is the notion of a median of a measurable function.

5.A. Lebesgue’s differentiation theorem. The following result, on the one hand, is one of the
main applications of the maximal function. On the other hand, it will be soon needed in our study
of the median.

Here we always consider the Lebesgue measure on R<.

Theorem 5.1 (Lebesgue). Let f € LL (RY). Then for a.e. x € R%, we have

loc

1
lim —/ dy = f(x),
im o Qf y=f(x)
£(Q)—0

where the limit is along all cubes that contain x and whose sidelength shrinks to zero.

Proof. If f is continuous at x, the claim is immediate from the definition of continuity.
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Case f € L'(R?). The claim is equivalent to

Lf(x):=limsup ’i/ fdy— f(x)|=0
Q3 |Q| Q
2(Q)—0
almost everywhere. We make the following observations concerning the operator L:
e L is sublinear: L(f +g) < Lf+ Lg.
e If g is continuous, then Lg = 0.
o Lf < Mf+|f|, where M is the Hardy—Littlewood maximal operator (with respect to
cubes).
For a given f € L'(R%), we want to prove that Lf = 0 a.e. We first estimate the size of the set
{Lf > €} for e > 0. Given § > 0, we can find a continuous fs; (even compactly supported if we
like) such that || f — fs||1 < J. (Recall from Real Analysis that such functions are dense in L' (R?).)
Now
Lf(z) < L(f = fs)(@) + Lfs(x) < M(f = fs5)(x) + |f(2) — fs(2)[ +0,
and hence

(LS > e}l < M = 15) > /)| + 1 — fol > ¢/2}
ZIMCS = Fodlre + 20F = Folua~

2015 = falls + 21 - falls < (¢ + )5

This is true for any § > 0, and the left side is independent of §. Taking the limit § — 0, we find
that [{Lf > €}| = 0. Thus also

IN

IN

{Lf >0} = \ D{Lf> %}\ =0.

Case f € LL_(R?). If + € B(0,n) (ball of radius n centred at the origin), then Lf(x)

loc
L(1p(0,2n)f)(x) = 0 at almost every such =, since 1p(g,2n)f € L'(R%). Since R? = Uf;l B(0,n
the claim follows.

O

5.B. The median of a function. Let f : @ — R be a measurable function. Here @ could be
any set of finite positive measure, but later on it will mostly be a cube; hence the choice of the
letter. The median of f on @ is any real number m(Q) with the following two properties:

QN {f>myQ)} < 1iQl, (5.2)
QN {f <mp(Q)} < 31Q (5.3)

Exercise 5.4. Show that every measurable function f : @ — R has a median, and that the set
of all medians is a closed interval. (Hint: Show that the set of numbers m¢(Q) that satisfy (5.2)
is of the form [a, o) for some a € R; in particular, it is nonempty. Similarly, show that the set of
numbers m;(Q) satisfying (5.3) is of the form (—o0,b] for some b € R. Finally show that a < b.)

The median can be thought of as a substitute for the average of the function on Q. An
advantage is the fact that the median exists for any measurable function, whereas the average
(o =1Q7! fQ f dx requires f to be integrable. (The median is also more stable in the sense
that it does not “see” singularities of a function which appear in sets of small measure, and it is
often preferred in applied statistics: on the economy pages of a newspaper one can often read about
the median prediction for the profit of a company.) A disadvantage is the possible non-uniqueness.
Because of this, one needs to be somewhat careful when working with the median.

The following simple observation is handy for estimating the median:

Lemma 5.5. The following claims hold for all medians m;(Q) and real numbers c:

o If|QN{f>a}| > 1[Q| then ms(Q) > a.
o IfIQN{f <a} > %|Q|, then m¢(Q) < a.
o If|QN{f =a} > 3Q| then ms(Q) = a.
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Proof. Consider the first case, and suppose for contradiction that ms(Q) < « is a median. So in
particular |Q N {f > m;(Q)}| < 3|Q|, hence

Rl <lRn{f <mp@)} <|QN{f <} < 3QI,

a contradiction.
The second claim can be proven similarly, or by reduction to the first claim by considering
(—f,—«) in place of (f,«). The third claim follows at once from the first and second. O

There is a median analogue of Lebesgue’s differentiation Theorem 5.1:

Proposition 5.6 (Fujii [Fuj91]). Let f : R? — R be measurable. Then for almost every x € RY,
we have
li =
lim my(Q) = f(x),
£(Q)—0
where the limit is along all cubes containing x, whose volume goes to zero, and along all medians
of f on these cubes.

Proof. We introduce the auxiliary functions

J J
sk= ) splya-rei<Grnz—y = ) 5pleg
jez jez

Then s < f < s + 2% at every point. Observe that {FEy;};cz is a partition of R for every k.

Now every 1g,; € L{ ., so we may apply Lebesgue’s differentiation theorem, to the result that

N Ey; 1
QN Byl _ */ lgyde —— g, () (5:)
Q| QI Jo ™" Q> '
£(Q)—0

for almost every x € R%. Let us explicitly denote the exceptional null set by N kj, SO the above
convergence holds for every x € Ng,. Let N := |J; ; Ni,;. This is another null set, and the
convergence (5.7) holds for every x € N¢ and every k, j € Z.

We turn to the actual claim of the lemma. Written out in terms of the definition of the limit,
it says that for almost every = € R,

Ve >030>0:VQ 3 2,0(Q) <d=|ms(Q) — fz)] <e, (5.8)

where my(Q) is any median of f on Q.
Let z € N¢ and £ > 0 be given. We choose k so that 2% < . There is a unique j (determined
by = and k) such that x € Ej;. By (5.7), we have the existence of a § > 0 such that

|Q N Byl
Q|

We now check that this same ¢ is also good for (5.8). So fix any cube @ as in (5.8). Recalling that
By C{f>j27%yn{f < (j+1)27*}, Lemma 5.5 and (5.9) imply that

2
>3 V@ > x such that ¢(Q) < 4. (5.9)

§27F <mp(Q) < (+1)27

But we also have j27% < f(x) < (j + 1)27% since @ € Ey;, and thus |m(Q) — f(x)] < 27F < ¢,
and this is what we wanted to prove. O

6. LOCAL OSCILLATIONS AND LERNER’S FORMULA

We proceed to introduce more notation needed for Lerner’s formula.
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6.A. The decreasing rearrangement. This is another concept, which can be defined for any
measurable function f. We denote

@) =inf{la >0: {|f| > a}| <t} (inf @ := 00).

We make the following observations:

e f* is non-increasing.
Indeed, if s > t, the condition |{|f| > a}| < s is easier to satisfy than |{|f]| > a}| < t.
So the set of admissible a’s is bigger for s, and the infimum of a bigger set is smaller.
e The set inside the infimum is of the form [ag,c0) (or @). Hence the infimum is reached
as a minimum; in particular, f*(¢) itself is an admissible value of «, so that

{1 > @} <t (6.1)
Indeed, if the set is nonempty and a belongs to this set, then every o’ > « satisfies

{IfI> M < {Ifl > e} <t,

so also o’ belongs to the set. So it remains to show that the infimum «g also belongs to
the set. This follows from {|f| > ao} = U2, {|f] > a0 + 77!} and the monotonicity of
the measure,

{IF1> ao}t = lim [{|f] > ao +i <t

e We have (f1g)*(t) = inf{a>0:|Q N{|f| > a}| < t}.
It suffices to check that @ N {|f| > a} = {|1gf| > a}. But this is easy to see.

Exercise 6.2. Prove the following alternative formula for the decreasing rearrangement:

() = inf |[1gefllo,
() |gllgllzsf\l

where the infimum is taken over all measurable sets with |E| < ¢. Show that the infimum is
reached as a minimum with the set E = {|f| > f*(¢)}.

Exercise 6.3. Let f, g, h be measurable functions and ¢ a constant. Prove the pointwise bounds
and identities

IfI<Ihl = @) <h* (),
(f+9) (@) < fFA) +g" (1 =Mt),  te0,00), Ae0,1].
(f+0)7 () < f7(8) + |el.
A very useful connection between the median and the decreasing rearrangement is the following:
Lemma 6.4. The following estimate holds for all A € (0, %) and all medians my(Q):
Imp (@) < (f1Q)"(AQ)).

Proof. The right side is the infimum of {« > 0: |Q@ N {|f| > a}| < A|Q|}. It suffices to prove that
if @ < |ms(Q)|, then it is not in this set, for this implies that the infimum of the set is at least

Im(Q)]-
Solet 0 < o < |my(Q)|, where m(Q) is a median. We prove that |QN{|f| > a}| > 1|Q| > A|Q|.

Suppose first that m¢(Q) > 0. Then

QNS> a} Z1QN{f > a}| = [QN{f =mp(@} = QI - QN {f <ms(Q)} > 3|Ql-
If ms(Q) <0, then a < |ms(Q)| = —my(Q) implies —a > m¢(Q), and hence

QN{IfI>a} = 1QN{f < —a} = QN{f <mp(@)} = 1QI = QN {f >ms(Q)} = 3]QI.

So we are done; of course the case m;(Q) = 0 is trivial from the beginning. O
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Remark 6.5. The limiting case A = % of the previous estimate is more tricky. It is only true that
there exists a median my(Q) such that |ms(Q)| < (f1g)*(3]@Q|), but this need not be the case for
all medians. Therefore we prefer to work with the more flexible estimate with A < %, where we
do not need to specify the choice of the median which we work with.

Related to this point, there is a slightly careless claim in some papers that “it is easy to see
that [ms(Q)| < (f1¢)*(3]Ql)”, and this is also used in the proof of his formula. We will need to
slightly modify the proof to avoid the problems related to this estimate.

6.B. Local oscillations of a function. The following quantity should be understood as a mea-
sure of how well the function f can be approximated by a constant in the cube (or another set of
finite positive measure) Q:

wA(£3Q) = inf ((f = )1q) (AQ))-

Finally, it will be convenient to have a variant of wy(f; Q) involving the median rather than an
arbitrary constant. We let

o (f;Q) = s, ((f =ms(@)1g) (NQL),

where the supremum (on purpose, not the infimum here!) is taken over all medians mf(Q) of f
on . Then

Lemma 6.6 (Quasiminimizer lemma). For A € (0, 3), we have

wr(f; Q) < Oa(f; Q) < 2wa(f; Q).

