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Stochastic analysis, 9. exercises
Janne Junnila

March 25, 2013

Exercise 1 Let (𝐵u� : 𝑡 ≥ 0) be a Brownian motion in the filtration 𝔽 = (ℱu� : 𝑡 ≥ 0),
which means that 𝐵u� and (𝐵2

u� − 𝑡) are continuous 𝔽-martingales.

Let 𝜏(𝜔) be a 𝔽-stopping time with 𝐸u�(𝜏) < ∞.

(a) Let also 𝜏0 = 0 and 𝜏u�(𝜔) = 𝜏(𝜔) ∧ inf{𝑡 : |𝐵u�(𝜔)| > 𝑛}, 𝑛 ∈ ℕ. Show that these
are 𝔽-stopping times and 𝜏u�(𝜔) ↑ 𝜏(𝜔) as 𝑛 ↑ ∞.

(b) Show that for fixed 𝑛 ∈ ℕ, (𝐵2
u�∧u�u�

− 𝑡 ∧ 𝜏u� : 𝑡 ≥ 0) is a uniformly integrable
𝔽-martingale.

(c) Show that (𝐵u�u�
: 𝑛 ∈ ℕ) and (𝐵2

u�u�
− 𝜏u� : 𝑛 ∈ ℕ) are martingales in the discrete

time filtration (ℱu�u�
: 𝑛 ∈ ℕ).

(d) Show that the telescopic sum 𝐵u� = ∑∞
u�=1(𝐵u�u�

− 𝐵u�u�−1
) is convergent in 𝐿2(𝑃).

(e) Show that 𝐸u�(𝐵2
u�) = 𝐸u�(𝜏).

Solution 1 (a) Notice that {inf{𝑡 : |𝐵u�(𝜔)| > 𝑛} ≤ 𝑠} = ⋃u�≤u�,u�∈ℚ{|𝐵u�(𝜔)| > 𝑛} ∈ ℱu�,
so inf{𝑡 : |𝐵u�(𝜔)| > 𝑛} is a stopping time. The minimum of two stopping times is a
stopping time, so 𝜏(𝜔) ∧ inf{𝑡 : |𝐵u�(𝜔)| > 𝑛} is a stopping time. Finally, as 𝑛 ↑ ∞,
𝜏u�(𝜔) clearly increases and has limit 𝜏(𝜔).

(b) Clearly |𝐵2
u�∧u�u�

− 𝑡 ∧ 𝜏u�| ≤ 𝑛2 + 𝜏 , which is integrable. We get that the family is U.I.
We have shown before that the stopped process is a martingale.

(c) For a fixed 𝑛 ∈ ℕ, consider the uniformly integrable martingale 𝐿u� = 𝐵u�∧u�u�
. We

have

𝐸(𝐵u�u�
|ℱu�u�−1

) = 𝐸(𝐿u�u�
|ℱu�u�−1

) = 𝐿u�u�−1
= 𝑀u�u�−1

.

For the second case, let 𝐿u� = 𝐵2
u�∧u�u�

− 𝑡 ∧ 𝜏u�. Then again

𝐸(𝐵2
u�u�

− 𝜏u�|ℱu�u�−1
) = 𝐸(𝐿u�u�

|ℱu�u�−1
) = 𝐿u�u�−1

= 𝐵2
u�u�−1

− 𝜏u�−1.

(d) Notice that since 𝐵2
u�u�

− 𝜏u� is a martingale, 𝐸(𝐵2
u�u�

) = 𝐸(𝜏u�). Moreover,

𝐸(𝐵u�u�−1
(𝐵u�u�

−𝐵u�u�−1
)) = 𝐸(𝐸(𝐵u�u�−1

(𝐵u�u�
−𝐵u�u�−1

)|ℱu�u�−1
)) = 𝐸(𝐵u�u�−1

𝐸(𝐵u�u�
−𝐵u�u�−1

|ℱu�u�−1
)) = 0.

