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Exercise 1 Let 7y (w) and 7,(w) be stopping times with respect to the filtration
F = (J4 : t € T) taking values in T. Here T could be either R* or N.

Use the definition of stopping time to show that o(w) = min(7;(w), T,(w)) is a
F-stopping time.

Solution1 We have
{o(w) <ty ={w:T1(w) Stor T(w) <t} = {1 (w) S U{T(w) <t} € Ty,
SO 0 is a stopping time.
Exercise 2 Let (M, : t € R") be a F-martingale, and 7 a F-stopping time.
Show that the stopped process (M;,, : t € R*)
M (w) = Myp(w0) = My(w)1(t < T(W)) + My (@)1t > T(w))
is a F-martingale.
Solution 2

Exercise 3 Let (M,;(w));ct be a martingale with respect to the filtration F = (F;)
with My(w) = 0. Here T could be either R* or N.

Define a family of random times 7,, : x € R

inf{s: My >x} forx>0

Tx(w) = {inf{s M, <x} forx<0

Show that 7, is a stopping time.

Solution 3 Assume that T = N. Thenif x > 0
t
{7, <t} = {inf{s : M, > x} < t} = {M > x forsome s < t} = | J{M; > x},
s=1
where {M; > x} € J;, C Fy, 80 {1, <t} € J4. Thus 7, is a stopping time. Similarly if
x < 0, then

t
{1, <t} = {inf{s : M, < x} <t} = (M, < xforsomes < t} = | J{M; <x} € T,
s=1



Exercise 4 Let
t
Mi(w) = ) X (w)
s=1
be a binary random walk where t € N and (X, : s € N) are i.i.d. random variables

with
P(Xy=41) = P(Xy = +1|F,_q) = 1/2.

X, is F, measurable and P-independent from F,_;.
e Show that (M;),cy and (Mt2 — 1);en are F-martingales.

o Consider the stopping time ¢(w) = min(t,, 7,) wherea < 0 < b € N, and the

stopped martingales (M;,,);en and (MEAU —t A 0)en-

Show that Doob’s martingale convergence theorem applies and
tlgg Mipo (W) = M, (w)
exists P-almost surely.

e Consider now (M?, . —t A o). Use the martingale property together with the

reverse Fatou lemma to show that E(¢) < co which implies P(c < o) = 1.
e Fora<0<beN,compute P(7, < Tp).

Solution4 (M, and Mt2 — t are martingales:) Clearly M; and M tz — t are bounded by
t and t? — t, so they are integrable. They are also martingales since if s < t, then

E(MlF) = E(M;_1 + X;|Fy) = Mg + E(Xyl F) = M
by induction and independence. Similarly
E(M? — t|F) = E(MZ; +2M; 1 Xy + X2 — t1F) = M2 — s + EQM;_1 X, + X? — 1|Fy)
= M2 — s+ 2E(M;_4|F\)E(X;IFs) = M2 —s.
(Limit of the stopped martingale:) We have to check that
supEM_, ) < co.

tAC
t>0
But this is clear since My, , < —a. Hence the limit

lim M;,

t—oo

exists almost surely. Similarly we see that the limit

; 2
}Lrglo M{,.,—tno
exists almost surely because (Mtz/\ s—tNO)T <L a? + b2

(We have E(c) < oo:) We know that M2, _— (t A o) is a martingale that almost surely

converges to M2 — ¢. Thus by reverse Fatou lemma



E(M2 —0) = limsupE(MZ, . — (tA ) =0.

t—oco

In particular then
E(0) < E(M2) < 0.
(The probability P(t, < T):) By Doob’s optional stopping theorem we have
EM,)=EWMy) =0=P(t, < tp)a+ (1 —P(t, < 1))},
soP(t, < 1) = b—fﬂ.

Exercise 5 Let M,;(w) = B;(w), t € R*, a Brownian motion which is assumed to be
F-adapted, and such that for all 0 < s < ¢ the increment (B; — B;) is P-independent
from the o-algebra J.

Note that since by assumption the Brownian motion is F-adapted, it follows that
JB =0 (Bs:0<s<t) C F, which could be strictly bigger.

e Show that B, M; = B? —t and Z{ = exp(aB; — %azt) are F-martingales.

e Leto(w) =min(7,(w), Tp(w)),fora < 0 < b € R. We will see in the lectures that
the Doob martingale convergence theorem applies also to continuous martingales
in continuous time. By following the same line of proof as in the random walk
case check that P(0 < ) = 1.

o Leta<0<beR. Compute P(7, < 7).

Solution 5 (B, Bt2 —tand Z} = exp(aB; — %azt) are martingales:) Because B; has

Gaussian distribution, it is integrable. Moreover
E(B;|F,) = E(B; — B, + B,| ;) = E(B; — B,) + B, = B,.

We also have
E(B?—t|F;) = E((B;—Bs)*+2B;B;—B2 —t|F;) = E((B;—B,)?)+2B?—B2—t = B2 —s

and

a2 aBS—luzs

_1.2 _1l. -1
B3 tljis) = E(eaBi=Bo)e"" 72" tljis) = E(en BBy 2" _ 0"

E(e

because for a Gaussian random variable X with mean 0 and variance 02, we have
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(We have P(o < o0) = 1:) By Doob’s martingale convergence theorem, the martingale

B2, . — (t A o) converges to B2 — o almost surely. The reverse Fatou lemma gives

E(Bg —0) > limsupE(BtzAa —(tANn0o)=0
t— oo

and hence E(0) < E(Bi) < oo.

(Compute P(t, < 13):) Like in the previous exercise,
EM,) = E(My) =0 =aP(t, < 1) + b(1 — P(1, < 13)),

b

SOP(TH < Th) = E