Before turning to the proof, we record a useful observation for later purposes as well. For a
function f and a constant ¢, there holds

my—c(Q) =mg(Q) —c (6.7)
as an equality of sets: the set of all medians of f — ¢ is obtained by translating the set of all

medians of f, as stated. This follows immediately from the definition.

Proof of Lemma 6.6. By triangle inequality, (6.7) and Lemma 6.4, we have
lf=mp( @) < |f — e[+ |mp(Q) — ¢
=|f =l +ms—e(@] < |f — | + ((f = 91o) (AlQ))-

(Here, given a median m(Q) of f, we have that m;(Q)—c is a median of f —e¢, and it is important
that the bound of Lemma 6.4 holds for all these medians; this is ensured by A < 3.)
From the results of Exercise 6.3 it then follows that

(Lo(f =ms(@))) (1) < (Lo(f = ) (1) + ((f — 9)1g) (N
and substituting ¢ = A|Q| gives the claim. O

6.C. Lerner’s formula. Now we are fully prepared for our next main result:

Theorem 6.8. For any measurable function f on a cube Q° C RY, we have

[f(x) =mp(@Q)] <2 > wn(fiDls(e), A=27"72
LeZ
where £ C 2(QP) is sparse: there are pairwise disjoint major subsets E(L) C L with |E(L)| >
~v|L|. In fact, we can take v = %

Here 2(Q") means the dyadic subcubes of Q° relative to Q°: i.e., the subcubes obtained by
repeatedly bisecting each side of Q° into halves.
Although we still need to prove Theorem 6.8, let us already look at a motivating application:
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Exercise 6.9. (Of course, you are allowed to use Lerner’s formula!) Let f : Q° — R (where
Q" C R?) be a function for which the local oscillations are uniformly bounded: wy(f; Q) < K for
all Q C Q° (with A = 272%). Show that in this case f is ezponentially integrable on Q°: for some
constants € > 0 and C' < co (try to get some estimates for their size; these should depend on the
dimension d and the oscillatory bound K),

e /Q exp (el f(@) —mp(Q)] ) do < €, (6.10)

(Hint: Note that ), o 17(z) is counts the number of cubes L € £ that meet the point x. For
each k =1,2,..., estimate the size of the set, where this number is equal to k.) Observe that the
local oscillation bound follows in particular if we assume that f € L'(Q°) and

|Q|/|f foldr < K/, (fo :|22|/Qfdy vQ C Q°. (6.11)

((6.11) is known as the BMO condition. The implication (6.11) = (6.10) is known as the John—
Nirenberg inequality.)

Exercise 6.12. Let £ be a sparse collection of dyadic cubes with parameter «, and let ar, > 0
be nonnegative constants. Consider the functions ¢ := ZLez arly and ® :=supyc o arly. For
another function g > 0, prove that

/¢~gdx§cﬂ,/(1>-Mdgdx,

where ¢, depends only on v (how?). Deduce (by the duality of LP spaces) that ||¢]l, < ¢ypl|®]|p
for p € (1,00). Denoting

M;%Qof(x) = 0 sg;l(% )1Q(x)wA(f;Q),
c 0

conclude from Lerner’s formula that
1qo(f — my(Q°)ly < el M QOprv A=2"21 pe(l00).
The first step of the proof of Lerner’s formula is as follows:

Lemma 6.13. For any measurable function f on a cube Q° C R?, let Q} € 2(Q°) be the mazximal
dyadic subcubes of Q° such that

o % m s (Q") = m(Q°) > (1go(f —ms(Q%)))" (NQ"D, (6.14)
where ch(Q) :={Q' € 2(Q) : {(Q") = $4(Q)} is the collection of dyadic children of Q. Then
1go(@)]f(x) = mg(Q)] < 1go(x)@r(f;Q°) ZlQl —mg(Qj)]- (6.15)

Proof. For any family of pairwise disjoint subcubes Q@ of Q°, we can write the decomposition

oo (F = ms (@) = Tgnuar (F = mp(Q) + 3 g1 (ms(@1) = ms(Q)
J 6.16
+3 1 (f —mp(Q) = I+ 11 +111. (6.16)

We apply this with the cubes Q1 defined as in the statement of the lemma. From the maximality
it follows that Q1 in place of Q’ € ch(Q ) satisfies the opposite estimate, namely

mp(Q) = myp(Q)] < (Lo (f —mp(Q°))"(NQ°]) < @a(f;Q°) (6.17)
for Q = le-, and hence the term I7 in (6.16) is dominated by

[1I] < 1UQ;®A(f;QO)-
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On the other hand, if z € Q°\ U Q}, then the estimate (6.17) holds for all dyadic @ > z. By the
result of Fujii (Proposition 5.6) we know that m¢(Q) — f(z) as Q — « for almost every z, and
hence also the term I in (6.16) satisfies

|I| < 1Q0\U Q;@A(ﬁ QO)~
Substituting the bounds for I and IT into (6.16), observing that Loyt +1yer = 1o, we arrive

at the claim of the lemma.
Altogether, we find that

Lo (f =ms(Q))] < 1go - 2a(f5Q%) + D I1ge (f — ms(@Q)))],
J
where the terms in the sum are of the same form as the left side, with Q replaced by Q}, and we
are in a position to iterate. 0

Observe that in (6.15) the terms in the sum on the right have exactly the same form as the
expression on the left. This gives us a change to iterate the decomposition.

Lemma 6.18. The maximal dyadic subcubes le C Q° with (6.14) have the estimate
Z Q1 < 51Q°

Proof. We abbreviate fo := f —my(Q"). Then the stopping condition gives for some Q" € ch(Q})
and any v € (0, 1) the estimate

= (Lo fo)"(NQ°]) < mys,o (@] < (Lo fo)* (VIQ']) < (Lg1 fo)* (v277|Q;)).
Thus [Q} N {[fo| > a}| > v274Q}], and hence

v2=> QS < Y 1R n{lfol > o} < 1Q° N {[fol > a} < AQ°| =27972|Q"].
J J

Letting v — %, we get Z |QJ1| < 11Q°, as claimed. O
J
Proof of Theorem 6.8 (Lerner’s formula). A combination of the two lemmas shows that, given
Q°, there exist disjoint dyadic subcubes Q] such that
Loolf —ms(Q%)] < 1goin(f,Q +21Q1|f my(Q))]; Z Q51 < IQO

We apply the same result to each Ql. in place of Q°, yielding further subcubes Q? such that
Lgo|f —m(Q)] < 1go@n(f, Q +21Q“"A Q) + 21Q2|f my(Q?)),

where

> 1@< glell, EIED P IRCAE S Iel < el
J

Q7 CQ; i iQ2CQ}
By induction, we obtain consecutive generations of stopping cubes @} such that for every N,

Lol — s (@) < Y D_1aan(£,Q7) + D laxlf —ms Q) (6.19)
n=0 g %
where .
.l <glei T Doled <270 (6.20)
HQNCQy ‘
The “error term” (i.e., the last term) in (6.19) is supported on QY := (J, QY whose measure is

bounded by |QV| < 27V|Q°|. Note also that Q¥ C QV~1! by the construction. If we pass to the
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limit N — oo in (6.19), we see that the limit of the error term is supported on the intersection
Q% = Nr—; V. Since || < [QV] < 27N|Q0| for any N, this has measure zero. Thus, in the
limit (and by the Quasiminimizer Lemma), we deduce that

Lol f =mp(QO) <)Y 1gran(f,Q7) <2) > lgrwa(f,Q))  ae.
n=0 j n=0 j
It only remains to check that the collection £ := {Q7} },,; is sparse. But this is immediate from
(6.20), since it shows that
BEQp=;\ U o
QIICQy

satisfies |E(Q})| > %|Q;L|, and clearly these sets are pairwise disjoint. O

Remark 6.21. Our proof of Lerner’s formula actually provided a slightly stronger form of sparse-
ness; namely, the disjoint parts E(L) are not just arbitrary subsets of L, but they are given
by

E(L)=E(L):=L\ |J L

L'es
L'CL

It is not automatic from the definition of sparseness that the sets E(L) can be chosen to have this
form. For instance, the collection .2 = {[0,1), [0, 3), [3,1)} is 2-sparse (the disjoint parts may be
taken to be {[, 3).[0, 7). [3.1)}), but E([0,1)) = [0,1)\ ([0,3) U [3,1)) = @.
We say that £ C 2 is strongly y-sparse, if |E(L)| > ~|L| for all L € .#. We say that &

satisfies the Carleson condition with Carleson constant K if

Y ILI<K|L| VLe.

L'CL

L'ey
Note that K > 1, since the sum contains at least the term |L|.

Exercise 6.22. Prove that if .Z is y-sparse, then it satisfies the Carleson condition with K < 1/7.
Prove that this bound is optimal in the following sense: for every v € (0, 1], give an example of a
collection . that is (even strongly) 7-sparse and that Carleson constant exactly K = 1/v. (Hint
for the example: think about the Cantor set.)

Exercise 6.23. Let .Z be a collection that satisfies the Carleson condition with constant K, and
let all L € £ be contained in a single maximal Ly € .Z. Prove that, for a finite NV depending only
on K, there is a disjoint decomposition . = Ui\’:o 2L, UL where each %, is pairwise disjoint,

and
Ur
L'ez’
Hint: Let % := {L}, and set first &’ := £\ % (this might be redefined later). Then (why?)