Therefore we have
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∞
∑
u�=1

𝐸((𝐵u�u�
− 𝐵u�u�−1

)2) =
∞
∑
u�=1

(𝐸(𝐵2
u�u�

− 𝐵2
u�u�−1

− 2𝐵u�u�−1
(𝐵u�u�

− 𝐵u�u�−1
)))

=
∞
∑
u�=1

(𝐸(𝜏u�) − 𝐸(𝜏u�−1)) = 𝐸(𝜏) < ∞.

(e) Because the martingale differences are orthogonal,

𝐸(𝐵2
u�) =

∞
∑
u�=1

𝐸((𝐵u�u�
− 𝐵u�u�−1

)2) = 𝐸(𝜏).

Exercise 2 We do the same exercise for a continuous local martingale.

Let (𝑀u� : 𝑡 ≥ 0) be a continuous local 𝔽-martingale with 𝑀0 = 0 and predictable
variation ⟨𝑀⟩u�, which means that ⟨𝑀⟩u� is 𝔽-adapted continuous and non-decreasing
with

𝑀 2
u� = 𝑁u� − ⟨𝑀⟩u�

where 𝑁u� is a local martingale with 𝑁0 = ⟨𝑀⟩0 = 0.

Let 𝜎u�(𝜔) ↑ ∞ be a localizing sequence of stopping times such that for each 𝑛, the
stopped processes (𝑀u�∧u�u�

: 𝑡 ≥ 0) and (𝑁u�∧u�u�
: 𝑡 ≥ 0) are true 𝔽-martingales.

Let 𝜏(𝜔) be an 𝔽-stopping time, with 𝐸u�(⟨𝑀⟩u�) < ∞.

For 𝑛 ∈ ℕ let 𝜏0 = 0 and

𝜏u�(𝜔) = 𝜏(𝜔) ∧ 𝜎u�(𝜔) ∧ inf{𝑡 : |𝑀u�(𝜔)| > 𝑛}, 𝑛 ∈ ℕ.

(a) Check that 𝜏u�(𝜔) ↑ 𝜏(𝜔).

(b) Show that for fixed 𝑛 ∈ ℕ, (𝑀2
u�∧u�u�

− ⟨𝑀⟩u�∧u�u�
: 𝑡 ≥ 0) is a uniformly integrable

𝔽-martingale.

(c) Show that (𝑀u�u�
: 𝑛 ∈ ℕ and (𝑀2

u�u�
−⟨𝑀⟩u�u�

: 𝑛 ∈ ℕ) are martingales in the discrete
time filtration (ℱu�u�

: 𝑛 ∈ ℕ).

(d) Show that the telescopic sum 𝑀u� = ∑∞
u�=1(𝑀u�u�

− 𝑀u�u�−1
) is convergent in 𝐿2(𝑃).

Solution 2 (a) Since 𝜎u�(𝜔) ↑ ∞ and inf{𝑡 : |𝑀u�(𝜔)| > 𝑛} ↑ ∞, 𝜏u�(𝜔) ↑ 𝜏(𝜔).

(b) We have |𝑀2
u�∧u�u�

− ⟨𝑀⟩u�∧u�u�
| ≤ 𝑛2 + 𝑀u� , which is integrable. Therefore 𝑀2

u�∧u�u�
−

⟨𝑀⟩u�∧u�u�
= 𝑁u�∧u�u�

is a U.I. martingale.

(c) For a fixed 𝑛 ∈ ℕ, consider the uniformly integrable martingale 𝐿u� = 𝑀u�∧u�u�
. We

have

𝐸(𝑀u�u�
|ℱu�u�−1

) = 𝐸(𝐿u�u�
|ℱu�u�−1

) = 𝐿u�u�−1
= 𝑀u�u�−1

.

