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Exercise 1 Let (B, : t > 0) be a Brownian motion in the filtration F = (E t>0),
which means that B; and (B tz — t) are continuous F-martingales.

Let 7(w) be a F-stopping time with Ep(7) < co.

(a) Let also 75 = 0 and 7, (w) = T(w) A inf{t : |B;(w)| > n}, n € N. Show that these
are F-stopping times and 7,,(w) 1 T(w) asn 1 oo.

(b) Show that for fixed n € N, (Btz/\ ;, “EANT, it 2 0)isa uniformly integrable
F-martingale.

(c) Show that (BTH :n € N) and (B% — 7, : n € N) are martingales in the discrete
time filtration (F, :n € N).

(d) Show that the telescopic sum B, = Y~ | (B, — B, ) is convergent in L?(P).
(e) Show that Ep(B2) = Ep(7).

Solution 1 (a) Notice that {inf{t : |B;(w)| > n} < s} = Utgs,teQ“Bt(w)' >n} € F,,
so inf{t : |B;(w)| > n} is a stopping time. The minimum of two stopping times is a
stopping time, so T(w) A inf{t : |B;(w)| > n} is a stopping time. Finally, as n 1 oo,
T, (w) clearly increases and has limit 7(w).

(b) Clearly [B?, . —tAT,| < n?+ 1, which is integrable. We get that the family is U.L

We have shown before that the stopped process is a martingale.
(c) For a fixed n € N, consider the uniformly integrable martingale L; = B;,, . We
have

EBy |Fr, ) =E(L,|Fr ) =L =M

Tn-1 Tp-1"

For the second case, let L; = BtZA o, LA Ty Then again

E(B%n - Tn|ITn—1) = E(LTn|j:Tn_1) = L = B2 —

Ty Tpo1 n—1-
(d) Notice that since B %n — 7, is a martingale, E(B%n) = E(t,,). Moreover,

E(BTn—l (BTn _BTn—l)) = E(E(BTH—l (BTn _BTn—1)|j:Tn—l)) = E(BTn—lE(BTn_BTn—1|ITn—1)) = O

Therefore we have
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Z E((BTH - BTn—l)z) = (E(B%n - B%n—l - ZBTn—l (BTn - BTn—l)))
n=1
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= (E(ty) — E(ty—1)) = E(T) < oo.
1

n

(e) Because the martingale differences are orthogonal,
E(B2) =Y E((By, —B,, )% =E(T).
n=1

Exercise 2 We do the same exercise for a continuous local martingale.

Let (M; : t > 0) be a continuous local F-martingale with My = 0 and predictable
variation (M);, which means that (M), is F-adapted continuous and non-decreasing
with

Mtz = Nt - <M>t
where N, is a local martingale with Ny = (M) = 0.

Let 0,,(w) 1 oo be a localizing sequence of stopping times such that for each 7, the
stopped processes (M;,, :t=0) and (N;,,, :t=0) are true F-martingales.

Let 7(w) be an F-stopping time, with Ep((M),) < co.
Forn € N let 7y = 0 and

T,(w) = T(w) A 0,(w) Ninf{t : IM;(w)| >n}, n&EN.
(a) Check that 7,,(w) 1 T(w).

(b) Show that for fixed n € N, (Mt2/\rn — Mpe, 1t =2 0)isa uniformly integrable
F-martingale.

(c) Show that (Mg, :n€N and (M% —(M),, :n € N)are martingales in the discrete
time filtration (¥ :n € N).

(d) Show that the telescopic sum M, = Y " | (M, —M_ ) is convergentin L?(P).
Solution 2 (a) Since 0, (w) 1 oo and inf{t : M (w)| > n} 1 oo, T,,(w) 1 T(wW).

(b) We have IM?, _ — (M), ar,l < n? + M., which is integrable. Therefore M?, _ —

t/\ﬂ.[n . t/\Tn
(M)¢pr, = Nipg, is a UL martingale.

(c) For a fixed n € N, consider the uniformly integrable martingale L; = M;,. . We
have

EM, |7y, ) =E(L|Fr Y=L, =M

-1 Tn-1 Tp-1"

For the second case, let L, = M7 _

— (M)¢rr,- Then again

EMZ — (M) |Fr, ) =E(Ly | Fr, ) =Ly =M — (M) ..

T



(d) We have
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(EM).,) = E(M),, ) = E(M),) < co.
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(e) The martingale differences are orthogonal, so by (d) we have E(M 3) = E((M),).

Exercise 3 If (M'; : t > 0) is another continuous local martingale, with M," = 0,
and 7 is a stopping time with E(T) < oo, show that

E(MMM';) = ECM, M')),

where the predictable covariation (M, N); is the continuous F-adapted process of
finite variation on compacts such that

MM’y — MgM'g — (M, M),
is a local F-martingale.

Solution 3 Notice that the previous exercise applied to the local martingales M; +
M'; and M; — M'; yields

1 1 / / /
E(M,M',) = E <Z ((My + M )2 — (M, —M’T)Z)) —E (Z (M +M). —(M-M >T)> = E(M, M')).
Exercise 4 Let M,(w) be adapted to the filtration F = (F; : t € R*), with E(IM,]) <

oo for all . Then (M;) is an F-martingale if and only if for all F-stopping times 7 (w)
which can take at most two finite values

E(M,) = E(M).

Solution4 Lets <tand A € F,. Define T = t14 +s1,4.. Then 7 is a stopping time,

since
@, ifu<s
{t(w) uy={tly +s1lyc<uy=4A° ifs<u<t
Q, ifu>t

from which we see that {T(w) < u} € F,,. Therefore

E((M;—M)1,) = E(M,14,~M.1,) = E(M,~M,1,4.—M.1,) = E(M,—M,) = E(My)—E(M,) = 0.