1 1
9;:7‘ Urjsp X <K-1 (6.24)
| ‘ L/efl ‘ |L/€$/

1
< 5ILI.
2

Ifo < %, we are done. If § > %, let .% consist of all maximal elements in .¥’, and remove %] from
#'. Check that with this new .#”, the bound (6.24) holds with K — 2 in place of K — 1. Consider
again the options that 6§ < % and 6 > %,
and show that the process must terminate (with 6 < %) after boundedly many steps, and give an
estimate for this number. Show that this gives the required decomposition.

and continue similarly. Write down the induction step

Exercise 6.25. Let .Z C 2 be without infinite increasing chains (so that each L € £ is contained

in some maximal L* € £*). If ¥ satisfies the Carleson condition, prove that .# can be divided
into a bounded number of subcollections that are strongly %—sparse. (Hint: Apply the result of

the previous exercise recursively, starting from the maximal cubes L* € £*.)
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7. CALDERON—ZYGMUND OPERATORS

Definition 7.1. A Calderon—Zygmund operator (CZO) is a bounded linear operator 7" : L?(R%) —
L*(R%) with the integral representation

Tf@)= | K(@yfly)dy,  xgsptf,
R
where K : R? x R4\ {(z,2) : © € R4} is called the kernel and satisfies the standard estimates

C
K < — 2
Kl < o (72
x —a'|¥ . 1
K(e9) = K] + 1K (00) — Kya)| < G2 it ool < o=l (1)

where a € (0, 1] is the regularity exponent.
Lemma 7.4. The conditions (7.2) and (7.3) are equivalent to (7.2) and (7.5), where the last
condition is defined by

Clz —2'|¢

min(|z — y|, [#" — y[)d+e

K (z,y) = K(',y)| + [K(y,2) — K(y,2)| < (7.5)

Note that (7.5) is assumed for all x, 2, y, in contrast to (7.3), which is only assumed for certain
triplets z, 2, y.

Proof. We consider two cases:

Case |z —a'| < 3lz—y|. Then |/ —y| < |z —y|+|2'—z| < 3|z—y| and |2/ —y| > [z —y|— |2’ — x| >
1z — yl, so that |z — y| = |2/ — y| and in particular min(|z — yl,|z’ — y|) = |z — y|. Thus the
estimates (7.3) and (7.5) are exactly the same estimate in this case.

Case |z — 2| > 1|z —y|. Then |z’ —y| < |2/ — x| + |z — y| < 3|z — 2/|, so that |z — 2’| dominates

both |z — y| and |2’ — y| (up to numerical constants) in this case. Since (7.3) says nothing now,
we need to show that (7.5) follows from (7.2). Indeed, by (7.2),

K (z,y) — K(2',y)| + |K(y,2) — K(y,2")| < |K(x,9)| + |[K(z',y)| + [K(y, x)| + | K (y,2)]|
c ., ¢
T —yld o fa —yld

Moreover, since |z — 2'|/|z — y| > 1, we have
'

o o —yldte

c C <|:c —x
z —yld |z =yt \ o -yl
and similarly C/|2’ — y|¢ < C|2’ — x|*/|z" — y|***. Finally, observe that

)a o | — 2’ |*

1 1 1 1 2
+ < 2max ( , ) = — )
[z —y|?te ol —y[tte |z —y|te o’ —ytte ) min(|e -yl |2o" — y[) e
which completes the proof. O

Remark 7.6. A typical case, where we use the regularity of the kernel, is as follows. Let @ be
a cube, z,z’ € Q and y € (2Q)°. (We denote by 2Q the cube with the same centre and double
the sidelength of @Q.) In this case |z — z’| < Vdl(Q) (which is the length of the diagonal of Q),
whereas [z — y|, |2/ — y| < 26(Q), where equality can be (almost) achieved, so that the condition
of (7.3), that |z — 2’| < 1|z — y|, is not necessarily guaranteed. However, the condition (7.5) can
be conveniently applied. Notice that

lz—yl < |z — 2|+ |2 —y| <VAUQ) + |2/ —y| < (2Vd + 1)|2 —y]
and by symmetry also |2/ — y| < (2v/d + 1)z — y| so in fact |z — y| = |2’ — y|, up to numerical
constants. Thus we find that

g «
IK(JJ,y)—K(l",y)|+|K(y7x)—K(yvﬂf')lScmv if z2'€Q, ye(Q) (7.7
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Lemma 7.8. Let b be a function with sptb C @ and fQ bdx = 0. If T is a Calderon—Zygmund
operator, then

/ 78| dy < Clb].
(2Q)°

Proof. We can write

/ ITh(y)| dy = /
(2Q)¢ (2Q)¢
L,

where cq is the centre of (), and we used the observation that
/ K(y,c)b(z)dz = K(y, cQ)/ b(x)dz = 0.
Q Q
Using (7.7) with 2’ = ¢, we find that
HQ)”
[ 1K(2) - K(y.co)lp) do < 0 [ o))
Q ly — cq Q
It remains to integrate

d o pd—14 0 0 —a C
/ yd+a SC/ - d+aT :C/ r_l_adT:C’ L: 7€(Q)_aa
(2Q)° ly — cql 0y T 2(Q) (Q) —« «

where we changed to polar coordinates centred at ¢, and observed that (2Q)°¢ C B(cq, 4(Q))°.
A combination of these estimates proves the claim. O

/ K(y,x)b(x) dx’ dy
Q

)~ Ky, clbe) da|ay

Exercise 7.9. Let T be an operator whose kernel K(x,y) satisfies Hormander’s condition
/ |K(y,z) — K(y,2')|dy < C Va,2’ € Q, V cubes Q.
(2Q)¢

Prove that
(1) The conclusion of Lemma 7.8 is valid for all operators with Hérmander’s condition.
(2) All Calderon—Zygmund operators satisfy Hormander’s condition.

Theorem 7.10 (Calderéon-Zygmund). If T is a Calderon-Zygmund operator, then T : L'(R?) —
LY (R?) boundedly.

The proof is based on:
Proposition 7.11 (Calderén-Zygmund decomposition). Let f € L'(R?) and A\ > 0. Then there

is a decomposition f = g+ b (“good + bad”), where

e The good part satisfies ||glloo < 29X\ and ||g|lx < || f|1-
e The bad part is b = ZQEQ bg, where 2 is a disjoint collection of dyadic cubes such that

1
Y il wtbac@ [rade=0. [oldr<2 [ iflas

Qe2
Proof. Let 2 be the maximal dyadic cubes @ with the property that |Q]~! fQ |f|dx > A. Then
they are pairwise disjoint and their union is
Q= Q={Maf > \}.
Qe2
From the weak-type inequality for the maximal function it follows that

9= 3 Q1= 1{Maf > M < {1flh.

Qe2
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The good part. We define

g:=1la:f+ D lolhe.  (Ne:= |612|/Qfdx~

Qe2

For almost every z € Q°¢, we have

l9(z)] = [f(2)] =

<34f®‘S£MQ/f®%”@f)

lim
QED, Q>3x
£(Q)—0

since Q¢ = {Myf < A}.
If z € Q, then z € Q for exactly one Q € 2, and then g(x) = (f)g. Since @ is maximal with
the property (| f|)g > A, its parent dyadic cube QW) satisfies the opposite inequality ([fhow <A,

and hence
d

Thus |g(z)| = |{f)q| < 29X also for z € Q.
For the L' bound, note that

/|mM—/"UMW+23wu m</|ﬂw+§:/LWM—/IﬂM

Qe2 Qe2

The bad part. To have f = g+ b, this has to be defined by

=Y 1o(f = (Ha) = >_ bo.
Re2 Qe2

The required properties of bg, namely sptbo C Q, [bodz =0 and ||bg|l1 < ||1of|1, are immedi-
ate to check. O
Proof of Theorem 7.10. Given f € L'(R?) and A > 0, we need to estimate |{|Tf| > A\}|. We write
the Calderon—-Zygmund decomposition f = g 4+ b and observe that
TSI > X} < [{Tgl > 30} + {178 > 523 1
< HITgl > 32 + 12Q] + [{|Tb| > A\ 2Q| =: T + IT + 11, '

where 2€Q) := UQe o 2Q for the cubes appearing in the Calderén-Zygmund decomposition.

Term I. This uses the L2-bound of 7. We have

1Tg|\? 4 2 ¢ 2
{79l > 33} = | do< [ (59) dr = [1roPas < 55 1o ao
{ ’ (ITgl> 57 ( A ) A2 A2
C C C
<5 [Noldo = Slglh < SNl
Term II. This uses only the properties of the Calderé6n-Zygmund cubes:
2d
201 < > 1201 = 21Ql < [ flh-
Qe2 QeZ2

Term I11. This is the most difficult part, which uses the kernel bounds for the Calderén—Zygmund
operator. We begin with

Tb 2
\{|Tb|>%)\}\2Q\:/ darg/ “—‘dx:f/ ITb| de
{\Tb|>l/\}\2§l (2Q)c 5A A J 20

Z/ Tho|dw < < Z/ Tbg| dz,

Qeﬂ QEQ
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where in the last step we observed that 2Q C 2 implies (222)° C (2Q)°. Lemma 7.8 shows that
f(2Q)C |Tbg|dx < C||bgll1, and then by the properties of the bad part we conclude that

C C
{178l > 321\ 201 < 5 D llbolly < 511711
QRe2

We have shown that all three terms in (7.12) have an upper bound CA™!| f||;, and this is what
we had to prove. O

The next result about the oscillations of a Calderon-Zygmund operator connects the topics of
this and the previous section.

Proposition 7.13 (Jawerth-Torchinsky [JT85]).

> 1
—ka
N(T1Q) <Y 2 G / Ml

For the proof, we need a simple relation of the decreasing rearrangement and the L> norm:
Lemma 7.14.
. 1
70 < 1 e

Proof. If [{|f| > a}| < ¢, then f*(¢) (which is the infimum over all such «) is at most «. So it
suffices to check that with a = ¢~/ f|| 1., we have

bt

1
161> 0 < lfllens =

[fllpree =t. O

Exercise 7.15. For any p € (0,00), the weak LP “norm” is ||f| e := supssot - [{|f] > t}|'/.
Prove that || f|lLe.e < ||f|lze, and estimate f*(¢) in terms of || f||ze. for any p € (0, 00).

Proof of Proposition 7.13. For x € @), we have
T (@) = T(Lagf) (@) + [ (1 a0)-) (@) = T(Lagye F)(co)] + const,
where we subtracted and added the same constant const = T'(1(2g) f)(cq). Hence
(@) (T (2) — const)] < [T(120.)@)| + 10T (L £)() — T pgyf) el
and therefore (using Exercise 6.3)
A(T.Q) = nf(1o(TF — ) (MQ))
< (T(120) QD) + ol (L) /() = T agyeS) el = I+ I1.