For the second case, let 𝐿u� = 𝑀2
u�∧u�u�

− ⟨𝑀⟩u�∧u�u�
. Then again

𝐸(𝑀2
u�u�

− ⟨𝑀⟩u�u�
|ℱu�u�−1

) = 𝐸(𝐿u�u�
|ℱu�u�−1

) = 𝐿u�u�−1
= 𝑀2

u�u�−1
− ⟨𝑀⟩u�u�−1

.
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(d) We have
∞
∑
u�=1

𝐸((𝑀u�u�
− 𝑀u�u�−1

)2) =
∞
∑
u�=1

(𝐸(𝑀2
u�u�

) − 𝐸(𝑀2
u�u�−1

) − 2𝐸(𝑀u�u�−1
(𝑀u�u�

− 𝑀u�u�−1
)))

=
∞
∑
u�=1

(𝐸(⟨𝑀⟩u�u�
) − 𝐸(⟨𝑀⟩u�u�−1

) − 2𝐸(𝐸(𝑀u�u�−1
(𝑀u�u�

− 𝑀u�u�−1
)|ℱu�u�−1

)))

=
∞
∑
u�=1

(𝐸(⟨𝑀⟩u�u�
) − 𝐸(⟨𝑀⟩u�u�−1

)) = 𝐸(⟨𝑀⟩u�) < ∞.

(e) The martingale differences are orthogonal, so by (d) we have 𝐸(𝑀 2
u�) = 𝐸(⟨𝑀⟩u�).

Exercise 3 If (𝑀′
u� : 𝑡 ≥ 0) is another continuous local martingale, with 𝑀0

′ = 0,
and 𝜏 is a stopping time with 𝐸(𝜏) < ∞, show that

𝐸(𝑀u�𝑀′
u�) = 𝐸(⟨𝑀, 𝑀′⟩u�),

where the predictable covariation ⟨𝑀, 𝑁⟩u� is the continuous 𝔽-adapted process of
finite variation on compacts such that

𝑀u�𝑀′
u� − 𝑀0𝑀′

0 − ⟨𝑀, 𝑀′⟩u�

is a local 𝔽-martingale.

Solution 3 Notice that the previous exercise applied to the local martingales 𝑀u� +
𝑀′

u� and 𝑀u� − 𝑀′
u� yields

𝐸(𝑀u�𝑀′
u�) = 𝐸 (1

4
((𝑀u� + 𝑀′

u�)2 − (𝑀u� − 𝑀′
u�)2)) = 𝐸 (1

4
(⟨𝑀 + 𝑀′⟩u� − ⟨𝑀 − 𝑀′⟩u�)) = 𝐸(⟨𝑀, 𝑀′⟩).

Exercise 4 Let 𝑀u�(𝜔) be adapted to the filtration 𝔽 = (ℱu� : 𝑡 ∈ ℝ+), with 𝐸(|𝑀u�|) <
∞ for all 𝑡. Then (𝑀u�) is an 𝔽-martingale if and only if for all 𝔽-stopping times 𝜏(𝜔)
which can take at most two finite values

𝐸(𝑀u�) = 𝐸(𝑀0).

Solution 4 Let 𝑠 ≤ 𝑡 and 𝐴 ∈ ℱu�. Define 𝜏 = 𝑡𝟏u� + 𝑠𝟏u�u�. Then 𝜏 is a stopping time,
since

{𝜏(𝜔) ≤ 𝑢} = {𝑡𝟏u� + 𝑠𝟏u�u� ≤ 𝑢} =
⎧{
⎨{⎩

∅, if 𝑢 < 𝑠
𝐴u�, if 𝑠 ≤ 𝑢 < 𝑡
Ω, if 𝑢 ≥ 𝑡

from which we see that {𝜏(𝜔) ≤ 𝑢} ∈ ℱu�. Therefore

𝐸((𝑀u�−𝑀u�)𝟏u�) = 𝐸(𝑀u�𝟏u�−𝑀u�𝟏u�) = 𝐸(𝑀u�−𝑀u�𝟏u�u�−𝑀u�𝟏u�) = 𝐸(𝑀u�−𝑀u�) = 𝐸(𝑀0)−𝐸(𝑀0) = 0.