By Lemma 7.14 (f*(t) < t7Y|f|lz1.) and Theorem 7.10 (T : L' — L), the first term is
estimated by

1 C C
I'=(T(120f)" ANQ|) < 5 1T (A2 f) (L1 < 57112 fllr < 7/ |fldw.
© A Q" 12Q] Jag
The argument for the second term 17 is similar to the proof of Lemma 7.8: For z € @,

K(z,y)f(y) dy—/

(2Q)¢
< / K (2,9) — K (g, 9)|| ()] dy
(2Q)¢

cuQ"
</ 7wl d.

y — et

I T(L2g)e f)() = T(L2g) f)(cQ)|l = ‘ ( K(cq,y)f(y) dy‘

2Q)°
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We then split the integration domain (2Q)° into cubic annuli (2Q)¢ = U=, 2*@Q \ 2*71Q, and
observe that |y — co| = 2%¢(Q) for y € 2¢Q \ 2¥71Q. Hence

cQ)™ cQ)™
= /(2Q)c ly — CQ\‘HD‘ w)ldy < Z/kQ\Qk 1 ( (2k(Q))4+e 7wl dy

ko
<ZCZ |2kQ| y)| dy.

A combination of the above bounds for I and IT gives the asserted bound for wy(Tf,Q) <
I+11. O

8. THE DYADIC DOMINATION THEOREM

We formulate the following theorem in the general set-up of a Banach function space. We
postpone its definition for the moment, and content ourselves by pointing out that all LP(w)
spaces with p € [1,00) and a weight w € LL _(R?) are particular examples.

Theorem 8.1 (Lerner [Ler13|). Let T be a Calderén-Zygmund operator, f : RY — R be bounded
and compactly supported, and X be a Banach function space of RE. Then

ITfllx < ersup [|[Az|f]]x,
2,7

where the supremum is over all 3¢ dyadic systems
9 = 9 = {Q—k([o, D¢ 4m+ (-1)Fa) i keZ,me Zd}, a€{0,1,2}°,

and all %—sparse subcollections ¥ C 2, and Ay is the averaging operator

Arf= 3 o5 ran

Ses

The main applications of this theorem are in weighted norm inequalities. Here is, however, a
simple consequence for unweighted spaces. It is already a nontrivial result, although it could be
proven in many other ways as well:

Exercise 8.2. Prove that ||[Asf|, < C| fl|lp, where C' depends only on p € (1,00) and the
sparseness parameter 7y, but not on the particular sparse collection .#; conclude from Theorem 8.1
that all Calderon-Zygmund operators map T : L? — LP for all p € (1,00). (Hint: Exercise 6.12.)

The proof of Theorem 8.1 begins with the following lemma. We now denote the Hlder exponent
of the kernel of T by 3 € (0,1], in order not to confuse it with the parameter a € {0, 1,2}¢ that
indexes the different systems of cubes.

Lemma 8.3. If Q° D spt f is a cube, then

o0 B 1L
lgo|Tfl<C Y > 2 kﬁ\2kL| - |f| d, (8.4)

LeZ k=0

for a %-sparse collection £ of dyadic subcubes of Q°.
Proof. We apply Lerner’s formula to T'f and Q°. This gives

Lol Tf] < 1golmrp(Q)| + > 2wa(Tf; L)1y,
LeZ

where % is a %—sparse subcollection of dyadic subcubes of Q°, with Q° € .#. For the oscillatory
terms, Proposition 7.13 shows that

> 1
wA(Tf; L) <Cd 27k / fldz.
RN 5
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For the median term, we can estimate, for v € (0, 1),

1 C C
mr(Qo)| < (1o, Tf)*(|Q°]) < ——||Tfll 11 < —=|f 1:—/ fldax,
Imr(Qo)l < (1, Tf)* (v|Q7)) V‘QO‘H 52 ‘QO‘H I g QO\ |
recalling that spt f C Q°. This is of the same form as terms bounding wy (7' f; L), with k& = 0 and
L = Q. A combination of these bounds proves the assertion. O

We next recall Exercise 3.3, which says that for any two cubes @, P, there exist a € {0,1,2},
and R, S € 9% (same « for both R and S!), such that

R2Q, 30(Q) < {(R) < 6(Q),
SDOP,  30(P)<((S) < 6U(P).

We apply this with Q = L and P = 2FL. Since the side-lengths of R and S are powers of 2, it
follows that £(S) = 2¥¢(R). Since RN.S 2 QNP = L # @, it follows that the bigger cube must
contain the smaller, i.e., S D R. So in fact S = R is the kth dyadic ancestor of R. Summarizing
this argument, we have:

Lemma 8.5. For any cube L and k € N, there is o € {0,1,2}¢ and R € 2 such that R D L,
R®) D 2FL and ((R) € (34(L),64(L)].

Let us denote the corresponding a and R by (L, k) and R(L,k) € 2*0*). For this R =
R(L, k), we have
d

1 6
1y - ——— dr <1lp  —— dz.
L |2kL| /2’“L |f| = I1p |R(k)| R |f‘ €z

We use this estimate and reorganize the sum in (8.4) according to the value of (L, k) € {0, 1,2},
and then according to the value of R(L, k) € Z¢ .= {R(L,k): L € £, a(L,k) = a}:

> o1
| Tfl<C D D 27k k flde

%
LEZL k=0 [28L] Jor
- 1R,k
<C > XM Y |fldz
= k
ae{0,1,2} k=0 few BELROL g mm (8.6)
a(L,k)=«a
o X Souy v el
@€{0,1,2}4 k=0 REZS Le¥ R
a(L,k)=a
R(L.K)=R

To proceed, we need a bound for how many different L can give the same R = R(L, k):

Lemma 8.7. For fired a and R, we have

> o1<el
LeZ
a(L,k)=«a
R(L,k)=R
Proof. First recall that R(L,k) = R means that (L) € [${(R),${(R)), and there is a unique
power of 2 in this interval. Thus all L with R(L, k) = R are dyadic cubes of the same sidelength,
so they are pairwise disjoint. They are also all contained in R, and each of them has measure
|L| = ¢(L) > (3¢(R))? = 6~ R|. Thus

IRI> > L= > 6R|

Lex Lex
a(Lk)=a a(L,k)=«a
R(L.,k)=R R(L.,k)=R

Division by 6~¢|R| gives the claim. O
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Exercise 8.8. The above proof used the fact that (L) € [1¢(R), +((R)). Suppose that we only

know that ¢(L) > $/(R), so we cannot conclude that all L have the same size. Check that the
conclusion of the lemma is still true, although maybe with a different number in place of 67.

Thus we can continue the computation in (8.6) with
oo - 1R
lo|Tfl<C Z ZQ ko Z R0 |f] dw. (8.9)
ae{0,1,2}9 k=0 Re%2 R
Lemma 8.10. Each collection Z¢ C 9% is y-sparse with v = 271679,

Proof. By definition, for every R € %y, there exists at least one L € £ such that R = R(L, k).
Let us choose one such L and denote it by L(R). Note that L(R) # L(R') if R # R’. We can
then define E(R) := E(L(R)). These sets are pairwise disjoint (by the property of the sets E(L),
L € .£), and moreover

B(R)| = |BL(R))| 2 5 |L(R)| > 5 Rl D

We are in a good position towards Lerner’s dyadic domination theorem, but there is still work
to do. At this point, the nature of the considerations changes slightly, and we begin a new section:

9. DUALITY AND DYADIC OPERATORS

The bound (8.9) with Lemma 8.10 is as far as we can proceed with a pointwise estimate. But
recall that we are eventually interested in a norm inequality, and thus we next estimate the integral
pairing

| [11-gas] < [ 174119l

where ¢ is another bounded compactly supported function. If we take Q° big enough to also
contain the support of g, then

a1 lgldz = [ 101711 1l o
> 1
< 9~ kB / d / d
<C Z Z Z TGl lef\ y ngl T

a€e{0,1,2}4 k=0 ReZzy
=0 3 > fun( X g [ lar)au
€{0,1,2}4 k=0 Re# R
= > 2 [ir]- agiglay.
ae{0,1,2}4 k=0
We next analyse the operator Af}, or more generally any
Lo
Aprgi=Y  tom | gda
ses 5@ Js
1 1 9.2
=2 > W 9dr=2ﬁ/mgdx, o= Y 1s, 92)
Qe2 Sev o Qe Q Ses
S(k):Q S(’C):Q

where ./ C 9 is y-sparse, 7 is a dyadic system, and k € N. (Of course, A corresponds to the
case Z C 2°, which is 2716 %-sparse.) Note that the Ay in the dyadic domination theorem
that we are trying to prove corresponds to the case k = 0 in the above notation Ay ;. Thus we
still need to do something to reduce everything to this case.

Lemma 9.3. [[Ay i fll, <77 'pp'||fll, for p € (1,00).

Note in particular that the estimate is independent of k.
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Proof. We have

1 1
/Awf-hdx: Z 5] S(k)hdx-w/sfdx-s

Ses

< Z inf Mgah(y) - 1nfMdf() 1/(S)ldgc
E

G ¥ES™®
1

< - Mah(z)Maf(z)dz
75%; E(S)

1 Magh(z)Myf(z)dx
Y JRrd

1 1
;IIMthp/llMdfllp =3 Pl - Pl f Il

IN

IN

Taking the supremum over |||,y < 1 and using the other direction of LP duality, we find that
[ Az kfllp < pp'/7. O

Proposition 9.4. ||Ay i fllpr~ <c(1+ k)| f|lLr, where ¢ = c,.

Here we introduce a dependence on k, but a reasonably moderate one. The exponential decay
27%8 in (9.1) will be enough to take care of this linear growth in k.

Proof. We need to prove that

(1+k)

Ak f| > A} < £l

We use again the Calderén—Zygmund decomposition to write f = g + b, where ||g]|oc < 29X\ and
llgllx < I f]l1, where as the bad part satisfies

b= o, bo=1o(f —(Na) 121=] J @|= Y o< LIt

Qe2 Qe2 Qe2

where the cubes Q € 2 are pairwise disjoint cubes in the same dyadic system & that contains the
sparse collection .¥.
We estimate

{IAz i fl > M < HIAsz kgl > 52 + 19+ [{[ Az kb] > gAY N Q| = 1 + 11 + 111

For I, we have

A kg \2 4 C C C
r< [(B29) q = S1asugl < 5 [loPar < 5 [Nl < Sl
2

by the L?-boundedness of A ) and the properties of the good part. Of course IT < ||f]|1/) by
the properties of the decomposition. Hence we only need to estimate I11.
For this, we have

A b
I[IS/ | ‘iﬂk| Z/ |A5ﬂ]€bQ|dx<—Z/1Qc
¢ 2

Qeﬁ Qe2

Now let us look at
chAy“Ibe = lQ |R‘ / anQ dz.
Re2
For the cube R to contribute to this sum, there are two obvious requirements:
e RNQ # @, since otherwise the domain of integration R does not meet the support of the

function bg.
o RNQ*° # @, since otherwise the product of indicators 1g1p is zero.
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The only way that a dyadic R meets both @) and Q€ is that R 2 Q.

But there is yet another, slightly less trivial condition: Since bg is supported on @ and its
integral is zero, nr must not be constant on @Q (since if nr = ¢ throughout @, then fR Nrbg dx =
fQ Nrbg dz = cfQ bgdz = c-0 = 0). But observe from the defining formula (9.2) that ng, as a
sum of indicators, is constant on dyadic cubes that have sidelength 27%¢(R) (or smaller). So for
nonzero contribution, we must have £(R) < 2¥/(Q), and previously we observed that we must also
have R D Q. This only leaves a finite set of possibilities: R = QU) is a dyadic ancestor of Q that
preceeds Q by j generations, where j =1,...,k — 1. So in fact

/1Q |Ayka‘d$—/’1QL |§/anQdy’d£L’
Re2 R

1r
— [ o ~R bd‘d
/’Q 2 |R|/R”R“x

R:Q(j)
j=1,...k—1
< /|bQ|dy<< ~ 1), lbalh < 20k — Dallof].
R= Q(J)
j=1,...,k—1

(Here (k—1)4 := max(k—1,0); if k£ = 0, the sum is empty, but we still don’t get a negative upper
bound!) From the disjointness of the cubes @ € 2 it then follows that

C C
113 Y [1olasatolds < St 11 3 J1oflh < S0e= 41711

QGQ Qe2
and the combination of the bounds for I, IT and II1 completes the proof. O

Exercise 9.5. Suppose that . is a sparse collection with the additional property that its scales
are k-separated, i.e.: for some fixed 57 € {0,1,...,k — 1}, all S € . have length of the form
{(S) = 2"k*J | where n € Z is a variable that can be different for different S, but j (and k) is
the same fixed quantity for all S. Prove that in this case the bound of Proposition 9.4 can be
improved to ||[Aw i f|lL1e < c||f|L1, i-e., a bound independendent of k. (Hint: you don’t need to
redo the whole proof; concentrate on the part, where the k-dependence came from.)

Corollary 9.6.

k
or(Agnfi L) < 1|;| /\fldx

Proof. We have
LAzl =1 ) |Q|/”Qf |¢2|/"Qfd””+“Z |Q|/’7Qfd”

Qe2 QCL Q2L

where we used the fact that 1.1g # 0 only if @ C L or @ 2 L. A key point is that the last term
is 17, times a constant ¢ (not a function) so that, with this constant,

1[Agkf =l < ‘ Z Ql / T)Qfdlf‘ < |C§| /QanL|fdiE < Az k(1L f])-

QCL QCL
Thus
wrx(Ag i f; L) == ircl,f(lL(Ay,kf - c))*()\|L|)
< (A1l LD < 5114z selDlree < U s pln,
which is what we claimed. O

We now return to the formula (9.1). We want to apply Lerner’s formula to the function
Algl = Aze kgl

Lemma 9.7. Every cube R*®) with R € Ky is contained in a mazimal R* of the same form.
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Proof. Recall that Zy = {R(L,k) : L € Z,a(L,k) = a}. Since .Z is bounded from above (by
the initial cube Q) and ¢(R(L,k)) < 6¢(L), the cubes in % also have sidelengths bounded from
above. And then so do the cubes R*) R ¢ Z;, for any fixed k. Thus there cannot be infinite
increasing chains among these cubes, and hence each of them will be contained in a maximal
one. O

In every such R* as in the Lemma, we apply Lerner’s formula to A%|g| to obtain a %—sparse
collection . (R*) of dyadic subcubes of R* such that

1p-ARlgl < 1ge|magig (RO + D 2wa(Aflgl:S) - 1s
Se.7(R*)

For the median term, we have

Imagol(RY)] < (1r- AR 1gD)* (1| R*]) = (AR (Lr-19]))* (FIR"])
1 (1—|—k)
< Aa 1 * 1,00 1 * 1
< AR e lgDllns € S el

where the equality is easy by recalling the definition of Aj and the maximality of R* among the
relevant cubes R(¥) appearing there.
The oscillatory terms we already estimate above by

1
S 2us(A21g]: ) - 1. < (14 F) S/mdx

Se.#(R*) SEV R*)

and the estimate for the median term was exactly of the same form and can be absorbed in this
sum. So altogether
o [lsa.

where .%’(R*) is a 1-sparse collection of subcubes of R*. If we sum over all maximal R*, on the left
we get simply Aj'|g|, and on the right a similar sum with /8 = (Jz. &7 (R*) in place of 7 (R*).
Now .7 is also %—sparse, since the maximal cubes R* of the different . (R*) are pairwise disjoint:

1p-ARlgl < c(1+k)
Sey(R*

Exercise 9.8. Let ./, i € .#, be y-sparse collections such that S; N S; = @ whenever S, € 7
for both k € {i,j} € .# and i # j. Prove then | J,;. , .7} is also y-sparse. (Hint: This is easy.)

Substituting back to (9.1), we get

/ Tf <o Y Y 2k / £+ A2lgldy

a€{0,1,2}4 k=0

e Y Yrtasn Y 5 [n1ae- [ lalay

ae{0,1,2}4 k=0 Ses¢ (9 9)
1
<C Z 22 RB(1 4 k) supz 5 /|f|dx/|g|dy
a€e{0,1,2}4 k=0 Se?’| | o s
1
< 3 o [if1as [ flay,
ses o

where the supremum is over all relevant dyadic systems and their %—sparse subcollections, and in
the last step we observed that the sum over k converges and the sum over « is finite in any case.
The estimate (9.9) is almost as useful as Theorem 8.1 itself.

Lemma 9.10. Let w: R? — (0,00), and denote LP(w) := LP(wdzx) the LP-space with respect to
the weighted measure wdx. Then

£y =sup {| [ £+ haa]s Wbl <1} pE (100). (9.11)
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Proof. Recall that
10 =sup {] [ £+ 9] gl <1}

for any o-finite measure p and p € (1,00). We apply this to a weighted measure dy = wdz to
find that

I flle () = sup{’ /f.g.wdx‘ : HgHLp’(w) < 1}’

which looks a bit different than the claim. Now denote h := g-w, so that g = h/w and ||g[| 7 ()
[h/wll Lo (wy = Bl Lo (1) Observe that g +— h is an isometric bijection between the spaces

L (w) and L? (w'~?") by this computation. Thus the previous display is actually the same as the
claim of the lemma after the change of variable h = g - w. O

Exercise 9.12. Show that formula (4.3) is still valid, if we only take the supremum over all
bounded and compactly supported h which satisfy [|h|[;. (,1-») < 1. Show that formula is also
true for p = 1 id we replace the condition on A by just requiring that h is compactly supported
and |h| < 1 everywhere.

From (9.9), we can now easily give:

Proof of Theorem 8.1 for X = LP(w), p € [1,00). By the previous lemma and exercise, we have

7o) = sup | [ 77 ha] < sup [ 7] bl

where the supremum is over an appropriate set of bounded and compactly supported functions h.
By (9.9) and the other direction of the weighted duality (9.11), we have

sup/|Tf| |h|dx<Csupsup Z /|f|dx /|h|dy

Sey
:Csupsup/ /|f|dm |h| dy
2.7 h Se/ [S]
=Csp | 3 o [ 1delliny = € s 4
27 e
and this completes the proof. O

A general Banach function space is essentially just an abstract framework where we can repeat
a similar reasoning.

10. A, WEIGHTS AND THE MAXIMAL OPERATOR

We next study several inequalities in the weighted spaces LP(w), where w € Li. .(R%) is positive
and finite almost everywhere. The A, class of weights consists of precisely those weights for which
many such inequalities are valid. Instead of defining this class right away, we shall see how the
A, condition naturally arises from questions of boundedness for the Hardy-Littlewood maximal
operator

Mi@) = s / fldy.

Q cube

The question we want to address is: What are the weights w for which one of the following
inequalities holds?

IM fll e (w) < Cllf e ) (10.1)
or

M fllLe(w)y < Clf e w)- (10.2)
Notice that we have the same weight w on both sides of (10.1) and (10.2). This is in contrast to
the Fefferman—Stein inequalities

HMf”leoo(w) < C||fHL1(Mw)7 ||Mf||vaO°(w) < HMf”Li”(w) < C||f||LP(Mw)7 pE (15 OO))
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where we have w on the left and Mw on the right. However, these provide a simple sufficient
condition for (10.1) and (10.2): if the weight satisfies

Muw < cw, (10.3)
the (10.1) holds for all p € [1,00), and (10.2) holds for all p € (1,00). The condition (10.3) is

called the A; condition, and we define

[w]a, = H% (10.4)

and w € A; if and only if [w]4, < oco.
What about necessary conditions? We have the following:

Lemma 10.5. If (10.1) holds for some p € [1,00), then

[w]a, S NIMIT0 () Lo ()

where [w] 4, is defined in (10.4), and

[w]a, = Qsllgl)ae (@/Qw) (é/@w_l/(”_l))pl, p € (1,00).

Proof. Let us abbreviate N := ||M|| 1 (w)—Lr.o (w)- Recall that
1z ) = sup Aw({[ £ > ADYP = sup Mw({] | = A})V/?,
A>0 A>0

where the first equality is the definition and the second is easy to check. (It is not necessarily true
for a fixed A, only for the supremum!)

Consider a function f that is nonnegative and supported in a cube @, and write A := |Q|~* fQ fdy.
Then M f(z) > A for all x € @, and thus

1
I3 pmay = K@% = /Q fdy - w(@)V.

Thus (10.1) gives that

1/p

|22/Qfdy cw(@Q)MP < N fll o) = N(/Q frwdy) . (106)

Case p > 1. Basically, we want to make the two integrals equal, i.e., we want that f = fPw, which
means that we would choose f = w™/(P~1)_ If we substitute this into (10.6), we get

1/
L/ w—l/(P—l)dy.w(Q)l/PgN(/ w-1/=1) dy> r
QI Jq Q

If (fQ w1/ P=1) dy)V/P < oo, we can divide both sides by this quantity to get

i(/ w V=D dy)l/p - w(Q)P < N. (10.7)

Q[ \Jg

Raising to power p and taking the supremum over cubes @, this gives [w]4, < NP, as claimed.
However, we do not know a priori whether the division that we made is correct, and need to

proceed more carefully. So we choose instead f = (w + &)~/ ®~1) which is bounded from above

and thus certainly locally integrable. Then (10.6) gives

1 1/
7/ (w + &) dy . w(Q)V7 < N(/ (w+ 6)—p/<p—1)wdy) P
Ql Jq Q
1/ 1/
< N(/ (w+e) /"D (w + 2) dy) "o N(/ (w+e)7/71) dy) g
Q Q
Dividing by (fQ(w + €)= V=1 dy)1/P (which is certainly legal), we arrive at

\61|( [ weyron ay) " wi@ < N,
Q
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Passing to the limit & — 0, we obtain (10.7) by dominated convergence, and we complete the proof
as indicated above.

Case p =1. Now it is not possible to choose f with f = fw, so we take a different approach. Let
f =1g for a subcube R C Q. Then (10.6) (with p = 1) gives

R
(@) < Nu(r).
Q|
We rearrange this estimate and pass to the limit where R shrinks to a point x € Q). Lebesgue’s
differentiation theorem then guarantees that
MSN lim —~* =N -w(x)
|Q| R>x
£(R)—0

at almost every « € Q. If we consider a countable family 2 of cubes (say all cubes with rational
centres and sidelengths), then the union of the exceptional null sets is also a null set, and we find
that for almost every x, the above bound holds for all Q € 2 with Q € x. Thus, for almost every
x € R?, we have

w(Q) w(Q)

N-w(z) > sup ——= = sup ———— = Mw(z),
Qe2 |Q| Q cube ‘Q|
Q3 Q3x

where the equality of the supremums follows easily by observing that the ratio w(Q)/|Q| for
arbitrary cubes can be approximated arbitrarily well by the corresponding ratio for the cubes
Q € 2. But the above bound precisely shows that [w]4, < N, as claimed. O

The necessary condition thus obtained turns out to be sufficient as well:

Theorem 10.8 (Muckenhoupt [Muc72]). Let w be a weight and p € (1,00). Then the following
conditions are equivalent:

(1) M : LP(w) — LP*°(w) boundedly.
(2) M : LP(w) — LP(w) boundedly.
(3) we A,

For p =1, the conditions (1) and (3) are still equivalent.

We already proved case p = 1 completely. For p € (1,00), Lemma 10.5 shows that (1) = (3),
whereas (2) = (1) is clear. It remains to prove that (3) = (2), and we observe that it is enough to
do this for the dyadic version My in place of M. For this, we use an argument of Lerner [Ler08|:

Lemma 10.9 (Lerner).
(Maf)P=" < fwla, My [(Mg(fo= )P~ w™ ],
Proof.

L e w(@ e@yrt Q] 1 N
(h9|/;f) = o Gar) qu>(a<Q>/ng ’)
Q)

=@
1

< a5

Taking the supremum over all dyadic @) 5 x gives the assertion. O

: d —1\1p—1
1{Cgf[Ma(fcf )]

[ et e,
Q

After this pointwise bound, the norm inequality is just a question of applying the universal
maximal function estimate:
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Lerner’s proof of Theorem 10.8, (3) = (2).

I Maf Iy = (a0
< [wl{ PV IMEME(fo ) w0 Y

- -1, — 1/(p—1)
< [l (o (MEF )P 0 g )
:M%V””WWw%w*mm@

[w]z/p(,ﬂ 1) 1/p 1) ||fU

IN

||L”(U)
—#W””ﬂWMﬂ”)Whmw

A standard calculus optimization shows that p'/®=1) < e, so altogether
1Maf lzroy < €0 [l 1 llr- 0

The proofs given above already indicated a more quantitative formulation of Theorem 10.8,
formulate below:

Theorem 10.10 (Buckley [Buc93]). For a weight w, the following estimates hold:
[wl{? < M|z () ooy < cplwl?. p € [L,00) (10.11)

1M | 2o )= 2oy < ep[w] {7V, pe(1,00), (10.12)
and this is sharp in the following sense: if | M| 1r(w)y—rr@w) < @([w]a,) for some increasing
positive ¢, then ¢(t) > ctl/(p=1)

We already proved the lower bound in (10.11), the upper bound in (10.11) for p = 1, and the
bound (10.12). The remaining claims are proven in the following exercises:

Exercise 10.13. Prove the upper bound in (10.11) for p € (1,00). Hint: Adapt the proof of the
p = 1 case, namely the Fefferman-Stein inequality. After using the condition A < |Q|~* fQ f, use

Holder appropriately to estimate fQ [ in terms of [ o frw.

Exercise 10.14. Consider the power weights x € R% +— w(z) = |x|*, where a € R. For p € (1, 00),
prove that w € A, if and only if —d < a < d(p — 1), and in this range

1
EEDE e

Exercise 10.15. For every ¢ € (0,1), consider the function f(z) = 1g(z)|z|*~¢, where B
B(0,1) is the unit ball of R%. Prove that M f(x) > cqe =" f(x). Conclude that || M| 1o (w)—rr(w) =
cqe~! whenever w is a weight such that f € LP(w). Find a power weight with this property,
and such that [w]4, < Cp,de_(f’_l). Use this this example to derive the sharpness claim of Theo-
rem 10.10.

cpalwla, < Cp.alw]a,.

Vol

11. A> WEIGHTS AND CALDERON-ZYGMUND OPERATORS

The surprising feature of the A, class is its universality. We already saw that this same condition
characterizes both the strong and the weak type inequalities for the maximal operator. The next
result shows that the same class is also the correct one for Calderén-Zygmund operators:

Theorem 11.1 (Hunt, Muckenhoupt, Wheeden [HMW?73|; Coifman, Fefferman [CF74]). For a
weight w € L (R?) and p € (1,00), the following are equivalent:

(1) we A,

(2) T : LP(w) — LP(w) boundedly for all Calderdn-Zygmund operators T'.

(3) Ifd=1, then H : LP(w) — L?(w) boundedly for the Hilbert tmnsform

Hf(x) =p.v. Oof;_dy tim ( / /

— 00
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It is immediate to check the kernel K(x,y) = 1/(x — y) of the Hilbert transform satisfies
the Calderén—Zygmund standard estimates. We will take for granted in these lectures that H :
L?(R) — L%(R) is bounded (This can be proven in several different ways; it has been done for
instance in the courses “Martingales and harmonic analysis” and “Singular integrals and the T
theorem”.), and therefore H is a Calderon—Zygmund operator. Thus (2) = (3) is obvious.

In the rest of this section, we prove the implications (3) = (1) and (1) = (2) in the case p = 2.

11.A. Dual weight formulation. When studying an inequality of the form
T fllLewy < NIfllze ), (11.2)

it is often convenient to make a substitution f = go, where ¢ is almost everywhere positive and
finite. Then the previous bound takes the form

1T (g0)|lLe(w)y < Nllgollrew) = NgllLe(orw)-

We then want to choose o so that c?w = o, ie., 0 = w™®1_ which indeed satisfies the
condition of almost everywhere positivity and finiteness, since w has these properties. With this
choice, observe that the relation f = go establishes a one-to-one isometric correspondence between
all f € LP(w) and all g € LP(o). Thus, the bound (11.2) for all f € LP(w) is equivalent to the
bound

1T(90) | ey < Nlgllze(o) (11.3)
for all g € L?(0), where 0 = w=/P=1) = w'=?" is the dual weight. Observe that this same dual
weight also appears both in the A, condition, and in the duality of weighted LP spaces! By duality,
yet another equivalent form is given by

| [ 7tg0) - ho| < Nlgllonio Wl (114

11.B. The necessity of the A; condition for the Hilbert transform. We study the dual
weight formulation for (11.4) for T'= H. Let g and h be supported on disjoint adjacent intervals
1, J of equal length |I| = |J|. Then every x € J is outside the support of g, and we can apply the
kernel representation of the Hilbert transform (without the principal values):

([T o)) da| < Nl 1l

Now let us assume that g and h are nonnegative, and observe that x — y has a constant sign
throughout the double integral: it is positive if J is on the right of I, and negative if J is on the
left of I. Thus © —y = ¢|x — y|, where € = %1 is a constant. But this constant is killed by the
absolute values outside the integral above, and we conclude that

9(y)o(y)dy
|/ 90T Wy 100y dw < Nllgll ooyl .
JJI |9U y|

Observe next that |z — y| < 2|I| (using that z € J, y € I, and these intervals are adjacent and
have equal length), so that 1/|z —y| > 1/(2|]). Then we choose h =1; and g = 1;n{,<p} (since
we do not yet know that the dual weight is locally integrable). This gives

377 1 < Rpu() < No(I 0o < k) ul) /7.

Suppose that both factors on the right are non-zero. (Their finiteness is automatic, since w € LlloC
by assumption, and o(I N {o < k}) < k|I|.) Dividing both sides, we arrive at
o(In{o <k}YPw())V/? < 2N|I|.
We can then pass to the limit k& — oo and apply monotone convergence to conclude that
o(D)Y? w(J)V/? < 2N|1|.
Since w(J) > 0, this shows in particular that o(I) < oo and thus o € L] as well. Note that

loc

if J = I, then the above bound (raised to power p and reorganized) would be precisely the A,
condition for w. However, we now have it for adjacent intervals, not equal intervals.
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We now turn to the case p = 2, and show how to derive the A condition from
o(Dw(J) < 4N3I|* = M|I||J|, 1,J adjacent intervals of equal length. (11.5)
We need the following geometric observation:

Lemma 11.6. If K = [a,b) C R is an interval, then we have the disjoint union

{(557:‘/) EKXxK:x 7& y} = U ((Ileft X Iright) ) (Iright X Ileft))
ICK
dyadic
subinterval

Proof. The inclusion D is easy to see. For the other direction, if z,y € K and = # y, then there
is a minimal dyadic subinterval I C K such that x,y € I. (Indeed, there are some intervals like
this, at least the interval K itself, and there cannot be arbitrarily small such intervals since x # y;
thus there is a minimal one among all I that contain both  and y.) Since [ is minimal, it cannot
be that both z,y € I, for u € {left, right}. Thus the only possibility is that « € I,, and y € I, for

different halves of the interval I. This proves C.
The disjointness follows from the same consideration: if (z,y) € I, x I, for u # v, u €
{left, right}, then I contains both x and y, and it is the minimal interval with this property, thus
unique. O

Now we can prove:
Lemma 11.7. If (11.5) holds for some weights o,w € L}, .(R), then they also satisfy
o(K)w(K) < M|K?
for all intervals K C R.

Proof. We interpret both the assumption and the claim as estimates for product measures in the
plane, namely, we assume that

(o xw)(I xJ)< MI|I xJ|,

for equal adjacent intervals, where on the right we have the Lebesgue area measure of the square
I x J, and want to prove that

(o xw)(K x K) < M|K x K|.

We can apply Lemma 11.6, once we realize that the diagonal {(z,z) : z € K} has area zero, and
therefore also o x w-measure zero, since this is a locally finite weighted measure o(z)w(y) dz dy
with respect to the area measure. Thus

(o xw) (K xK)=(cxw){(z,y) € Kx K:xz#y})

S (0 x w)(ler % Lighe) + (7 % w) (Ligh e )
ICK
dyadic

subinterval

S Z (M|Ileft X Iright‘ + M‘[right X Ileft|)

ICK
dyadic
subinterval

=M{(z,y) e K x K:zx#y}|= MK x K|. 0

Combining the above estimates, we have shown:
[w]a, <4+ [H|Z2 00— 12 (w)>

which in particular confirms (3) = (1) of Theorem 11.1 for p = 2.
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11.C. The A, theorem. We will prove (1) = (2) (still for p = 2) in the following sharp quanti-
tative form:

Theorem 11.8 (The As theorem [Hytl12]). For any Calderon—Zygmund operator T, and any
w € As, we have

1T fll L2 w) < erlw]asll £l 22 (w)-

The proof that we present makes the theorem look rather simple. However, when the theorem
was first proven, Lerner’s dyadic domination theorem was not yet available, and the proof had to
proceed by a different route.

By the dyadic domination theorem, it is enough to prove that

Az fllL2w) < el fllz2(w)s

uniformly for all %-sparse collection .. By the dual weight formulation, this is equivalent to
showing that

/ Ay (f0) - gw < e fllzzollol o) (1L.9)

Proof of (11.9) by Cruz-Uribe, Martell & Pérez [CUMP10].

e e

1 1
= Z |S|2 'a<s>/sf“'«lm/sgw"5'

Ses
< . d . d .
< D [wla, - inf MZf(y) - inf Mig(2) - 2/E(S)
Ses
< 2w, Z/ M2 f(z) - Mg(z) da
Ses

N / M f(x) - Mig(a) - o(x)Pw(z)V/? d
Rd

1/2 1/2
<ofula( [ 0rirpe) ([ ko)
< 2fulas -2l - 219 20) = Sllaal e 92 0

Note that this proof of (11.9) existed before Theorem 11.8; since the dyadic domination theorem
was not yet available, it was not known that (11.9) can be used to get Theorem 11.8 at that point.
The particular case of the Hilbert transform is now a corollary to Theorem 11.8, but historically,
it was already known earlier:

Theorem 11.10 (Petermichl [Pet07]). For the Hilbert transform H, and any w € As, we have
IH fllL2w) < clw]a, || £l 22 w),

and this estimate is sharp in the following sense: if | H| 12 (w)—r2(w) < ¢([w]a,) for some increas-
ing positive ¢, then ¢(t) > ct.

Exercise 11.11. Let p € (1,00). Show that if || H || 1o (w)— 1o (w) < ¢([w]a,), then ¢(t) > ct!/P=D).
(Hint: This is similar to the case of the maximal function. Let f(z) = [z[7*1(_1)(z), and
estimate the size of H f(x) for x € (0,1). Make a conclusion about the size of || H || s (w)— Lr(w) for
w(z) = |x|? for those B for which f € LP(w).)

Exercise 11.12. Let p € (1,00). Show that if ||H||zr(w)—rrw) < ¢([w]a,), then also ¢(t) > ct.
(Hint: Use duality. The Hilbert transform satisfies [ Hf - gdz = — [ f - Hgdz; check this by
a formal computation. Use this and the weighted duality to conclude that ||H||ze(w)—rr(w) =

HH||LPl(<7)—>Lp’(a) for the dual weight o = w'~?". Then use the result of the previous exercise.
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A combination of the two exercises shows that || H|| Lr (w)— e (w) < Cp [w}ﬁ:x(l,l/(p—l)) is the best
possible bound for the Hilbert transform for any p € (1,00). In the next section, we will prove
this optimal bound by an extrapolation method from Theorem 11.10.

12. THE EXTRAPOLATION THEOREM OF RUBIO DE FRANCIA

Theorem 12.1. Let T' be an operator, not necessarily linear, and r € (1,00). Suppose that T
satisfies the estimate

ITfllLrwy < @r([wla ) fllzr )

for allw € A, and all f € L™ (w), where ¢, is a nonnegative increasing function. Then it satisfies

1T fllzrw) < p([w]a,)lIf]
for all p € (1,00), all w € A, and all f € LP(w), where each ¢, is a nonnegative increasing
function.
In particular, if ¢.(t) = ct™, then ¢,(t) < cpt” max(5=1.1)

L7 (w)

The proof naturally splits into two cases, p € (1,r) and p € (r,00). We first give the beginning
of the proof, which motivates a certain auxiliary construction that is needed to complete it.

12.A. Proof of Theorem 12.1, case p € (1,7), beginning. In order to use the assumed L"
inequality, we apply Holder, after dividing and multiplying by an auxiliary function v, yet to be

chosen:
ITfll e (w) = (/ (u;/)ﬂ)p'wpw) 1/p

(/(u;/)ﬁ)r'wp'lU)l/T(/wpw)l/p_l/T.

Now, we would like to apply the L" boundedness of T" to the first factor, which would require that
Y~ "/Pw € A,, and we would like to estimate the second factor by Ilfllr(w)- We try to achieve
this by some 1 = Rf. Thus, we would get

1T fll L (w) < (/|Tf|T(Rf)p—7“w> UT(/(Rf)pw) 1/p—1/r
= or(l(RS /Ifl (Rf) ) ||S|\1Lpfg%p(w /|f|pw)1/p—1/r 122

1/
< 6o (RN wla VRIS v ([ 17P0) "

provided that Rf > |f|, so that (Rf)P~" < |f|P~" in the last step.
Altogether, we would like to have an operator R such that: Rf > |f| pointwise, R is bounded
on LP(w), and (Rf)P~"w € A, for all w € A,. Such an operator is constructed next:

IN

12.B. The Rubio de Francia algorithm. The following general construction is the key to our
problem. It has many other applications as well.

Proposition 12.3 (Rubio de Francia algorithm). For e > 0, consider the operator

Rg=Reg:=Y My,
k=0

where M%g := |g|, Mg := Mg is the mazimal function of g, and M*g := M(M*~1g) is the k-fold
iteration of M acting on g. Then this satisfies

(i) lgl < Ry,
(i) 1Rl 2oy < (30 FIMUE gy o) ) I9lzou

k=0
(iii) [Rgla, <€ !
In particular, if € = e(p,w) := %HMHZ;(U])_)LP(U}), then
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(it") 1RgllLr(w) < 2ll9llLr(w)
(lll’) [RQ]A1 S 2||M||Lp(w)4)Lp(w) S Cp[’IU]j;l/p(p_l).

Here (i) says that Rg is bigger than g, but not too much bigger by (ii) or especially (ii’). The
hole point of the construction is (iii) (or (iii’)), which shows that Rg is an A; weight, with control
on the A; constant.

Proof. (i) is clear, since Rg is a sum of nonnegative terms, and the zeroth term is |g|. (ii) follows
from the triangle inequality in L?(w) and iteration of the estimate

IM* gl oy < 1M || 2 (0)— 20 ) | M7 gl L0 ) -
To prove (iii), recall that [w]a, = [[Mw/wl||s. And indeed, by the sublinearity of M, we have
M(Rg) < ZekMk“g =¢! Z MLy = ! Z " M*g < e Ry,
k=0 k=0 k=1
so that M(Rg)/Rg < e~ L. O
Remark 12.4. In applications of the Rubio de Francia algorithm, the following reformulation

of the A; condition is often handy. Recall that the A; condition says that Mw(z) < [w]a, w(x),
which by the definition of the maximal function is equivalent to

(w)a < [w]a,wl@), <Mm|akw

whenever @ is a cube that contains z. Dividing both sides, this transform into
w(z)™* < [w]G (w)g, a>0, r € Q. (12.5)

(Actually, one needs slight care with the fact that the above conditions hold for all @ but only a.e.
z € Q. In the dyadic case there is no problem, since there are only countably many dyadic cubes
altogether. In general, one might like to observe that the A; condition over all cubes is equivalent
to the same condition, say, for all cubes with rational centres and sidelengths, which is again a
countable family.)

Lemma 12.6. Let 1 < p < r < co. Let w € A,, € = e(p,w) and f € LP(w). Then W :=
(RAYP~"w = (R f)P~"w satisfies [W]a, < c;_p[w](zgl)/(pfl).
Substituting this into (12.2), we obtain

r— r—1 —1 —o/r
1T Flloqwy < ér(cp Plully, D/ 070) 222 fll o,

which completes the proof of Theorem 12.1 in the case p € (1,7).

Proof of the Lemma. By the definition of A,, we need to estimate <W>Q<W*1/(T’1)>2;1. By (12.5)
with o = r — p > 0, the first factor is

(W) = ((Rf)""w)q < [RITL (R (w)e,
whereas by Holder’s inequality, the second factor is
<W71/(r71)>2_2—1 — <(Rf)(rfp)/(rfl)wfl/(rfl)>TQ—1
< (R (w05,
Forming the product, the factors involving (Rf)¢ cancel out, and we are left with
(W)W =) G < [RFTL P (w)g(w™/ D)™

< (eplwl ") Plwla, = c

p[w](?”*l)/(Pfl). 0

e
{2 Ap
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12.C. Proof of Theorem 12.1, case p € (r,00). In the attempt to argue by Holder’s inequality
as before, we face the problem that “Holder increases the exponent”, while we now would like to use
information about the smaller exponent r to get bounds for p > r. We circumvent this problem

by duality:
ITfllew) = SUP{/|Tf| g ||g||Lp’(g) < 1}, o =w Y1),

Here it is useful to observe that
1/p _ [ q1/p
[w]Ap - [U]Ap/ :

With a good faith in the Rubio de Francia algorithm R = R, with ¢ = ¢(p’, o) so that

_ 1/(p'—1 1/p"-p"/(p'—1 1/p-
=M o) (o) S e[0T T = e ol E T = ey [w] {7 = el a,,

we estimate

[isi-g< [irn-rg= [1r1- 2w [1rs- (e (e
< ([ Eon) (G w)l”.

We demand that ur’ = p’, so that w = p’/r’ and

B P p _rp=1)—-p(r—1) p-r
(1—u)7‘—(1——)r—r—p_1(7’—1)— p— =1

/

Thus

frso=(/ »Tfﬂf%gﬁw%)w( fiura-s)”

p—r 1ot
< ¢T /\f| (Rg)»= 1w PG D 1)) (2||g||Lp/(0))P /m

1/ - ! T / 1/7”71/ i
<6, (W) ([ 12s1r) " ( [ (R0 it ) T gt

([ 1zsew)( [gya ) e

< o (Wl ) ([ 1) 2 0002 < 3, (1)

(12.7)

(12.8)

where W := (Rg)%w;%}. The proof of Theorem 12.1 is then completed by the following Lemma:

Lemma 12.9. Let 1 <7 < p < oo, let w € Ay, g € LP (w' ") and R = R, with e = (p',w

Then W := (Rg)Ew;%i € Ay, and [W]a, < cpr[w]a,.
Proof. We estimate (W)q by Hoélder’s inequality:
(W)g < <Rg>g>*r)/(P*1)< >(T 1/ (p— 1)’

and (W~1/=D)0"1 with the help of Rg € A, via (12.5):

’

1-p )

(WD) = (Rg) T w7 ) < Ryl (Rg)gP T ¢ (wm WD)

Forming the product, observing that terms with (Rg)¢ cancel out, and using [Rg]a, < e~ !

by (12.8), we are left with

—1/(r—=1)\r— - - - - -1\ (r=1)/(p—1)
(W)W =00yt < [Rgl 707 ((w) g w7y )
< [ ]Ap)(p—r)/(p—l)[w]gfl)/(pfl) _ C}(}gff)/(pfl)[

(CP/ w P w] Ap )

which is what we wanted.

given
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13. SOME TWO-WEIGHT THEORY

For the sake of simplicity, we here concentrate on p = 2, although some of the results discussed
have natural extensions to all p € (1, c0).
Recall that the weighted norm inequality

1T fll 2wy < Clfll L2 w)

can be equivalently reformulated as

IT(fo)ll2w) < ClfllL2(o)s (13.1)

where 0 = 1/w. However, once we have arrived at this formulation, we may also study (13.1) on
its own right for two arbitrary weights (w, o), no more assuming the condition that o = 1/w. This
general two-weight problem has some important particular instances:

13.A. The characterization problem: Describe all pairs of weights (w, o) so that (13.1) is valid

e for the Hilbert transform T'= H, or another particular singular integral operator, or
e for all Calderon—Zygmund operators T

This is a difficult problem that has been only recently solved in the case of the Hilbert transform
by Lacey, Sawyer, Shen and Uriarte-Tuero [Lac13, LSSUT12]:

Theorem 13.2. The inequality (13.1) holds for T = H, if and only if
IH(170) || 12wy < Cl11ll 1200y = Co(I)Y?,  and
1H (Lrw) | 2 (o) < CllLrllp2quy = Cw(1)'/?

for all finite intervals I C R.

That is, one only needs to “test” the estimate (13.1), and its dual version, for all indicators 1;
instead of all functions f. The dual weight formulation (13.1) is also meaningful for general (say,
Radon) measures w,o instead of weights with respect to the Lebesgue measure. The result of
Lacey et al. also covers many but not all such situations. For general measures, Theorem 13.2 has

been established in [Hyt13]. Already for weights, Theorem 13.2 is a difficult result, and we will
not say more about it here.

13.B. Bump theory. Another line of research is trying to find simple sufficient conditions for
(13.1) conditions, in the style of the classical A5 condition. Recall that

1 1 1
[w]Agsgpw'/Qw~@|/Qa, O’—E.

Again, this naturally generalizes to the two-weight case, just by dropping the condition that
o=1/w:

1 1
[w, o] A, .—sgp@/Qw-m/Qo.

The proof that we gave for the necessity of [w]4, < oo for the L?(w) boundedness of the Hilbert
transform easily extends to show that [0, w]4, < 00 is a necessary condition for (13.1) with 7' = H,
in the case of arbitrary two weights. However, it is also known that this condition is not sufficient;
in the case of general measures, it is actually not necessary either, so it is completely unrelated to
(13.1) in the full generality. Nevertheless, the success of the As theory in the one-weight case has
encouraged attempts to find some similar theory even in the two-weight case. An early result in
this direction is the following:

Theorem 13.3 (Neugebauer). Suppose that two weights w, o satisfy the “bumped up” As condition

AT AT
%::sgp (@A)w7)1 (|612|/QUT)1 (13.4)

for some r > 1. Then (13.1) holds for all Calderén—Zygmund operators T'.
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There is a lot of theory towards more general sufficient bump conditions in the style of (13.4).
We will prove Theorem 13.3 as a special case of an abstract formulation due to Lerner. This
requires some preparations.

First, it is convenient to reformulate (13.4) slightly: note that

1/7" 1
/2y2 — lw!/2|2,.
(fa1 / (01 / = el @)

where we use the normalized norm

Il = (i1 |, 719) "

Now suppose that X is a Banach space of functions on @), with a “dual” space X (’Q in the sense
that

1
o /Q F-9 < Iflxellglx,.

In the above formalism, (L?(Q))" = L7 (Q) for the usual dual exponent.
Related to the dual spaces, we consider the maximal function

M f(x) == sup || fllxy,-
Q3

If X}, = L*(Q), then

My f(@) = s (5 / 1) = M@ e
where M is the usual maximal function. We observe that
s\11/s 1/s 1/s 1/s
1My fllze = 1ML < UM I < UM Ll fllze.

Since M is bounded on L? if and only if p > 1, we see that M is bounded on LP if and only if
p > s. Now we are ready to formulate:

Theorem 13.5 (Bump theorem of Lerner; conjectured by Cruz-Uribe). For each cube Q, let Xq,
Yo be Banach function spaces with duals Xé, Yé. Let w, o be weights. Suppose that

1/2(2

HXQ”Ul/2

o := sup Jw 13, < oo

and that Mx: and My are both bounded on (the unweighted) L?. Then (13.1) holds for all
Calderon—Zygmund operators, and more precisely

1/2
IT(f)llr2w) < ersdy | M| ral| My || 2 2| fll 2 (o) (13.6)

Let us first observe that this contains Neugebauer’s theorem. Indeed, in that case Xq =Yg =
L*"(Q), so that Mx/ = My+ = M 2., . Since 2r > 2, we have (2r)’ < 2/ = 2, and hence M 2,y
is bounded on L2.

Proof of Theorem 13.5. By Lerner’s dyadic domination theorem, it is enough to prove (13.6) with
the averaging operators A & in place of T. By duality, we need to prove that

/Ay(fd) g < ey | M|l 22 | Myl 12 2o 19 22 - (13.7)

Let us do this.
Recalling that

arf=Y

Ses
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where the cubes S have pairwise disjoint subsets E(S) with |E(S)| > l|S|, we compute

Agy(fo) gw = /fa /gw /f01/2 12, /gwl/le/Q- S
[ 4sti2) 275 208 sl 5

< STy lo v g™ ey w2 xs - 2| E(S)

Ses
< 2( sup IIUI/QHYSIIw”ZHXs) S e Py llgw 2|y - |E(S))|
Ses
< 2.07}? inf My (fo'/?)(y) inf My (guw'/? / d
< 2.4, Sez;;gs v (fo'/?)(y) inf My (gw'/?)(2) ey
<242 %" My (fo'/?)(z) My (gw'/?)(z) dz
ses’ E(S)

< 2072 / My (£01/2)(2) M (gu'/?)(z) da
Rd

< 2, % | My (f0/)|| g2 || Mxc: (g2 | 2
1/2
< 2ty | My || 22| Fo 2 o2 | Mixo || 2 2 [l g2 2

1/2
= 2, | M| 22| Myl - 22 L2200 9] 2200
This proves (13.7), and therefore the theorem. O

13.C. Some open problems. After Lerner’s proof of the bump theorem above, the question
arose, whether its assumptions may be weakened as follows. Assume only the one-sided bump
condition

sup [w!2|[%, (0)q + Sgp<w>cz||01/2||%@ < o0,

as well as My, and My bounded on L? as before. Is this enough to guarantee (13.1)? There are
some partial positive results for particular forms of the bump spaces X, Yy, but the problem is
open in the stated generality.

There is also the following quantitative variant: Under the same assumptions as in Lerner’s
bump theorem, is it true that

IT(Fo)L20wy < eray (1M |22 + My [l12 - 22) |1l 2(0) ? (13.8)

The difference is that we have replaced the product of the maximal norms by their sum.

If true, even just for the classical bump (13.4), the estimate (13.8) would imply the Ay theorem
when specialized to o = 1/w. Namely, in the one-weight case there is a powerful reverse Holder
inequality which provides a certain self-improvement of the A5 condition: the classical A condition
already implies the stronger version (13.4), even with comparable constant o < 2[w]4,, provided
that » = 1 + € with € < ¢4/[w]a, for some small dimensional constant ¢4. In this case, one can
check that || M || z2—r2 is of the order ¢/ = [w]z/j Thus, the Bump Theorem 13.5, when
specialized to the one-weight case, would only give

3/2
ITfll 22wy < erlwl 211 e )

whereas (13.8) would recover the sharp form of the Ay theorem. At the present, the two-weight
bump theory is not strong enough to recover the sharp results in the one-weight theory.
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